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RHAHRERXD 5B OSNIHTID 54 ZEILI—RAER
BT A € RNN v GRZ v b e RN 726 R 2 3 — XA FER
KWy e RY 2AMIE AZ=1b
g@@%ﬁ&fﬁ%ﬁﬁﬁ%ﬁ?ﬁ, BIRIRFEE, AREZRKIC X hREBUL L TIE S
Laplace 7=

%u  9%u .
7Au,7(@+a—y2) =finQ, uw=00n09oN
IR Q= (0,1) x (0,1) & ZDHEH
0N ={(z,0); 0<z<1}U{(1,y); 0 <y <1}U
{(,1);0<2z<1}U{(0,y); 0 <y <1}
ZERRERA v a2 Az =Ay=h THHBILT 2. 08 (n+ )h =1 273

TWim1y F 2y T Uiy i1 20 T Ui Iy
- 1
Ax? Ay? I

T ZTEEE (z,y) = (iAz, jAY) TORAEE u;j ~ u(z,y) ERT. 2T T
OIEFRDOFBST A {1,--- ,n} x {1,--- ,n} = {1,n?*} B A(G,j) =i+nj
¥ 5.



ERNES RRAT UL TORITS

2 -1 -1
-14 -1 -1
-14 -1 —1

14 -1 1
~1 2 -1
~1 9 —1
~1 14 -1
~1 14 -1

-1 14 -1
-1 -1 2
5 EXATTHI N =n?, nnz = (3n —2)n + 2n(n — 1) = 5n% — 4n

> 52T YIRS RT3
> —R B TY T — X EEE RIS %



EI—RAER LT RIRE : 1/2
A e RV*N - Bif751, b € RY
Reiis 7eRY 2RfHF & AZ=binRY
FRAMRZ b L% GeRY v 3 3ESRE
KeWT zeRY 2RMIE (AZ—0,7) =0 vieRY

1/2
-7 8|l = V@D = {Dicienl@12]
> AZ—b=0 = (AZ—b,7) =0

> (AZ—b,7)=0Vj = ZOK =& 1<Vi< N LBEXL
[AZ—b; =0=> AT —b=0
R vV c RN LT

ReWs teV ZRAMIFIE (AZ—b,7) =0 VjeV
—b—AZLV & BEIVICERT?

=y

[

> 175 A FFRZEM V CIERID? <= A SR

> HDZER V R E SR o THERT 20 ? <« RIULEA & Krylov #5221k
A e RN 235322/ V THER < 3a > 0VZ € V (AZ,©) > of |7



I —

KA CESRHE : 2/2

e

1750 A € RN*N 1372/ V CHRIER 3o > 0VZ € V (AZ, &) > o|7|?
= (AZ—b,§)=0VFeV &ir3 7 HEFEET S

ADV TOERHMHEIEZOENHTH) 5
> B
(AZ,7) =0VG eV =&=0,2Ty=7 L@ L
0= (AZ,%) > a||F*>0 = Z=0
> 4tk
KITEFR dimV = rankA + dimKerA # W2 2 B X b dimKerd =0
i3 kb, dimV = rankA.

HBHVIV OEMDRV = ImA|y @ KerAly 75 KerAly = {0} Z7R7.
Eﬁffli%%of%ﬁﬁﬁu A D572 38— FREREI O EFDFIETHL e HT
BRICEREINDEDEM VI C -+ C Vi TORMEE

ﬁEH EIRZE L U WERGE (B LS MR LD RRAE A2 SRR
BN EEICATDA S L REL T)



FRERMAITIICH T 2EEREL O LU 9%
751 A D LU D% R LUIRIEL B2

_lair a2 _ |a11 0 1 aﬁlalg
T la2r Ax2| T |a21 Sa2| |0 I
Soo = Agz — (1211111 a1z : rank-1 51 X % Schur ffif75 D EH
> A D53 ZEM Vi = spanfey] THENTHE I XD a1 #0

> Soo HIERS) %FE] Vim—1 = span|és, &3, -+ ,ém] THRENTH 2 Z ki
.’El 70,11 CL12$2 Z%( _th: D%EJI“)O{L%)

-1 - -1 —
0< A —Qq1 Q1272 —Qaq7 A12T2
Y -
- T2 ’ T2
—1 -
—Qaq] A12T2
bl —
T2
_

= ((Azz - a21af11a12) 2,52) = (S22@2, T2)

1 . N
a11(—aiy a12%2) + a12@2

—1 N N
a21(—aiy a12%2) + A2ads




T nsREE E EDthDEE

> HIEN : Ja > 0 VT (A7, T) > of |7
> NEMATHNIFREEZ X 20, KENE

(b 21~

> SREM RS2 < TH, A BIEANTHIT H AUz — x5
Az =b DEZ—RINIHFET 5. Lh LD o ERIRMEE T3 HhE
RHEE. Krylov #RITZERIE D IREEIZ 72\,

> KAEOL: |aii| > 35, laij]

> M-475: Z-475) AReX; > 01 <i< N, )\ : i-BHOEEHE

> Z478 a;; <0i#j
M-A751DHHEL Laplace fEHZ DR AMEDJFHE D 515 541 5. Gauss-Seidel
EOIHIE M-ATHIOMWE 2 BEEH XN 5.



Krylov #8453 ZERIED B

A xR
> [EEE : CG (Conjugate Gradient : 1% fii%)
» indefinite : SYMMLQ, MINRES
A IERFR
> GRERY FOM (Full Orthogonization Method)
> —fEDITH GMRES (Generalized Minimum RESsidual),

Orthmin, GCR (Generalized Conjugate Residual)
BiCG(Bi Conjugate Gradient), CGS , BiCGstab
QMR, TFQMR

7o =b— ATy : FIFAHERE o 1ITT 2 W1 E

HOTZERE V& W .

find Ze@o+V (AZ—b,7)=0 VieV:CG, FOM

find Ze @ +V (AZ—b,Af) =0 VijeV :Orthmin, GCR

find ZeZo+V ||AZ—b|| <||[A7—b|| Vi€ Fo+V : MINRES, GMRES

find ZeZo+V (AZ—b,7) =0 Vije W :BiCG

Krylov #7722
n—1- }

V = K. (A, ) := span[i, Afy, A%, -+ , A" '
W = Kn(ATﬂ:g) = Span[FS,ATr‘;f, (AT)QFE): o 7(AT)n_lf,g]



Krylov 35322/ L #RZ A TN DAR « 1/2
> AcRVN EH| (%), be RY,
> 7y FIEAHERE,
> 7= b — A : FIEIRE.
Krylov #8422
Kn(A, 7o) := span[fy, Af, A%, - - , A" i)

E A"y € Kny1(A,70) BDROFMZMT & =
A"y € Kn(A, 7)) = A" € Kn(A, 7)) Ym >0

BOEARIRINEIC & 2REH: ATy € Kn(A,70) m >0 Z2IRET %
An+m—» Zk OakAkTO
An+m+1 _'0 _ Z gakAk+1

Zk OakAk+1T0 + Oénflz ﬁkAkTo c K, (A, 7?0) .

70+ an—1A"To

Z@ A LIRS 7o 1T Xk o THERE N 2 BARD Krylov AR ZER D RITZ no
%

> no = min{K,,L(A,FO) = K7l+1(A,F0)}

Kl(A7ﬁ)) C Kg(A 'F()) c---C Kno (A,ﬁ)) = Knngl(Aaﬁ)) = Kn0+2(Avﬁ)) =

dimK, (A, 7)) =1 1<1<no



Krylov 8853 ZEfE L #fF AN DR : 2/2
EiE .
T R AER AT =b DR $T2 = F € &+ Ky (A,70).
FIERA
Fo,AFo,A Fo,' An0_1F0 : 63:—;9K§EI“GZEZ>CZ&CE%3‘6
> A" = Sor0 !t ap AFTy BTz a0 # 0 DEET B
ap =0 = A7 =30 ap AR,
Ehe A 2HIs e
A0~ 1# E:k ) akAk 1z
= 7o, Ao, A%y, AT RN T H B T L ISTIE

> % Krylov S5 24 DX 27 ML O—REEETRDT

no—1 nol

Qoo + ZakA ro—A"‘)ro:0¢>ro+Z Ak*——A"O_’:G
k=1
& (5— Afo) + Z’YkA’“FO =0« A <;Eo - Z’ykAkFO) =b.
k=1 k=1

nQ

F=do— Y Ao € Zo+ Kny(A,70) ¥ AT =b DA —RINTH B Z &
k=1

Yo



Krylov &893 226 L SRz A 2N D E S A D%

i
ROZEHE (VP) FE R 5 )
T € Ty + Kng (A, 70) EREMT (AT —b,7) =0 Vi€ K (A7)
ZOMBIZ—EN R fE RS, By —XAERXOM AZ =0 12FE LW
AIEEH
> Z,, € Zo+ Kny(A,70) % (VP) TOMRL F 5.
> 7. % AT=b e RY o ZHHE (A7 —b,9) =0V e RY Offr$3
= Tw € To+ Kno(A,70) (& K@(A, 7o) MAZ Krylov H53 24/ O i/ o
KILTHBZE &)
—BMEHEDPD D (A(Tng — T2),5) =0 VJ € Kng(A,70) = Tng — e =0
Tibb, 175 A K, (A *)T 151 THs LR
7€ Kug(Ai70) EREMTEDET S (AZ,5) =0 V€ Kug(A,70)
SAZ € (Ko (A 7)) VZeker A
7€ Ky (A7) = A € Kny(A70) | _ -
JA™Y = ker A= {0} i
25y M Ofg %&‘fﬁcj‘fﬁrﬁ?é
dom=1,2,- B
find 7 € 7, + K (A,FU) (AZ—b,7) =0 V§e Kmn(A, )

» Conjugate Gradient (CG) 7% <« A : IEEfENHR
» Full Orthogonization Method (FOM) <= A : 5#E[1

=0.



Arnoldi 7Ot X

1]l =1,
{171, A’L_)'l, A2171, LR ,Am_1171} — Gram-Si:hmldt E&: cl: %) {171, 172, v 717m}
o ) IEFRERELE
LAY X Ls (Armoldi 7+t %)
doj=1,2,---,m
hij = (Avjav’;) 1<i<y BT LD ;
LD']- = Al_fj — Zhl,Jﬁi hj+1,.7'17j+1 = Aﬁj - Zhi,jﬁﬁ
hivas = 1,1 -
i+1,5 = [|Wj by =
61 J u_)’jj Aty = z;hz,ﬂh-
i1 = i=
! hjt1,;
hii hi2 - him-1 hi,m
ha1  ha2 -+ ham—1 ha,m
N oL h3,2 T h3,m71 h3,m
[A/l_;la e aA,Um} = [171) o aUmaUerl]

hm,mfl hm,m
hm+1,m

AV = Vig1Hm  Hp € RTDX™ . Hessenberg 1741,
VIAV,, =H, <ViVp=1I, < (0,,0)=06,;1<ij<m



Full Orthogonization %
> AcRVN IEH (% H50), b e RY,

> T : @Eﬁ*ﬁi,
> 7= b— ATy : YRR,
> Kn(A, Fo) = span[Fo, A, A27_"0, s ,Anilf‘o} . Krylov B 22

Arnoldi 71t 212 & % Krylov #5722 D FEE DAY
0 =70/B,8 = ||fo|| 2> BHEDT
AV = Vi1 Hum
V,LAV,, = H,,
VI =Vign =pel), [eWi=611<i<m
REWT T € Fo + K (A, 70) &R &
(A —b,7) =0 Vij € Km(A, o)
T = Zo + Vinllm
AZy — b= AZo — b+ AViiim
= —70 + AVinTjm
VI (A — b) = —V,I70 + Vik AViniim
= —BE" + Hunifm,
T = Hy' (BERY)
Hp, 3R FFO2? A DRIEN = yes



Generalized Minimal Residual (GMRES / —fi&{t &/J\Vi%ZE) i&: 1/3
> AcRVN EHA| (#%H0), be RY,

> 7 FIEAHEE,
> o= b— AZo 1 MR,
> K, (A, 7o) := span[iy, Ary, A%F, - -+, A" 1] : Krylov #4722t

Arnoldi a2t 212 & b Krylov #% %Fﬁ@%ﬁ%%ﬁ?%
U1 = ’F()/ﬁ,ﬁ = ||7‘0|| P ORIET %

AVm = Vm+1ﬁm,
ﬁ’Ul ﬂVm+1€ﬂ(,Llle7 €n(11+)1]z =611<i<m+1
REWT T € To + Ko (A, 70) 2R &

—

Hb — AZp| < Hz? — Ag|l VF € To + Km(A,70)

b— Ag: 5 AZo — AViiim
= 7’0 — AVmﬁm
= Vousr (850 = Hondfn)
16— AF| = 1BEYy = Hmiimll <= Vg1 Vingr = L1

m = o + Vinlm, Tm = drgrmmHﬂem+1 — Hopfiim|| WEEAR H, LT
b /N TIRER RO,



Generalized Minimal Residual (GMRES /| —fi&{t &/J\V%E) i%: 2/3

/MU % Givens [Hl#21C & 5 QR- iR CfiE <
Givens [H#{751 Q; € RmTDx(m+D)
c1

Ql = |:31

Qm = Q11 € R(m+1)x(m+1> ’

melﬁm =

0

hi' R

I VR +h3 h2, + h3,
hgg e h(1%2n71 h(l%zn 1
R RRTE VAR el 0
h3 2 h3 m—1 hs.,m ) 5916_;5121:[391 | = B
R m—1 hom,m 0
hmt1,m 0
his SO N I
hey  hyy ORI O o
0 hésg héf’,)n,l hé‘q’fn 38281
TYm-—2
hs:tn—;?Zn—l hg::;Q_)l Ym—1
0 him Y —Sm—1Vm-1
0 Rnt1,m] L J



Generalized Minimal Residual (GMRES / —&{t&/\j% =) i%: 3/3

(1 1 1 1 1) A
c
B TR
0 h3,3 h’3,m—1 h3,m C38281
QmHm= 0 - : : 75ngrfl§1:5
. m—1 m—1 Ym—1
b hgn—l,'gn—l hgn,m—)l Ym
L 0 0

Ry i= QmHm: E=A1751,

Fmt1 1= ﬁngn(Lﬂl =7, 72, -, Yma1)" = [Ty Ymsa]”s
min |B€.), = Honif| = min ||Qr (Fms1 — Ren)|| = [yma] = 5152+ 5m 8.

T = R o EHRVIMEZER T %
> APWEFEOY IR (1< m<no) <hjt1,; >0(1<7<no)
> GE5E [Pl = (16— Azt || 13 s DBHIFT BFICHDT 3.
> W =0 = Quoy He o FFF, FOM 3T 5. B
=c¢n=0,8,=1,m-A7T v 7T GMERS I3E#5 5.

—GMRES 2 —>GMRES 2 —FOM
> 2 = Sp T 4 Cr T, Sng =0, tnyg =1 <= hng41,ne = 0.



Conjugate Gradient (&8 4Qfg) 7% : 1/3
> A e RVN SFREEM, b e RY,

> 7o FIHEAHEE,

> 7= b— AT : HIIERE,

> K, (A7) := span[io, Afo, A%, - -+, A" o) « Krylov #6422
FILT YU X L (CG)
Po = T0.
dom=0,1,...

o = [Fonl2/ (A, ),
Tm+1l = Tm + AmPm,
7:‘"rn+1 - Fm - amAﬁm,
if |Fm+1]] < € exit loop.
B = s |2/ 17,
Pm+1 = 'm+1 + /Bmpm
R 1 <m < ng IR LTRMBED D
> (7, 2) =0 VZE€ Km(A, D)
> (Apm,2) =0 VZe Kn(A, 7o)

> Span[Fo, Fl, cee ,Fm] = span[ﬁo,ﬁl, cee ,ﬁm] = Km+1(A, Fo)
Zo O 2Rl TR T 5
dom=1,2,---,no

find & € Zo + Km(A,70) (AZ—b,7) =0 Vi Kn(A,7)



Conjugate Gradient (218 Q) 7% : 2/3
AREDRCEMRANEC & 5 AR

(1) (71,70) = (o — awApo, 7o) = (70, 70) — (Apo. 7o) (Apo,po) =0
) (Ap1,70) = (71 + BoPo, APo) ADBWMTHSZZr LD
. O 1 .. S
= (1 + Bopo, 070(7”0 — 7)) = —OTO(TMH) + %(PO,TO) =0
(3) span[ro, ¥1] = span[po, p1] = K2(A,7) < ao #0

m =k OWf, Z € Ki1(A,70) & 2= 2o + yuPk, 20 € Kr(A,70) L DR N2
(1) (Fatr, 20) = (P — a0 APk, Z0) = (7, Z0) — ar (AP, Z0) = 0
(Fr+1, D) = (7, k) — (AP, Pk
= (7, T 4 Br—19k-1) — |7&ll> = Br—1(Fr, Pr—1) = 0
(@) (Apit1,20) = (A1 + Brb)s 20) = (P, AZo) + Br(Api, 20) = 0
(APk+1,Pk) = (Fet1, ADk) + Br(APk, D)

- 1 . Lo
= (Th+1, oTk(rk — 7k+1)) + B (APk, Dk)

1. o Api, Di
= = P PR — g
Ok+1 (7%

(3) span[fo,- - - , 7k, Fer1] = Span[fo, - - - , 7, P& — o Apx] = Kry2(A, 7o)



Conjugate Gradient (218 4Qfg) 7% : 3/3
Lanczos 7 u+t 2 ¥ ORR

(hi1 hi2

A= AT : BF5 « Arnoldi 7+t 2
ha,1 h2,2

)

h3,2

[ATy, -+, ATp] = [T1, -+, T, U]
hm,m—l

AV = Viny1Tm Ty € RUVEDX™ =@ 0475 T, -

<Viv,=1I, < (T5,7:)) =01<4,5<m

VI AV, =T

find &, € Zo + K (A, 70) (AZm —b,7) =0 Vi€ Km(A,70)

= —BEL) + Thnifm,

> A IEEMENFF = T (3EER 2 LI ERTHE

> HRARIER 2 & ZERAITHI D HREZEICFAT LRV TRTER




Bi-Conjugate Gradient (& 4fc) i&: 1/3

> AeRVN L EHI (M%), b e RY,

> T HIAHEE,

> 7= b — Ao : BIRERE, 7, HORE

> Kn(A, 7?0) = span[Fo, A’Fo, A2F0, cee ,Anilfo},
7JL31) X L (Bi-CG)
Bo = 7o, Po = o.
dom=0,1,...

= (P 752) /(A 57,

Tm+1 = Tm + mPm,

'Fm+1 = Fm - amAﬁms F’r::-&-l = Fnﬁ - OémATﬁ,—:“

if || 7mt1]| < € exit loop.

ém = (F@+17F7;+1)4(Fm7ﬁmi)y s N

P+l = Tmt1 + BmDm, Pm+1 = Tmy1 + BrmDoms
R 1 <m < no WU THHEL 21U

> (P, 2) =0 VZ€ Kn(AT, 7))

> (AP, 2) =0 VZe K (AT, 7))

> span(io, 71, - -+, Tm] = SPaN[po, P1, - - - , Pm] = Km+1(A,70)

> Span[FO*y 7?1*7 e 7FT:L] = Span[ﬁ0*7ﬁ1*7 e 7ﬁ7;7(,}
Z R D 2 el TR S %
dom=1,2,--- ,mno

Km1 (AT, 7%)

find & € To + Km(A,70) (AZ—b,7) =0 Vi€ Kn(AT, 7))



Bi-Conjugate Gradient (W& 4fc) i&: 2/3

Lanczos WEA: 7 m+ 2 ¥ D% fon B2 1
(52 Q2
[AT1, -, ATm] = [T1, -+ , T, Vit 1] d3
B
Om  Qm
5m+1_

AVm :Vme + 5m+1ﬁm+lgyslm) T
(m) T

ATWm :WmTrqy; + /Bm+1wm+1gm
WL AV, =T = WV, = L, 1 ERME

MWEZ Lanczos 7L X 4
Petrov-Galerkin B 2545 [ RE B

find @ € o + Kn(A,7) (AZ—0,7) =0 V7€ K (AT, 7))
HEXZ PLVERDEZ S L

find Zm = o + Vinifm, & Tonijn = BN BIEL ZVICK o TEE 3.
WekED D DATFEM:

> (APm,Pm) =0 = T, 3FFRITZ 2

> (P, 72) =0 = Lanczos WEL 7 1+ ZHHWkET %



Bi-Conjugate Gradient (W 1&4fc) i&: 3/3

Composite step biconjugate gradient method Bank-Chan 1993
ZEATI T, D 2 x 2 78y ZHGEIRIC X 2 L& L2570 E
Quasi-Minimal Residual (QMR) method Freund-Nachtigal 1991

look-ahead (JtFtA i %) Lanczos 7 r+t 212 & b V;,, &4 Parlett-Taylor-Liu
1985

b— AZp = 7o — AViifm
= Vins1 (8351 = Tniim)-
Vini1 Va1 # Iy in general
find 7 € R™ [|B&Y) — Tonifinl| < 86N, = Tl ¥ € R™
HREATHIOE & kT 2 HINT
Conjugate Gradient Squared (CGS) method Sonnenveld 1989
BICG T m RDOZIERE 7, = dm (A)i, 7 = dm (AT ZHVS

_ (Pm (A)70, dm (AT)7") _ (¢m(A)*70,75")

(AP, Diy) (AP, D)
B UWERZE 7 = ¢ (A)?70 13 AT ZEFEHS B2 v EBLIkRDONR S
IR D22 e & 5T /J\oﬁ(a{t

Bi-Conjugate Grad|ent Stabilized (BiCGSTAB) van der Vorst 1992
RN PV Py = hm (A) pm (A) 7o & m RDOZIEXDOFEIC X B E N B

Ym(t) = (1 — wmt)Ym-1(t) : BEE t £ T 2ZHA

m



PSR ROLE Ea i
> A RFREEM, 3o > 0 (AZ, 7) > o 7| V7 € RY.
> A=VAVT A:EHEME V:BERZ b VIV =1y
> TR AT =b DM, T RHRAREC K ZEMURE TS
> P, m-RDOZIER
Ym — % :fO“!‘(mel(A)_’O — T dm—1 €Pn
= %0 + gm-1(A) (b — ATo) — &, = (Fo — &) + gm-1 (A) A(F, — Fo)
= (I = gm_1(A)A) (o — T) = rm(A)(Zo — T) T € P, 7(0) = 1.

Galerkin /‘lli (b ATnn Tm — g771,) =0 Y¥Ym € Zo+ K",,(A, ’Fo)
al[Fm = Zu|* < (A@s = @), T — Fm) < AT — Eull|Es = Gl

G — &l = [l (A)(Eo = Z)| = [VEm(MVT (Zo — 2 < llrm (Al Fo — 2. |

min |7 (A) (o — Z4)|| < min max [7m (M)]]|Z0 — Z||
T €Pm ,rm (0)=1 Tm €Prm,Tm (0)=1 AE€[Amin, Amax]
Amin | — -
S Cm()\max + mm) 1||:EO 728*”
)\max - >\min

Cm (k) = cosh(k cosh™*(t)) |t| > 1 : 5—FHD Chebyshev ZIEF
R = Amax/)\min : %'ﬁ:i/\k

. 1IA]] -1\",,




Krylov B33 ZERED F £ &

> CG, fOM, ¥ GMRES ISXE#E,» ?2yes T no THH 5
BUEEFHEDSETRE T H 2 RED b & T, IEEENFTHICH L To CG Ll
JE: 2 HD IERFRMTHNC R L TD FOM 13 no Bl KIE DI B % K
DHBEIEPTES.

> EEIIIBEEEZEZIC X D Lanczos Y ut ROMEEFEFOERMIZT <
Wb TLES.

> SEEIEBED KD S5 RAUT 27728, no B RKIEDFTIZE Y] 7215 1E 4
Iz & H KEEITH Y% Z & T Krylov S8 Z2RIEI MR fRIEIC R 5.

> FOM ¥ GMRES X Arnoldi #JEXR 7 ML ERFET 2082 H D, Arnoldi
a2 DFEEME X 1T K E WASET AR FTLEIC X D DR W E TR E
42 Z e AlRRicici b, BRECEANREIERICR S.

» GMRES OREZ BTN T 225, REMITHNHF 2 UM I AR
BorhTunizn.,

> BiCGED 7Y X LARIIBRENFINCRD T2 Z 2 IdfREX A, B
WD 7 — ATl look-ahead #75 % Bk f# L T H WEXR Lanczos 71t
ADWHET B 22D 3.
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