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ΔG = −RT ln K

exp −F RT( ) = dΓexp∫ −H RT( )

ρ̂ ε( ) = δ v ψ,xi( )−ε( )
i
∑

�1FG<K	H�JI�-�

'D6�17E��@EB8

)/���C$+>? 0��

��4"��!;GD���3D�&

��5�D*9�

/%�LMNPSLOQAD(�

)/��,�D��R���

��2#DT�8��@DU
.�



	��
�WMDXLPQSVLRT

'+
�A���Y�,"?)�H��"@���

	��
�(molecular dynamics, MD)B3
NewtonA-��$�H*67=@E:;3
	�1�1�H�58;
	�1�&HJTOQVNV�<��9F

	��U	�/#��!H��9GC3


 "@B>AE4?.<D+%�(

ü #��!A���A�2

ü &A�0KIMA�2

m
d2x

dt2
= �@U

@x



��.
"&!5�$�2

���( ���)-�

*�
�

��,����

7;:7=�)-�43

� ��5��>��

��.
"5��>��

�1/6��

8<90��?Gaussian43@

��5��

8<9+�0�%

#
&
�
� ��	�>

�'	�



�,#!�; ����

�,#!�V����WG : (�=�'�=��;0	1
��:
�5��

��	��DMNQUDOS=EIFKDOFG

ALBHR��%�V;<68�74W

 ����: (=��T��T�&TTT

 ��:
�5��

��

1)= ����<��9?�,#!�=�>��V+�W

 ����=��=�:3(=�,#!�@$"#<./

�,#!�=2� = *-2
VASCSJPW



 "�
-��7�#8

���-��9

�-3+-�$���'04516(E)'��(V)'���(N)
)�*�!���G-����P(G).�*,(/

�!���-���� P(G) = constant = 1/W(E,V,N)
W(E,V,N): ��!���-�

05263�#9�%�
 =  "&	�,-�
7 "�
8



��09;<:>

"39;<:>(E)*'���2��-70+===

"39;<:>*�
30+3!��3��8'.355��

→ �#���3���� P(G) 4'
G3�/9;<:>362�	

P(G) = P(E(G)) 

2/3����,1)"I, II*(70+

��3� → PI+II(EI+EII) = PI(EI) PII(EII)

���
%� P&3�4�$�0�

→ P(EI+EII) = P(EI) P(EII) → P(E) ∝ exp(–bE)  ?b4
�@

P(G) ∝ exp(–bE(G)) log(��) ∝9;<:>?+ 
�@



����6%+)%0#1'1,0

A T ,V , N( ) = E Γ( )+ kBT log P Γ( ) at each Γ

=U −TS = E Γ( ) P Γ( )
Γ
∑ + kBT P Γ( )log

Γ
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P Γ( )∝exp −
E

kBT
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G T ,P, N( ) = E Γ,V( )+ PV + kBT log P Γ,V( ) at each Γ,V( )
=U −TS + P V = E Γ,V( )+ PV( ) P Γ,V( )

Γ,V
∑ + kBT P Γ,V( )log
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Q = 0
do t = 1, # of snapshots

get the value q of Q(Gt)
Q = Q + q

enddo
Q = Q / (# of snapshots)

Q = d∫ ΓQ Γ( )P Γ( ) =

d∫ ΓQ Γ( )exp −
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kBT
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n(1:# of meshes) = 0
do t = 1, # of snapshots

get the value q of Q(Gt)
find the mesh i which contains q
n(i) = n(i) + 1

enddo
r(:) = n(:) / (# of snapshots) / (mesh width)

Q1, Q2, Q3, …QN

qi-(h/2) qi+(h/2)qi
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Q1, Q2, Q3, …QN

qi-(h/2) qi+(h/2)qi

N �!*/(��$��# Q1, Q2, … QN

1) �!,)'-$�" i��!�
 = qi-(h/2) � qi+(h/2) 

2) 	�
0bin1 �#*/(�� ni$��#

3) Q = qi!���
 P(qi) = ni/N/h hP qi( )
i
∑ = h

ni
Nh
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#
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i
∑ =

1
N

ni
i
∑ =1

P q( ) =
δ Q Γ( )− q( )exp −βE Γ( )( )

Γ
∑

exp −βE Γ( )( )
Γ
∑

�����G!����0�
1

Q(G)!�0= q1!���
 P(q)
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Q(G)4q>�F	D"���P(q)

d(Q(G) – q): NTL*�
���':?-.��Vdistribution)/V>19W
Q(G) = q;<D�%!��>AFPMJGMQ
Q(G)�4q:<1�%!��G ?XG�>
3B,�7ED
9@C-��?.Q(G) = q:0D/;12���5>

P(q)?-.Q(G) = q:0D/;126;>#&��
RMKS� h =�
8<1)(4:5D>:-�(!=��

VRMKS�40>�+=��W

P q( ) =
δ Q Γ( )− q( )exp −βE Γ( )( )

Γ
∑

exp −βE Γ( )( )
Γ
∑

= dΓδ Q Γ( )− q( ) P Γ( )∫
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Q(G) = q89?�%���40.>9?!;#�BDECF
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Q(G);�A=��23"&)�;#�BDECF
GQ(G) = q7*?8+,���/;#�BDECFH

�'J q1Iq27��1@?25;��;��;�

'J q1.>q2<;�$:�,#�BDECF�	

log(��) ∝G#�BDECF;(H+ ��

exp −βA q( )( ) = δ Q Γ( )− q( )exp −βE Γ( )( )
Γ

∑

−k
B
T log

P q
2( )

P q
1( )

"

#

$
$

%

&

'
'
= A q

2( )− A q
1( )
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system A

system B
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c (A)' �������� A�
	
c (B)' �������� B�
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K =
c B( )
c A( )

= exp −
µ

ex
B( )−µ

ex
A( )

RT

"

#

$
$

%

&

'
'

P q2( )
P q1( )

= exp −
A q2( )− A q1( )

kBT
"

#
$

%

&
'

=
δ Q Γ( )− q2( )exp −βE Γ( )( )

Γ

∑
δ Q Γ( )− q1( )exp −βE Γ( )( )

Γ

∑
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UA(X): �A�"�%�#$� $�&
UB(X): �B�"�%�#$� $�&

"�%�#$� $�&���) DU(X) = UB(X) − UA(X)
	����'��	���
���(

�A���B��������
� $�&�� DG

exp −βΔG( ) =
dXexp −βUB X( )( )∫

dXexp −βU A X( )( )∫
=

dXexp −βΔU X( )( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

= exp −βΔU X( )( ) A


A
=

dX ( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

�A�����%�%!$��
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& BFJCL

�+O��$���:��9�2& BFJCL�


�*�=�-��0
���<:��	�?)�

�+;17M634@1>��;0��:17��?��8(>N
yP �+:-%M��N,  xi P i!#:����:-%
XP �����:-%?/�"9'5
Y(y)P �+&,:BFJCL
U(X)P ��O��:BFJCL
v(y,x)P �+O��.:�MGAN$���HEKDIJ
��
& BFJCL Dµ

Δµ = −kBT log
dψ dXexp −β Ψ ψ( )+ v ψ,xi( )

i
∑ +U X( )

%

&
'

(

)
*

%

&
''

(

)
**∫

dψ dXexp −β Ψ ψ( )+U X( )( )( )∫

%

&

'
'
'
'
'

(

)

*
*
*
*
*
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U0 ψ,X( ) = Ψ ψ( )+U X( )

exp −βΔµ( ) =

dψ dXexp −β v ψ,xi( )
i
∑ +U0 ψ,X( )
%

&
'

(

)
*

%

&
''

(

)
**∫

dψ dXexp −βU0 ψ,X( )( )∫
= exp −βΔV X( )( ) 0

ΔV X( ) = v ψ,xi( )
i
∑


0

=
dψ dX ( )exp −βU0 ψ,X( )( )∫

dψ dXexp −βU0 ψ,X( )( )∫

	�$	������� �"��

U0���!�� �
����(y,X)�
�!�!� ������

(�!�!� 
����
	�$	������� �"�0#
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
0

=
dψ dX ( )exp −βU0 X( )( )∫

dψ dXexp −βU0 X( )( )∫
=

dψ dX ( )exp −β Ψ ψ( )+U X( )( )( )∫

dψ dXexp −β Ψ ψ( )+U X( )( )( )∫

���0681;
Y(y))+.�%
&MD(,-� 
"�y)��

�
>�
��
��U(X))+.
�%& MD (,-
�
"�X)��

435�����(
,- (y,X) )��

< … >0

��


	

exp −βΔµ( ) = exp −βΔV X( )( ) 0
ΔV X( ) = v ψ,xi( )

i
∑

/92978��*$��
�'��� �)+

� )435��(,-�
���0681;)��<#!:��=



 ����9��

f0(DV) OU0 9HEKCIJ5��0?2(y,X)9AKBKGJ84
�'@EDF#�614&"12DV9�9!���*�

��0?2�'��6L�-<�>M����9)7=

⇒ DV.
/, Lexp(−bDV).�'0M
�'.�0,�
6����.�,�
��:+!�


DV.�	�O�'N�� ���.�,98+2;2;%,(
$8734,>L!��M

f0 ΔV( ) =

dψ dXδ ΔV − v ψ,xi( )
i
∑

$

%
&

'

(
)exp −βU0 ψ,X( )( )∫

dψ dXexp −βU0 ψ,X( )( )∫

exp −βΔµ( ) = d ΔV( )exp −βΔV( ) f0 ΔV( )∫



f0(DV):�	

DV

exp(-bDV)

f(DV)

��!�	FFF

exp(−bDV)/�3-70 f(DV)/�0-
exp(−bDV)/�0-70 f(DV)/�3-

25"/�)G�08�+�-%&H
�.<FFF

exp(−bDV) = 1012 (DV = −16.4 kcal/mol)
f(DV):*10-12:'�6,#�/*1:'�
4>4>,f(DV);�3-G �9BECD3@
8-H:6,%&A�2?:;��

exp −βΔµ( ) = d ΔV( )exp −βΔV( ) f0 ΔV( )∫

�(/�31��/�-

7����/�-

9:=,

$����;��
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UA(X): �A*��
+�%"(�&'�#'�)
UB(X): �B*��
+�%"(�&'�#'�)

����%"(�&' Ui*i = 0, ... N+
i = 0, ��
 U0 = UA

i = N, ��
 UN = UB

0 < i < N, ���

� i���� DUi = Ui+1−Ui

�����
�%"(�&'�	

���

��
 ���
 ��




��02314���

i = 07 ��� U0 = UA i = N7 ��� UN = UB

0 < i < N7 � �� � i,)#* DUi = Ui+1−Ui

��02314���

DUi 5-���6$�('/."DGi-����$��

�(+DUi ⇔�%+N ⇔� ��-�-
�⇔��� -
�
N = 10-20��"	!,�&�


ΔG = ΔGi
i=0

N−1

∑ exp −βΔG( ) = exp −βΔGi( )
i=0

N−1

∏

exp −βΔGi( ) =
dXexp −βUi+1( )∫
dXexp −βUi( )∫

=
dXexp −βΔUi X( )( )exp −βUi X( )( )∫

dXexp −βUi X( )( )∫
= exp −βΔUi( )

i

!
i
=

dX !( )exp −βUi X( )( )∫
dXexp −βUi X( )( )∫



����
�������

�A���B��"�%�#$� $�&���)
DU(X) = UB(X) − UA(X)

�A���B��������
� $�&�� DG

�
��'A → B(

����'B → A(

D ���'D = −(−D)(��%�%!$'A vs B(�	�
D �
�����������DG

exp −βΔG( ) =
dXexp −βUB X( )( )∫

dXexp −βU A X( )( )∫
=

dXexp −βΔU X( )( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

= exp −βΔU X( )( ) A


A
=

dX ( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

exp βΔG( ) =
dXexp −βU A X( )( )∫

dXexp −βUB X( )( )∫
=

dXexp βΔU X( )( )exp −βUB X( )( )∫

dXexp −βUB X( )( )∫

= exp βΔU X( )( ) B


B
=

dX ( )exp −βUB X( )( )∫

dXexp −βUB X( )( )∫
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i = 07 
�� U0 = UA i = N7 ��� UN = UB

0 < i < N7 ���� � i,' ( DUi = Ui+1−Ui

����-�1�.��

��-��).�i = 0, 1, ..., N−1-��5������!�)-

��%#).+"�i = N, N−1, ..., 1-��5����

��1�)-��0�&(
�4*2

��!�-��*��1�-��4�/�3$2

5Bennett Acceptance Ratio��BAR6

ΔG = ΔGi
i=0

N−1

∑

exp βΔGi( ) =
dXexp −βUi( )∫
dXexp −βUi+1( )∫

=
dXexp βΔUi X( )( )exp −βUi+1 X( )( )∫

dXexp −βUi+1 X( )( )∫
= exp βΔUi( )

i+1
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UA(X), UB(X)=�A$�B'629078.48/:
;��.48/:
��&�!,�+����<

�A�*�B)'��&����.48/:�� DG

exp −βΔG( ) =
dXexp −βUB X( )( )∫

dXexp −βU A X( )( )∫

=
dXw X( )exp −βUB X( )( )exp −βU A X( )( )∫ dXexp −βU A X( )( )∫

dXw X( )exp −βU A X( )( )exp −βUB X( )( )∫ dXexp −βUB X( )( )∫

=
w X( )exp −βUB X( )( ) A

w X( )exp −βU A X( )( ) B

�
'��w(X)#�� ⇒513%w(X)(?
⇒��'���



����
w(X)
<...>A, <...>B& �A, B��������
NA, NB& �A, B����" !"��
#��" !"���
$
ZA, ZB&�A��B�����

σ 2 log Q( ) =
1
N

var logQ( ) =
1
N

var Q( )
Q

2
=

Q2 − Q
2

N Q
2

σ 2 ΔG( )
kBT( )

2
=

w X( )exp −βUB X( )( ){ }
2

A

− w X( )exp −βUB X( )( )
A( )

2

NA w X( )exp −βUB X( )( )
A( )

2

+
w X( )exp −βU A X( )( ){ }

2

B

− w X( )exp −βU A X( )( )
B( )

2

NB w X( )exp −βU A X( )( )
B( )

2

=

dX ZA

NA

exp −βUB X( )( )+
ZB

NB

exp −βU A X( )( )
#
$
%&

'
(
)&

w X( )( )
2
exp −β U A X( )+UB X( )( )( )∫

dXw X( )exp −β U A X( )+UB X( )( )( )∫{ }
2

−
1

NA

−
1

NB

�� = ���������	
%�" !"��




Bennett Acceptance Ratio (BAR)�

f x( ) =
1

1+ exp βx( )

exp −βΔG( ) =
w X( )exp −βUB X( )( )

A

w X( )exp −βU A X( )( )
B

= exp βD( )
f UB X( )−U A X( )+ D( )

A

f U A X( )−UB X( )−D( )
B

exp βD( ) =
ZB

ZA

NA

NB

Fermi��

DG	D
�����
Bennett Acceptance Ratio (BAR) �

exp −βΔG( ) =
f UB X( )−U A X( )+ D( )

A

f U A X( )−UB X( )−D( )
B

exp βD( )

ΔG = −kBT log
NB

NA

!

"
##

$

%
&&−D
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������� l ���� Ul(X)

l = 0� ��
 U0 = UA l = 1� ��
 U1 = UB

0 < l < 1� ���
 �����	

ΔG = −kBT log
dXexp −βUB X( )( )∫
dXexp −βU A X( )( )∫

$

%

&
&

'

(

)
)
= −kBT dλ d

dλ
log dXexp −βUλ X( )( )∫( )

0

1

∫

= dλ

dX
∂Uλ X( )
∂λ

$

%

&
&

'

(

)
)exp −βUλ X( )( )∫

dXexp −βUλ X( )( )∫0

1

∫

= dλ
∂Uλ X( )
∂λ

λ

!
λ

=
dX !( )exp −βUλ X( )( )∫

dXexp −βUλ X( )( )∫0

1

∫

0 ≤ λ ≤1( )


�����
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.�TVUWS l 5/)H Ul(X)
l = 0Z �'� U0 = UA l = 1Z -'� U1 = UB

0 < l < 1Z �7'� 
O K��

��8�J����K�2 J	,H��R
QL0@

�9J6(GK<TVUWS l R;��FP�2B?P

;��J#�%Z1*�8�B:O�A;�%J7G�$H�

�REH@NAIFP

⇒;�%R
MFX3+!7J
�Y
l���B=�DC>HPNAHUl(X)J4�Xsoft-core potentialY

ΔG = dλ
∂Uλ X( )
∂λ

λ

!
λ

=
dX !( )exp −βUλ X( )( )∫

dXexp −βUλ X( )( )∫0

1

∫

0 ≤ λ ≤1( )

∂Uλ

∂λ
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��%��

v(y,x)> ��=�
�%�;3(<����4/9-68

��&Coulomb�#Lennard-Jones�%	

i: ����%��,)0;����,)0<

j> �
��%,)0

Qi qj> �,)0�%����

eij sij> Lennard-Jones%*18+:#��%275:.

rij> ,)0 i #,)0 j %����

v ψ,x( ) =
Qiqj

rij
+ 4εij

σ ij

rij

!

"
#
#

$

%
&
&

12

−
σ ij

rij

!

"
#
#

$

%
&
&

6(

)

*
*

+

,

-
-
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&&ij

∑
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Coulomb'vC>���< l���

l=#�=��
r = 0=���1,B
⇔�&>$ :? 4pr2>A.<
�1"$�=

00B>:)���<	(?<-

Lennard-Jones'vLJC#�=6B; HHH

4pr2>A.<"$�
�10087;59@)

r = 0=���1�B ⇒���=���
JvLJ1 l =�59)�=*
23+�� K

vC,λ = λ
Qq
r

0 ≤ λ ≤1( )

vLJ,λ = 4λε σ
r

!

"
#

$

%
&

12

−
σ
r

!

"
#

$

%
&

6(

)

*
*

+

,

-
-



soft-core potential
r = 06���=%�/vLJ,l6 l 5�0<�
=&�.-'
⇒ soft-core potential >�%� 	�6��4��=��?

a3p7��
>/8/8 a = 0.5,p = 1�

vLJ,λ = 4λε σ 12

ασ 6 1−λ( )
p
+ r6"

#
$

%
&
'

2
−

σ 6

ασ 6 1−λ( )
p
+ r6

(

)

*
*
*
*

+

,

-
-
-
-

l = 0$�51 linear scaling                    soft core (a = 0.5,p = 1)
r = 0#;2&�,4'�
 ������+
�

!*-l=�:�"(; !*)l�97�"4)
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amino acid analog solute amino acid analog solute amino acid analog solute

Ala methane Val propane Leu iso-butane

Ile n-butane Ser methanol Thr ethanol

Phe toluene Tyr p-cresol Cys methanethiol

Met methyl ethyl sulfide Asn acetamide Gln propionamide

Trp 3-methylindole Hid 4-methylimidazole Hie 4-methylimidazole
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MV`Oc0*$#&3H��

,2��GACI$5c$�)��'

= $5B?I�F%@�HMV`Oc�
⇒MV`Oc�DCJ1E�7��J�4

$5c$�YKMV`Oc�eHXRUQ^]
y: $5� x: $�� v(y,x): $5f$�:YK)��'

��!;�&3 (DFT) 
bbb MV`Oc��J'@I���


8'+�H�
g6/("�>LNa#

�>Z_[c>TaWP5>-5.>\S`>

(=>QM/MM><��	d9�e bbb

ρ̂ ε( ) = δ ε − v ψ, xi( )( )
i
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alamethicin: 20��
Ac-Aib-Pro-Aib-Ala-Aib-Ala-Gln-Aib-Val-Aib-Gly-Leu-Aib-Pro-
Val-Aib-Aib-Glu-Gln-Phl
(Ac = acetyl, Phl = phenylalaninol, Aib = 2-Aminoisobutyric acid)

POPC: 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine

hydrophobic                           hydrophilic

POPC����
2
����

oleoyl

palmitoyl

glycerol choline

phosphate
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Δµmix =< v >mix +F mix Δµwat =< v >wat +F wat

Δµmix −Δµwat = < v >mix − < v >wat( )+ dε f mix ε( )∫ − dε f wat ε( )∫( )
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