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Introduction
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K = rirt & CP violation

CP odd CP even
| KL> — | K2> + & | K1> F(KL £ WOWO)/F(KL - 7T+7T_)
g’ indirect INKe — 1970 T(Ke¢ —» wrm—
direc\AElCPv = ) TKs ) ,
CPV ‘_I_I__I_I_> :1—6XR€(6 /6)
CP even
Discovered in 1964
e from “odd” mixing b/w Ko & KO é ” g ’
; f —

e’ only found in decays Discovered in 1999
> Re(€'/€)exp = 16.6(2.3) x 10~ *

» Consistent with SM?
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CPV physics: good source for BSM search

CPV in SM believed to be insufficient to explain the matter-antimatter
Imbalance in the present universe

Testing SM via CPV physics can provide a good source for searching BSM
Lattice QCD capable of testing hadronic sectors K, D, B, ...

Direct CP violation measure €’/ in K = mirt highly demanded
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Anticipated sensitivity of €’ to BSM

s = d: most suppressed within SM dl S)\ ;3 )
Re(e' /e) oc Im(VigVie) Vekm~ | =X 1 A% e
M=% 1

A~ 0.23

‘th\/:s‘ A 5 X 10_4 << ‘th\/;kb‘ N ]. X ].0_27 |VtSV1>;kb‘ Y 4 X 10_2

s > d b—d b—s

e’ highly sensitive to BSM & highly demanded by pheno
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| =0 & | = 2 decay modes

(7m)i=o| = V/1/3(x%7°| + /2/3(x 7|, ((7m)iZa] = —v/2/3(n%7°| + /1/3(x 7|

|Isospin-definite amplitudes

|=0—> Al=1/2
A= (i [HwIK) 125 5 A —a

A2 precisely calculated (PRL108 (2012) 141601, PRD91 (2015) 074502)

> 2 lattice spacings: 2.36 GeV, 1.73 GeV — continuum limit taken

> Re Az = 1.50(4)stat(14)sys X 10° GeV, Im Az = -6.99(20)stat(84)sys X 107'° GeV
cf: (Re A2)exp =1 479(4) X 10-8 GeV

Ao challenging bc of disconnected diagram and ...
£’: needs both of Ao & Ao
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The Al =1/2 rule

|Isospin-specific amplitudes

Al = ((mm)i|Hw|K)

Experimental fact

Re A()

= 22.45(6) :large suppression of Al = 3/2 (A2) mode
Re A2

* Factor 2 can be responsible for Wilson coefs from pQCD
 Remaining factor 10 comes from NP QCD or BSM?
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Previous calculation with G-parity BC
Re(e/e) x10°

RBC/UKQCD 2015 —#— €\ _ _4
RBC/UKQCD 2020 —@— Re ( € >SM o 21'7(2°6)Stat(6°2)sys(5-O)EM/IB x 10

Experiment =—¢—

\ Re(€'/€)exp = 16.6(2.3) x 1077

3+ times more confs

Better control of Al = 1/2 rule
excited-state
contaminations =

Step scaling in NPR

| | | | | (Re Ao/Re Ag)exp = 2245(6)
10 15 20 25 30 35
Independent calculations desired b/c of
¢ Phenomenological importance of €’

¢ Relatively large uncertainty compared to exp
¢ Complexity of calculation
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Approach to weak decays

Two typical scales

» Electroweak scale: mw = 80 GeV, mz = 91 GeV
» QCD scale: Aacp ~ 300 MeV

Low-energy effective interactions @ QCD scale

E{ > ><
> Hw = Z|C|

Wilson coefficients Effective operators
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Approach to weak decays

Two typical scales

» Electroweak scale: mw = 80 GeV, mz = 91 GeV
» QCD scale: Aacp ~ 300 MeV

Low-energy effective interactions @ QCD scale

E{ > ><
> Hw = Z|C|

Wilson coefficients Effective operators




AS =1 effective operators

(5 v-a(@d)v+a =571 =v5)d - Ty (L £75)q"

a, B: color indices

(1 = (ga“ﬁ)v_A (ﬂ[3da)V—A ’
Qy = (5u)y_, (ad)y_, ,
Q3 = (gd)v—A Z ((jq)\f—A

q

Q4 — (’gcxfili)v_,\z ((jﬁ(Iu)V_,\ 9
q

Qs = (5d)y_pD_(9%)via -

q

Current-current operators
Q(i — (gacﬁ)V—A(Eﬁda)V—A & Qg — (EC)V_A(Ed)V_A
enter when ns = 4

QCD penguin operators

sum over g runs for all active quarks

=[]

Qs =
_ 3
Q7 = § (5d)y - AZPQ v -
_ 3
Qg = 5 (Sadg) V_ AZ( (989 ) VAA 3
] EW penguin operators
Qy = 5(5d)y_, > ¢ (q0)y_4 »
q
3
Cu)l(_) — 5 ( (xdﬁ)v_A Z €q ((1/3(1cr)V_A
a



Seminar @ Riken R-CCS Masaaki Tomii (UConn/RBRC) 12

K = itm Amplitude and €’

it phase shifts

/ . |.® i }
Re € _ Re IWE Im A2 Im AO (w — Re A2/Re AO)
\/§€ i Re A2 Re AO |

Renormalization matrix

'
Al = —V* Vi Z zi(10) + 7yi (1)) Zig (o) (e ) | Q7 [K)
N Wllson coefs. LQCD
pQCD +pacp)  -QcP

lat

e Matrix elements < ()| Qi” | K > from 3pt correlation functions
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Systematic errors in 2020

Systematic errors on Im Ao

Finite lattice spacing 12%
Wilson coefficients 12%

Lelloch-LUscher FV correction 1.5%
Residual FV correction 7%
Parametric error 6%
Off-shellness 5%
Renormalization 4%
Missing G1 operator 3%

TOTAL 21%
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Systematic errors in 2020

Systematic errors on Im Ao

Finite lattice spacing 12% ) —» Improvement desired
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Systematic errors in 2020

Systematic errors on Im Ao

— Improvement desired
— Improvement desired
Lelloch-LUscher FV correction 1.5%
Residual FV correction 7%
Parametric error 6%
Off-shellness 5%
Renormalization 4%
Missing G1 operator 3%
TOTAL 21%
In addition

> ¢’ could be significantly affected by EM/IB effects (Al = 1/2 rule — 20%)
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Systematic errors in 2020

Systematic errors on Im Ao

— Improvement desired
— Improvement desired
Lelloch-LUscher FV correction 1.5%
Residual FV correction 7%
Parametric error 6%
Off-shellness 5%
Renormalization 4%
Missing G1 operator 3%
TOTAL 21%
In addition Hope to compute near

> ¢’ could be significantly affected by|EM/IB effects (Al = 1/2 rule — 20%)
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Finite lattice spacing error

Can be resolved by taking continuum limit
> Results with different lattice spacings needed

G-parity BC
» 323x 64, a1 =1.4 GeV: Done (2020)

> Ensemble generation speed-up algorithm
(Lat23, C. Kelly)

> 403 x 64, a1 =1.7 GeV: Calculation on-going
» 483 x 64, a1 =2.1 GeV: Iin the future as needed

Ensembles already generated for PBC

L [fm]
O =~ N W H O O N O©

2+1 MDWF ensembles with physical mn

o

PBC/lwasaki+DSDR @
PBC/lwasaki
GPBC/lwasaki+DSDR ]
- GPBC/lwasaki+DSDR (being generated)

O 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
a2 [fm?]
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EM/IB effects

Usually O(1%) but ...

I wei(82=80) T ' we'(927%) _ _
€ lwe ImA;  ImAg _lwe Im Ao 1 L ImA; (w = ReAy/ReAy)

€ \/§€ _ReA2 Rer_ \/§€ Rer i wlon_

Even small correction to this

NLO ChPT + large N¢ can be amplified (1/w ~ 22.5 )

(example estimation)

' Ciligriano et al, JHEP 02, 032 (2020)

¢ iwpe@=%) [ImAS™  m Al o1
R (1 — Qeff) Q — (0.170
€ V2e ' Re A§0) Re A(()O) ) eft ( )

Developing approaches to introduce QED/IB effects on the lattice

> Extension of Luscher’s formalism for treatment of rirt state in a finite box

> Coulomb correction to ittt scattering [Christ et al, PRD106 (2022), 1, 014508]
> Computation of transverse radiation contribution still challenging

» PBC appear necessary to introduce these effects
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Wilson coefs

<f|Hwli> = =i wi (1) <f[Oi (W)[>

pQCD LQCD

perturbative Wi3f(|J.): Iarge Uncertainty

matching done below
charm threshold
(NLO known)

12% uncertainty on A,

» Relevant for (5d)_(cc)/r: Al =1/2

* Does not happen for Al = 3/2

Mo 4 wi'(u): precise at HEs
Possible resolutions

> NNLO matching only partially done
> Nonperturbative matching underway



Challenge of calculating on-shell
K — 1t matrix elements
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Challenge: realizing on-shell kinematics

The lightest rirt state with “2 stationary pions,” Enn,o = 280 MeV — off-shell
> need | Enn = mk = 500 MeV ) state

Possible approaches

Finite volume — two-pion spectrum not continuous
> Moving frame

€.9. \/m% + Piot = My + \/m721' + Piot
> Analyze correlation functions taking multiple states into account (this work)

> Manipulate boundary conditions so that the 280-MeV state vanishes (G-
parity BC, previous RBC/UKQCD work)
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PBC calculation

Advantages 2+1 MDWF ensembles with physical my
Already have lattice ensembles with physical mn N .
323
» al=1GeV,24°x64,a1=1.4GeV,32°x64 &... ¢ ° .
. Cont it . 643m 483 ®
ontinuum limit easier = 5 139564 2464 e
Y= 4
Hope to introduce EM/IB effects near future  _ ,
> G-parity BC violate charge conservation 2
> PBC appear necessary T \wasaki+DSDR @
. . . . . lwasaki ®
Challenge OO 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
a2 [fm?]
Presence of Enn = 2mr state
—(mMg—2m )t

> S/N ratio of Enn = mk state should be the same as in G-parity BC: ~ €

> interesting to see feasibility of extracting signal of excited states
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PBC calculation

Advantages 2+1 MDWF ensembles with physical my
Already have lattice ensembles with physical mn N .
323
» al=1GeV,24°x64,a1=1.4GeV,32°x64 &... ¢ ° .
. Cont it . 643m 483 ®
ontinuum limit easier = 5
v, 4 T '
Hope to introduce EM/IB effects near future 5 | used in this project
> G-parity BC violate charge conservation 2
> PBC appear necessary T \wasaki+DSDR @
. . . . . lwasaki ®
Challenge OO 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
a2 [fm?]
Presence of Enn = 2mr state
—(mMg—2m )t

> S/N ratio of Enn = mk state should be the same as in G-parity BC: ~ €

> interesting to see feasibility of extracting signal of excited states
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Lattice setup

RBC/UKQCD’s 2+1-flavor MDWF ensembles at physical pion & kaon masses
> 24°x64,a" = 1.0 GeV, 258 — 440 confs
> 32°x64,a" =1.4 GeV, 107 = 470 confs

Chiral symmetry of DWF — strong constraints on operator mixings
> with lower-dimensional operators
> among different representations w.r.t. chiral symmetry (8,1), (8,8) & (27,1)

All-to-all quark propagators
> 2,000 low modes for light quarks (no low mode for strange)
> high-mode part: spin, color and time dilutions => 768 inversions



Subtopic: it scattering
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it scattering

Analysis of <Onn(t) Onr(0)T>

Needed for calculating K — mtrt matrix elements (I = 0, 2)

» extraction of an excited state needed for PBC
» we use GEVP

long-distance contribution to HVP (I = 1, by g-2 group) skipped in this talk

Access to some quantities
> phase shifts, scattering length, ...

> very few determinations at physical pion mass so far
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Variational method

Solving GEVP (Generalized Eigenvalue Problem)
C(t)vn (t, t()) — An (t, tO)C(tO)Vn (t, tO) C(t): N x N correlator matrix C,(t) = (O, (t)Op(0)T)

> O, = 2.V, .0, only couples with n-th state (asymptotic region)

> An(t,tg) = e (%)

Tint operators used In this work:

> Tlp=(0,0,0)TTp=(0,0,0)
> Tlp=(0,0,1)TTp=(0,0,-1) 1
|=2
> np:(0,1,1)]—[p:(0,-1,-1) J
> r[p:(1,1,1)r[p:(-1,-1,-1)
> 0~ {iu + dd
» KK~ KK + KTK™ : new entry
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Before solving GEVP...

More precise evaluation of 2pt functions on the lattice

Cab(t) =D, An,aAﬁ:’be_E“t

— cosh effect + Zn An,aA;]k be_E”(T_t) — taken into account after GEVP

_ vacuum effect + <Oa> <Ob> — needs to be subtracted for | = 0
—E.T

— thermal eftect _|_<7T‘Oa ‘77> <7T|Ob ‘77>e + ... — also needs to be subtracted

Subtraction of vacuum & thermal effects

Cab(t) — Cap(t) — Cap(t + dt) = >, AnaAL (1 - e ~Endt)—Ent



Seminar @ Riken R-CCS Masaaki Tomii (UConn/RBRC) 25

Overlap b/w GEVP signals |
O
0.6
Signals from GEVP indistinguishable o g :
with insufficient statistics (107confs, 323) all ’ ? Il @ T
0.2->~< X X o X X > > ! M -
Plateau not well seen for excited states | R IR
R H B e e T
Possible problem of traditional GEVP » “
> Solving GEVP including high excited o I @ T
states with big error can even spoll o6l b SRR [.] i
the signal of lower states o S % g% if e |
047 i q) q)
> Small-size GEVP may not give good N o 1
precision/control of excited states  gongs == **4 ~ °~ © 1 3 1 17
2nd excited st. —H=—
3rd excited st. —&— .0

4th excited st. —&— 1 2 3 4 5 6 7 8 9 10
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Rebased GEVP

Rebased GEVP
> Large size GEVP at short time separations

» Switch to smaller size GEVP at larger time separations but without
discarding measured correlation functions

Example:
0 O5=2 - couples well with the ground st.
000
Oioo_& 5x5 GEVP at t = 2 =2 - couples well with the 1st excited st.
Oy | —m—> =2 - ...
O(111) =2
O,

O~2 - incorporating 5th op and hence 5th state can spoil the
signal of lower states at larger time separations
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Rebased GEVP

Rebased GEVP
> Large size GEVP at short time separations

» Switch to smaller size GEVP at larger time separations but without
discarding measured correlation functions

Example:

0 O5=2 | - couples well with the ground st.
o t=2 | | with the 1st excited st

O (001) 5x5 GEVP at t = 2 1 - couples well wi e 1st excited st.

O(o011) -_— =21 -

O(111) 1 05:2
Vo )%{ - Incorporating 5th op and hence 5th state can spoil the
622 signal of lower states at larger time separations
t=2

052
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Rebased GEVP

Rebased GEVP
> Large size GEVP at short time separations

» Switch to smaller size GEVP at larger time separations but without
discarding measured correlation functions

Example:
0 O5=2 | - couples well with the ground st.
(000) - | |
O (001) 5x5 GEVP att = 2 1 - couples well with the 1st excited st.
O(011) -_— =21 -
O(111) 1 t3:2
O
| )%{ - Incorporating 5th op and hence 5th state can spoil the
t=2

signal of lower states at larger time separations

t=2 4x4 GEVP att =3, ... { e 3 operators to form next basis
—

* 1 operator to be excluded from next basis
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Rebased GEVP si |
ebase signals .|
0
0.6 } ;
Effective T energies, | =0, Rebased GEVP, 323 - © b T L
1.0 04r ° 0 %] ? 1 m o @ -
) D 0
X
0.2} X X X X X > A X -
0.8 | L i
00—
0.6 :
_ ¢ Q
©) 08F & o
0.4 @ o 3 ¢ 0 (I) %) . 0 o
. (I
- 1 0.6 ‘} A %l %; ‘} A |
0.2 X X X X x X x X X ( L © 0 i? - I |
ground st. i 3rd excited st. —4&— 0.4} © g%? # il b
1st excited st. = 4th excited st. —©— | & ab
0.0 2nd excited st. | L v Q@
. L X X ( by
1 2 3 4 5 6 7 8 9 10 11 12 13 0-2 I R ’
t
. OO l L I L
Plateau seen for the first two states! 1 2 3 4 5 6 7 8 9 10

Increasing statistics t
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1.0

0.8}

0.6

04}

0.2}

0.0

1.0

0.8}

0.6

04}

0.2}

0.0

A A A A A A A o
© © © © © ©® ® ® ® D -
(-] [-] [=] [=] [=] ] = [-] [-] =l -
X X X X X X X X X X
ground st. F<— 1st-excited st. —4— 2nd-excited st. —E— ~ 3rd-excited st. '—AI—I
2 4 6 8 10
AN\
A A A A A A A A A A A ‘{‘ |
© ®© © © @ @ ®© 6 @60 & 9 o
Ll B B O O 4£&O00 '3 B O B B B =
XX X X X X X X X X X X X X A
ground st. —¢— 1st-excited st. 2nd-excited st. —O— 3rd-excited st. '—Al—l

> 4 6 8
to

10

12

14
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S ® ® ® 5 0
] ] ] ] i
X X X X X X X
ground st. —>&—  1st-excited st. —{—— 2nd-excited st. —O— 3rd-excited st. 'TA—I
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A le -
A A A
A
© ® ® ® ® ®
[=] [=] [=] [=] [=] [=]
X X X X X X X
ground st. —X—  1st-excited st. ——— 2nd-excited st. —O— 3rd-excited st. 'TA—l
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to



1.2

1.0

0.8}

0.6

04}

0.2}

0.0

1.0

0.8}

0.6

04}

0.2}

0.0

A A A A A A A o
© © © © © © ® ® O) D -
[-] [-] [-] [-] [-] ] = [=] [-] [=]
X X X X X X X X X X
ground st. F<— 1st-excited st. —4— 2nd-excited st. —E— ~ 3rd-excited st. '—AI—I
2 4 6 8 10
N\
A A A A A A A A A A A ‘{‘ |
© ®© © © @ @ ®© 6 @60 & 9 o
O O B O 4£LO3E B B B B B & &
Need some interpolation to reach on-shell
X X X X X X X X X X X X X X -
ground st. —¢— 1st-excited st. 2nd-excited st. —O— 3rd-excited st. '—Al—l

> 4 6 8
to

10 12
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ff
Most recent aEqm

All preliminary with new data set

1.2

1.0
0.8}
0.6
dmk |
0.4F

0.2}

0.0

1.0

0.8}

0.6

04F

dmg |
0.2F

0.0

243 x64,1=0
A A A A + -
S ® ® ® 5 0
[-]
X X X X X X X
ground st. —>&—  1st-excited st. —{—— 2nd-excited st. —O— 3rd-excited st. 'TA—I
1 2 3 4 5 6 Y4
A le -
A A A
A
© ® ® ® ® ®
[=] [=] [=] [=] [=] [=]
X X X X X X X
ground st. —X—  1st-excited st. ——— 2nd-excited st. —O— 3rd-excited st. 'TA—l
1 2 3 4 5 6 /
to
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Cosh effect

Subtraction of constant artifacts (vacuum & thermal effects)

Cab(t) = Cab(t) — Cap(t + 0c) = 3, AnaAx p(1 — e Endt)eEnt

GEVP eigenvalue

/
e—Ent —E.(T"—t)

— €

An (tvtO) ’

Effective energy definitions

> defl: In(A,(t,to)/An(t+ 1,10))
» def2: —In(An(t, t0))/(t — to)

> def3: solution for (%)

0.230

0.225

0.220

0.215

0.210

0.205

0.200 *

Eeff, 323x64,1=2,n=0

0 2 4 6 8 10
t (def1) || to (def2,3)

12




Seminar @ Riken R-CCS Masaaki Tomii (UConn/RBRC) 30

Phase shifts 6

Lischer 1991 (valid in 2mn < Enn < 4mi)

—3/2 q 00
tan o, =
Zoo(1;9°)

O

> :

q = L E7T7T m2 O .

DT 4 n attractive forceé repulsive force
forl=0 E<__>for|=2
:—>
¢ * g
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Phase shifts 6

Lischer 1991 (valid in 2mn < Enn < 4mi)

. -3/ 2q 00
dn o) =
Zoo(1;9°)
L [,
m .
X DT 4 n attractive force§ repulsive force

forl=0 ‘= fori=2
.—>

S
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Phase shifts 6

Lischer 1991 (valid in 2mn < Enn < 4mi)
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Scattering lengths
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Scattering lengths
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Chiral extrapolation of aOmW

Fit functions (in earlier works using ChPT)

Tm2 m2 [ m? 1)
0 T T T 0
T Ter 2 U 162 [ 2
9 2 - 2 -
> m: | m: m: 5
MOy = 3 /2 {1 " Tom2 /2 _3 In [z 1 — ZWT_ }

> with only . as the free parameter
> input m./fr gives precise LO
> |attice data only contribute to NLO

Result from physical mr simulations meaningful

Ambitious for physical mnr simulations to try to
surpass the precision
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Non-interacting mrt 2pt func

Interacting nimt correlators

=) (=) ]|
DT OO ]

Non-interacting ones

=0 @ ~ e_Eﬂ'ﬂ',nt

)
same value, but
nOn statistical correlation not maximized

2E.n = 2y/m2 + (27/L)2n
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Non-interacting mrt 2pt func

Interacting nimt correlators

similar values
significant correlation

)
same value, but
nOn statistical correlation not maximized

2E.n = 2y/m2 + (27/L)2n
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Non-interacting mrt 2pt func

Interacting nimt correlators

similar values
significant correlation

—» ratio ~ e_AEﬂ'ﬂ',nt

same value, but _
ﬂOﬂ statistical correlation not maximized more precise

2E.n = 2y/m2 + (27/L)2n
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AEnmn=0 VS Enm,n=0

Eef L=32, =2, n=0, 2x2 GEVP, t-t5=3 & = 1 AE®T =32, 1=2, n=0, 2x2 GEVP, t-{,=3
0.0022
6 | 0.0021
HHHHH 0.0020
% difference
% 0.0019
I strongly correlated 0.0018
0.0017
0'20802 4 ©6 8 1Ot 12 14 16 18 20 0.00162 4 ©6 8 1Ot 12 14 16 18 20
0 0

Error drastically decreased

Plateau from to = 16 (see also next slide)
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Preliminary result for aomw

AEST | =32, |=2, n=0, 2x2 GEVP, t-to=1

0.0024 | %%
AEo fit 0.001668(30) oooz2| %
%3
0.0020 | % i
By
Eo = 2mn + AEg 0.21025(19) 0.0018 | A T
fit # T@*@ i i
0.0016f 5,
phase shift & . . 0o = —0.3315(89)° | o014} a3
scattering length HSCher Tormatism agmw — —0.04566(81) 2 4 6 8 1otO 12 14 16 18

| = 0 needs more investigation (signal loses before to = 16)
| = 2 reaching the FLAG precision of 2%
need investigation of systematic error

may need scaling correction wrt (mr / fr)?



K — Tt calculation
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Matrix elements

For extraction of ground-state ME

B 71/2
ETT EK
€ t2e 'L large t1 & to

_ oux (tQ)CK(t1> _

Meff(tz,tl) — C(3) (tg,tl) s M

Excited (n-th) rirt state needed for on-shell kinematics with PBC

large t1 & to

> M,

C." : 2-pt function of it operators diagonalized by GEVP

C§,3) . K = nirt 3-pt function with riit operator used in C©"
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Diagrams for K = it 3pt functions

T
T
Hy,
K
K
T
T

type 1 type 2

L oeC

type 3 type 4



Previous G-parity calculation

> types 1,2: averaged over
every 8 time translations

> types 3,4: averaged over
every time translation

types 1,2 still expensive but
no need of such precision

— cost reduction?
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type 4 dominates stat. error

type 1

type 3

(x10°)

=10)

K-snk _—
sep

Ce(t, t

) A

..Illlll.*

typel |
type2

type3
typed

16

—-
S

14 12 10 8 6 4
t

RBC/UKQCD, PRD 102,054509




Seminar @ Riken R-CCS Masaaki Tomii (UConn/RBRC) 40
Sparsening Hw

Contraction cost mostly proportional to volume of Hw

G-parity calculation: summed Hw over full 3D volume

This calculation: volume of Hw (24° — 83: 27x speed up) for types 1 & 2

full vol. sum full vol. sum
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| = 0 correlation functions

Tp=(0,0,1)TTp=(0,0,-1) Mp=(0,0,1)TTp=(0,0,-1)
kaon operator operator kaon operator operator
3 < 2 total —*%
@ typel —<
2 = 1 type2 —H
A type3 A
1 S 0 typed —©
-1
0 2
-1 -3
-4
-2
-5
-3 -
0 2 4 6 38 10 °

top - Ik
Sparsen Hw for types1,2 — still more precise than type4

Precision of type4 disconnected diagram
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Effective matrix elements (Al = 1/2)

243 X 64

Plateau appears
. Correlated fit result with

t1 = top—tk = 4 && t2 = tin—top = 4 (colored filled data points)

2.5 — - - - - — 0.0
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Translating to more physical ME

Renormalization (RI/SMOM scheme)

P1 P1 P1 P1 0'? = p
oo ()= (5
J o Qi
/ \\Pz ‘I\\IP P P2 P2 free

— P% — (Pl — F>2)2

P2

Amputated vertex functions

- Mg SMOM@a) (1) [Ge Vo] M ZMOMAR (1) [Ge V7]
Interpolation 0.18 | 06
Examples of interpolation of | ] 08
: 0.10 | .
renormalized ME | __ [ 10
» Linear & quadratic in Exn/mk | [ | .10}
» Systematic error estimated as lin vs 0051 > 1 L.l
quad is small as 1st excited st. | / o
close to on-shell 0.00T o 1
| at lattice rmt energies —@— ' 1.8 ,-at lattice rut energies —@— ,
.0.05 | _physical kinematics —&— L] 20 physical kinematics ~——

05 06 07 08 09 1 11 1.2 13 14 15 05 06 0.7 08 09 1 1.1 1.2 13 14 1.5
Em/mK Em/mK



Re(Ao) [x10-7 GeV

IM(Ao) [x101 GeV.
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2020 (GPBC)
al=1.4 GeV al=1.0GeV

2 .99(32)stat(59)3ys 2 .84(57)Stat(87)3ys
'6.98(62)3tat(1 .44)sys '87(1 .2)stat(2.6)sys

PBC 2023

Systematic errors on Im(Ao)

finite lat spacing
Wilson coefs.
Others

Re(e'/e)

12% 22%
12% 12%
12% 16%

stat sys EM/IB

> This work: 0.00294(52)(111)(50)
» 2020 (GPBC): 0.00217(26)(62)(50)
>  Experiment: 0.00166(23)

Results for Ao & €’

NPR error became significant
on the coarse lattice

Re(e’/€) [x10-4]

"""""" RBC/UKQCD —@—
GPBC 2015} —@ Experiment —Jli— -
GPBC 2020 | —@
PBC 2023 | O
PDG 2012-22 } HlH

-10-5 0 5 10 15 20 25 30 35 40 45
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PBC achieving a better precision

323 G-parity BC (2020) 243 Periodic BC 323 Periodic BC
# of configurations 741 258 — 440 107 — 470
Al = 1/2 ME via Qolat 10% 14% — (11%) 14% — (6.7%)
Stat. Err (%)
Al = 1/2 ME via Qglat 6.5% 8.9% — (6.8%) 11% — (5.3%)

N\ /

expectations of on-going analysis in ()
matrix elements with 1st-excited mrirt, | = 0 (x 103)

Q ' fit t/a = 5,6 ty/a=11,12 —&— ti/a=17 ' Q it ty/a =56 ty/a=11,12 —&— ty/a =17
2 tja=12 t/a=7.8 —Ah—  tia=1314 —@— 6 ta=12 t/a=7.8 —Ah—  tia=1314 —@—
t1/a=3,4 t1/a=9,10 t1/a= 15,16 . . t1/a=3,4 t1/a=9,10 t1/a= 15,16
O -
A 6
A
2 A L
. + R
' f ‘| Moo
4 | +
A o ¢ o |
6}
8 , 0]
3 4 5 6 V4 8 9 3 4 5 6 V4 8 9
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Summary & Outlook

Main sources of systematic errors at the moment

> Finite lattice spacing - Easier to take continuum limit with PBC as we already have lattice ensembles

> Wilson coefficients - Going to be tested with existing data
» QED/IB effects - Theoretical approach being developed [Christ et al, PRD106, 014508 (2022)]
with PBC

We are successful in
>  Extracting excited-state signals of the challenging Al = 1/2 process

> (Good precision performance of PBC approach

Precision will compete with experiment in the near future
» Could attract a big attention from lattice, pheno & exp!

Also ... TIrt scattering length at physical mn very competitive precision to other
results from unphysical mn



