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Quantum Computing is 
“revolutionary”



Last April
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L. Pause et al, Optica 11 (2024) 2222

D. Bluvstein et al, Nature 626 (2024) 58



Last December









Can Quantum Computer  

do better?



than what? 

in which aspects?



Caveat!
•Any algorithmic process can be simulated efficiently using a Turing machine 

•Any algorithmic process can be simulated efficiently using a probabilistic 

Turing machine 

•Can universal quantum computer simulate efficiently an arbitrary physical 

system?



•QC is better than classical DC in classical problems? 

              combinatoric problem,  

•QC is better than classical DC in quantum problems? 

               parallelism, superposition, entanglement

N! ≃ eN ln N−N



??

!?







Quantum Computing in “noisy environment” 

or Fault-Tolerant QC

•Fighting quantum decoherence with 

entanglement 

•Quantum Error Correction (QEC)  

     cf. B.M Terhal, Rev. Mod. Phys. 87 (2015) 307 
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Nature 627 (2024) 778

Nature 605 (2022) 675

Fault-Tolerant Quantum Memory

Fault-Tolerant Universal Quantum Gate
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My Background



1. Introduction on  

Quantum Error Correction



QEC: Shor’s code (classical counter-part)

•Smallest classical code,  

•Measure each bit and do majority choice 

•Not applicable to quantum computer 

•cf. P. W. Shor, “Fault-tolerant quantum computation” in 

the proceedings of 37th FOCS, p55-65

|0 >L = |000 > , |1 >L = |111 >



QEC: Shor’s code (9-bit concatenated code)

• (entangled qubits) 

•Not measure data qubits, but measure parity of data without collapsing qubits 

supperposition/entanglement,  

•Measuring any of qubits by  collapses entangled data qubits 

•Measuring the ancilla qubit collapses entangled data qubits if 1 (or 2, or 3) data 

qubit is entangled with the ancilla qubit (i.e. measuring ) 

•Measuring ancilla qubit doesn’t collapse entangled data qubits if 1,2 (or 2, 3) 

data qubits are entangled with the ancilla qubit (i.e. measuring )

|0 >L = |000 > , |1 >L = |111 >

|ψ >L = cos
θ
2

|0 >L + sin
θ
2

eϕ |1 >L

Z1, Z2, Z3

Z1, or (Z2, Z3)

Z1Z2, or Z2Z3



Remind: Quantum Logic Gates 

https://en.wikipedia.org/wiki/Quantum_logic_gate



i
∂
∂t

|ψ > = Ĥ |ψ > → |ψ(t) > = U(t) |ψ(0) >

|ψ > = ∏
i

(cos θi |0 >i + sin θi eiϕi |1 >i )

U(t) = e−iĤt



Measurement (or Error)
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Measurement (or Error)
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Hadamard

1
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 Measurement effectZ

c1 |000 > + c2 |111 >

Before measurement After measurement

or with probability  or |000 > |111 > |c1 |2 |c2 |2

Mz



 parity checkZ1Z2

After measurement

|0 >a

c1 |000 > + c2 |111 >

Before measurement
|000 > |0 > , |001 > |1 > , |010 > |0 > , |011 > |1 > , |100 > |0 > , |101 > |1 > , |110 > |0 > , |111 > |1 >

|000 > |0 > , |001 > |1 > , |010 > |1 > , |011 > |0 > , |100 > |0 > , |101 > |1 > , |110 > |1 > , |111 > |0 >

c1 |000 > + c2 |111 >
Mz



Surface/Toric code and QEC



Dennis, E., Kitaev, A., Landahl, A. and Preskill, J., 2002. Topological quantum memory. Journal of 
Mathematical Physics, 43(9), pp.4452-4505.

2-dimensional array of qubits: periodic boundary/open boundary = topological vs surface 

(i, j) (i + 1,j)

(i, j + 1) (i + 1,j + 1)

(i − 1,j)

(i − 1,j + 1)

(i − 1,j − 1) (i + 1,j − 1)(i, j − 1)



̂SX(i, j) = X̂1(i, j)X̂2(i, j)X̂1(i − 1,j)X̂2(i − 1,j)

|ψ >L = { ̂S |ψ > = + |ψ > for all ̂S}

̂SZ(i, j) = ̂Z1(i, j) ̂Z2(i, j) ̂Z2(i + 1,j) ̂Z1(i, j + 1)

1.  are called check operators of surface/
Toric code or stabilizers of stabilizer code 

2. is 2 logical qubit system 
3. 4 logical operators,  on 

̂SX, ̂SZ

|ψ >L
X̄1, X̄2, Z̄1, Z̄2 |ψ >L





X error !

̂SX → − 1 ̂SX → − 1



X error !

E

E’

̂SX → − 1 ̂SX → − 1



•A given “syndrome”, there are many equivalent error 

configurations which shares the same “boundary” 

•For a given error configuration, , 

 

E

P(E) = ∏
l

(1 − p)1−nE(l)pnE(l) = ∏
l

(1 − p)( p
1 − p )

nE(l)

= ∏
l

(1 − p)∏
l

( p
1 − p )

nE(l)

, nE(l) = 1 for l ∈ E, nE(l) = 0 for l ∉ E



•For different configurations, , where  (  is cycle) for 

a given , consider  

•If  and , then the link  belongs to  (  is fixed). 

 

 

•If  and , then the link  doesn’t belongs to . 

E′ E′ = E + C C

E P(C)

nC(l) = 1 nE(l) = 0 l E′ E

P(C) = ∏
l

(1 − p)∏
l

( p
1 − p )

nE′ (l)

∝ ( p
1 − p )

nE(l)+nC(l)

∝ ( p
1 − p )

nC(l)

nC(l) = 1 nE(l) = 1 l E′ 

P(C) ∝ ( 1 − p
p )

nC(l)



•Thus  with  where 

 (note that , ) with 

 

•Finding Solution for the constraint  (  are the sites with 

even number links on that site which have ) is convenient

P(E′ |E) ∝ ∏
l

exp(Jlul) ul = 1 − 2nC(l)

ul ∈ {−1,1} ul = 1 if nC(l) = 0 ul = − 1 if nC(l) = 1

e−2jl =
p

1 − p
for l ∉ E, =

1 − p
p

for l ∈ E

∏
l∋s

ul = 1 S

ul = − 1



2. QEC and Statistical Mechanics Model



Statistical Mechanics Models: Dennis et al.

•Surface/Toric code with bit-flip noise or phase-flip noise (together with 

syndrome noise or without syndrome noise) 

•In 2-D, solution for  is random-bond Ising model 

•In 3-D, solution for  is Z(2) Plaquette Gauge Model 

•“Probabilistic interpretation” is related to some statistical model

∏
l∋s

ul = 1

∏
l∋s

ul = 1





Quantum error and statistical model

•Specific quantum code with stabilizer formalism 

•Modeling quantum error pattern 

•Mapping quantum error pattern to statistical model 

•cf. simple case: Dennis et al, J. Math. Phys. 43 

(2002) 4452



Error rate and threshold probability

•If the quantum error rate is higher than the “threshold 

probability”, QEC is not possible. 

•Above the threshold probability, “probabilistic correction” 

is not possible. 

•“Probabilistic interpretation” is related to some statistical 

model



3. Surface/Toric Code 

and 

Z(2) Lattice Models 

(with M. Rispler, D. Vodola, M. Muller, 

arXiv: 2412.14004)
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Quantum Error Models  
and Mapped Statistical physics models in Toric Code

•Random bit flip  error or phase flip  error  

     —> 2-D Ising model with quenched anti-ferromagnetic coupling 

•Random bit flip error or phase flip error + syndrome 

measurement error  

     —> 3-D  gauge theory with quenched anti-ferromagnetic coupling

(σx) (σz)

Z(2)



Quantum Error Models  
and Mapped Statistical physics models in Toric Code

•Independent ,  error + syndrome measurement error 

      —> 3-D  gauge theory  

              with quenched anisotropic anti-ferromagnetic coupling 

•Depolarizing (i.e., , , ) error + syndrome measurement error  

     —> 3-D  gauge theory  

             with anisotropic quenched anti-ferromagnetic coupling

(σx) (σz)

Z(2)

(σx) (σy) (σz)

Z(2) × Z(2)
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|0i H H

two-qubit single-qubit initialization measurement idling



|0i H H

data measurement



H = ∑
n

[HX(n + HZ(n) + HY(n)]

HX(n) = − Jx(n; X)σy(n)σt(n + ̂y)σy(n + ̂t)σt(n)

−Jt
σ(n; q)σx(n)σy(n + ̂x)σx(n + ̂y)σy(n)

−Jy(n; Y)σt(n)σx(n + ̂t)σt(n + ̂x)σx(n)

HZ(n) = − Jx(n; X)τy(n)τt(n + ̂y)τy(n + ̂t)τt(n)

−Jt
τ(n; q)τx(n)τy(n + ̂x)τx(n + ̂y)τy(n)

−Jy(n; Y)τt(n)τx(n + ̂t)τt(n + ̂x)τx(n)



−Jy(n; Y)σt(n)σx(n + ̂t)σt(n + ̂x)σx(n)τy(n + ̂y)τt(n + ̂y + ̂y)τy(n + ̂y + ̂t)τt(n + ̂y)

HY(n) = − Jx(n; Y)σy(n)σt(n + ̂y)σy(n + ̂t)σt(n)τt(n + ̂x)τx(n + ̂x + ̂t)τt(n + ̂x + ̂x)τx(n + ̂x)

Random Coupled-Plaquette
Gauge Model

Random Plaquette
Gauge Model



Monte Carlo Algorithm

•Metropolis algorithm for the spin-

update 

•Parallel Tempering for the neighboring 

temperature spin configuration exchange



⟨ |P |⟩, P =
1
L2 ∑

x

P(x) =
1
L2 ∑

x
∏

t

σx,t

P̃ = |P | − ⟨ |P |⟩

χ = ⟨ | P̃2 |⟩, B3 = ⟨P̃3⟩/⟨P̃2⟩3/2

Order Parameter: 
Polyakov line 

With 

Susceptibility and the third 
order cumulant 



Nishimori condition

•  

•

exp(−4 |J(W) | ) =
pr(X)pr(Y)pr(Z)

(pr(W))2p(1)

exp(−2 |Jq | ) =
q

1 − q



4. Result and Discussion
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P =  2.88 x 10-5 P =  0.0231

Third order cumulant of Polyakov Line,  gauge theoryZ(2) × Z(2)
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P =  2.88 x 10-5 P =  0.0231

Susceptibility of Polyakov Line,  gauge theoryZ(2) × Z(2)
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Phase diagram,  gauge theoryZ(2) × Z(2)
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•Threshold error probability for the viability of Quantum Error Correction 

can be studied by MC simulation of quenched statistical physics model 

•For toric code where an independent bit-flip or phase flip occurs together 

with independent syndrome measurement error, the threshold probability 

from MC suggests  

•For toric code where depolarizing noise occurs together with independent 

syndrome measurement error, the threshold probability from MC suggests 

p ∼ 0.00682

p ∼ 0.0144


