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Casimir force vs. Casimir energy ?
The energy is not well-defined (divergent).
Even the force is subtle…

Lz If the “energy density” is constant 
(which could be divergent), then 
the energy is proportional to  .Lz

This implies that the nonzero force always exists!?

How to treat  independent energy density?Lz

F0 = −
∂(Lzε0)

∂Lz
∼ − ε0
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Lz

−ε0−ε0−ε0

Cancelled Cancelled

Casimir force vs. Casimir energy ?

(Infinitely large) force or pressure remains, but 
the plates do not feel this force.  We can drop it!

Physically meaningful force is the one depending 
on the plate separation.
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Conventional calculation
Computational procedures are similar to finite-T QFT.
Abel-Plana formula:
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Fukushima-Ohta (2000)
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Conventional calculation
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Experimental signature
VOLUME 78, NUMBER 1 P HY S I CA L REV I EW LE T T ER S 6 JANUARY 1997

Demonstration of the Casimir Force in the 0.6 to 6 mm Range

S. K. Lamoreaux*
Physics Department, University of Washington, Box 35160, Seattle, Washington 98195-1560

(Received 28 August 1996)
The vacuum stress between closely spaced conducting surfaces, due to the modification of the zero-

point fluctuations of the electromagnetic field, has been conclusively demonstrated. The measurement
employed an electromechanical system based on a torsion pendulum. Agreement with theory at the
level of 5% is obtained. [S0031-9007(96)02025-X]

PACS numbers: 12.20.Fv, 07.07.Mp

One of the most remarkable predictions of quantum
electrodynamics (QED), obtained by Casimir in 1948, is
that two parallel, closely spaced, conducting plates will be
mutually attracted [1]. This attractive force is due to the
exclusion of electromagnetic modes between the plates
(as compared to free space) and has magnitude (per unit
surface area A)

FsadyA ≠
p2

240
h̄c
a4 ≠ 0.016

1
a4 dyn smmd4ycm2, (1)

where a is the plate separation; in principle, a QED effect
can directly influence a macroscopic, classical, apparatus.
In spite of the extensive theoretical attention this effect
has received over the years (see [2,3] for recent reviews),
there has been only one attempt at its measurement. This
measurement, as reported by Sparnaay in 1958, showed
an attractive force “not inconsistent with” the prediction
given by Eq. (1), but with effectively 100% uncertainty
[4]. A closely related effect, the attraction of a neutral
atom to a conducting plate, has been recently measured
[5]; good agreement with theory was found.
The Casimir force is closely related to the van der Waals

attraction between dielectric bodies. Formally, Eq. (1) is
obtained by letting the dielectric constant e in the Lif-
shitz theory [6] approach infinity, which is an appropri-
ate description for a conducting material. However, in
practical terms, the Casimir and van der Waals forces are
quite different; the van der Waals force is always attrac-
tive, whereas the sign of the Casimir force is geometry
dependent. For example, if a thin spherical conducting
shell is cut in half, the two hemispheres will experience
a mutual repulsive force [7]. These points are discussed
in Refs. [2,3]. A number of experimental measurements
of short-range forces between dielectric bodies of various
forms have been performed; see Ref. [2] for a review.
For our measurement of the Casimir force, the conduc-

tors were in the form of a flat plate and a sphere. Our
first attempts at measurements using parallel plates were
unsuccessful; this is because it is very difficult to maintain
parallelism at the requisite accuracy (1025 rad for 1 cm
diameter plates). There is no issue of parallelism when
one plate has a spherical surface; geometrically, the sys-
tem is described by the separation at the point of closest
approach. However, when one plate is spherical, Eq. (1)

must be modified; the force for this geometry is sim-
ply obtained by the use of the so-called proximity force
theorem (PFT) [8], which in the present case reduces to
F ≠ 2pRE where R is the radius of curvature of the
spherical surface, and E is the potential energy per unit
surface area which gives rise to the force of attraction
between flat plates. Thus, the magnitude of the Casimir
force between a sphere and a flat surface is given by

Fcsad ≠ 2pR

√
1
3

p2

240
h̄c
a3

!
. (2)

and the result is independent of the plate area.
There are at least two corrections to the Casimir force.

The first is the effect due to the finite temperature T ¯
300 K; this correction has an illustrious history as dis-
cussed by Schwinger et al. [9]; the thermal corrections
for the Casimir force and van der Waals force are dif-
ferent, and are properly derived for the case of conducting
plates in Refs. [9–11]. Taking the results of Brown and
Maclay [11], the surface energy is given by E ≠ aT00,
where T00 is the (volume) energy density. Using the PFT
and Eq. (20a) of [11], the total magnitude of the Casimir
force is

FT
c sad ≠ Fcsad

µ
1 1

720
p2 fsjd

∂
, (3)

where j ≠ kTayh̄c ≠ 0.126a mm21 at T ≠ 300 K (k is
Boltzmann’s constant) and

fsjd ¯
Ω

sj3y2pdz s3d 2 sj4p2y45d, for j # 1y2 ,
sjy8pdz s3d 2 sp2y720d, for j . 1y2 ,

(4)

where z s3d ≠ 1.202 . . .. It is interesting to note that in
the large a limit, the correction is independent of h̄c and
has the appearance of a classical effect; this is analogous
to the Rayleigh-Jeans limit of the black body spectrum.
The second correction, obtained by Schwinger

et al. [9], is due to the finite conductivity of the plates
(modified by the use of the PFT to the case where one
plate is spherical);

F0
csad ≠ Fcsad

√
1 1

4c
avp

!
, (5)

0031-9007y96y78(1)y5(4)$10.00 © 1996 The American Physical Society 5

VOLUME 78, NUMBER 1 P HY S I CA L REV I EW LE T T ER S 6 JANUARY 1997

Demonstration of the Casimir Force in the 0.6 to 6 mm Range

S. K. Lamoreaux*
Physics Department, University of Washington, Box 35160, Seattle, Washington 98195-1560

(Received 28 August 1996)
The vacuum stress between closely spaced conducting surfaces, due to the modification of the zero-

point fluctuations of the electromagnetic field, has been conclusively demonstrated. The measurement
employed an electromechanical system based on a torsion pendulum. Agreement with theory at the
level of 5% is obtained. [S0031-9007(96)02025-X]

PACS numbers: 12.20.Fv, 07.07.Mp

One of the most remarkable predictions of quantum
electrodynamics (QED), obtained by Casimir in 1948, is
that two parallel, closely spaced, conducting plates will be
mutually attracted [1]. This attractive force is due to the
exclusion of electromagnetic modes between the plates
(as compared to free space) and has magnitude (per unit
surface area A)

FsadyA ≠
p2

240
h̄c
a4 ≠ 0.016

1
a4 dyn smmd4ycm2, (1)

where a is the plate separation; in principle, a QED effect
can directly influence a macroscopic, classical, apparatus.
In spite of the extensive theoretical attention this effect
has received over the years (see [2,3] for recent reviews),
there has been only one attempt at its measurement. This
measurement, as reported by Sparnaay in 1958, showed
an attractive force “not inconsistent with” the prediction
given by Eq. (1), but with effectively 100% uncertainty
[4]. A closely related effect, the attraction of a neutral
atom to a conducting plate, has been recently measured
[5]; good agreement with theory was found.
The Casimir force is closely related to the van der Waals

attraction between dielectric bodies. Formally, Eq. (1) is
obtained by letting the dielectric constant e in the Lif-
shitz theory [6] approach infinity, which is an appropri-
ate description for a conducting material. However, in
practical terms, the Casimir and van der Waals forces are
quite different; the van der Waals force is always attrac-
tive, whereas the sign of the Casimir force is geometry
dependent. For example, if a thin spherical conducting
shell is cut in half, the two hemispheres will experience
a mutual repulsive force [7]. These points are discussed
in Refs. [2,3]. A number of experimental measurements
of short-range forces between dielectric bodies of various
forms have been performed; see Ref. [2] for a review.
For our measurement of the Casimir force, the conduc-

tors were in the form of a flat plate and a sphere. Our
first attempts at measurements using parallel plates were
unsuccessful; this is because it is very difficult to maintain
parallelism at the requisite accuracy (1025 rad for 1 cm
diameter plates). There is no issue of parallelism when
one plate has a spherical surface; geometrically, the sys-
tem is described by the separation at the point of closest
approach. However, when one plate is spherical, Eq. (1)

must be modified; the force for this geometry is sim-
ply obtained by the use of the so-called proximity force
theorem (PFT) [8], which in the present case reduces to
F ≠ 2pRE where R is the radius of curvature of the
spherical surface, and E is the potential energy per unit
surface area which gives rise to the force of attraction
between flat plates. Thus, the magnitude of the Casimir
force between a sphere and a flat surface is given by

Fcsad ≠ 2pR

√
1
3

p2

240
h̄c
a3

!
. (2)

and the result is independent of the plate area.
There are at least two corrections to the Casimir force.

The first is the effect due to the finite temperature T ¯
300 K; this correction has an illustrious history as dis-
cussed by Schwinger et al. [9]; the thermal corrections
for the Casimir force and van der Waals force are dif-
ferent, and are properly derived for the case of conducting
plates in Refs. [9–11]. Taking the results of Brown and
Maclay [11], the surface energy is given by E ≠ aT00,
where T00 is the (volume) energy density. Using the PFT
and Eq. (20a) of [11], the total magnitude of the Casimir
force is

FT
c sad ≠ Fcsad

µ
1 1

720
p2 fsjd

∂
, (3)

where j ≠ kTayh̄c ≠ 0.126a mm21 at T ≠ 300 K (k is
Boltzmann’s constant) and

fsjd ¯
Ω

sj3y2pdz s3d 2 sj4p2y45d, for j # 1y2 ,
sjy8pdz s3d 2 sp2y720d, for j . 1y2 ,

(4)

where z s3d ≠ 1.202 . . .. It is interesting to note that in
the large a limit, the correction is independent of h̄c and
has the appearance of a classical effect; this is analogous
to the Rayleigh-Jeans limit of the black body spectrum.
The second correction, obtained by Schwinger

et al. [9], is due to the finite conductivity of the plates
(modified by the use of the PFT to the case where one
plate is spherical);

F0
csad ≠ Fcsad

√
1 1

4c
avp

!
, (5)

0031-9007y96y78(1)y5(4)$10.00 © 1996 The American Physical Society 5

F = − 2πR ⋅ f

f =
1
3

⋅
π2

240L3
z



November 17, 2023 @ RIKEN (online)

Casimir Effect

9

Attractive ?  Repulsive ?

Casimir force depends on:

[Geometry]

[Dispersion]

?

ωn = k2
x + k2

y + (nπ/Lz)2
Medium effect? 
Interaction? Phase transition?

Free energy dispersion
Flachi, Nitta, Takada, Yoshii 
(2017-2019)
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Opposites Attract: A Theorem about the Casimir Force

Oded Kenneth1 and Israel Klich2,*
1Department of Physics, Technion, Haifa 32000 Israel

2Department of Physics, California Institute of Technology, MC 114-36 Pasadena, California 91125, USA
(Received 10 January 2006; published 18 October 2006)

We consider the Casimir interaction between (nonmagnetic) dielectric bodies or conductors. Our main
result is a proof that the Casimir force between two bodies related by reflection is always attractive,
independent of the exact form of the bodies or dielectric properties. Apart from being a fundamental
property of fields, the theorem and its corollaries also rule out a class of suggestions to obtain repulsive
forces, such as the two hemisphere repulsion suggestion and its relatives.

DOI: 10.1103/PhysRevLett.97.160401 PACS numbers: 12.20.!m, 03.65.!w, 03.70.+k

The Casimir effect has been a fundamental issue in
quantum physics since its prediction [1]. The effect has be-
come increasingly approachable in recent years with the
achievement of precise experimental measurements of the
effect [2–5], probing the detailed dependence of the force
on the properties of the materials, and measuring new
variants such as corrugation effects. The theory and ex-
periment have good agreement for simple geometries.

In spite of the vast body of work on the subject (for a
review, see [6] ), some properties of the force are yet under
controversy. Because of the computational complexity of
the problem, the main body of work on the effect is a
collection of explicit calculations for simple geometries.
In this Letter we resolve one of these controversies and
supply general statements about Casimir forces, applicable
to a broad class of geometries.

The interest in repulsive Casimir and van der Waals
forces has grown substantially recently due to possible
practical importance in nanoscience, where such forces
may play a role as a solution to stiction problems. It is
known that repulsive forces are possible between mole-
cules immersed in a medium whose properties are inter-
mediate between the properties of two polarizable
molecules [7]. Conditions for repulsion between paramag-
netic materials and dielectrics without recourse for an
intermediate medium were given in [8]. However, the
prospect of realizing materials with nontrivial permeability
on a large enough frequency range is unclear [9].

It is common knowledge, based on the Casimir-Polder
interaction, that small dielectric bodies interacting at large
distance attract [10]. Based on summation of two-body
forces one may speculate that any two dielectrics would
attract at all distances. In this Letter we show that at least
for the case of a symmetric configuration of two dielectrics
or conductors this prediction holds independently of their
distance and shape for models which can be described by a
local dielectric function. Of course, in any real material as
distances become small enough, i.e., compared with inter-
atomic distances, Casimir treatment of the problem is not
adequate anymore.

We first emphasize that the two-body picture is not
enough to prove this. Calculations of the interaction be-

tween macroscopic bodies by summation of pair interac-
tions are only justified within second order perturbation
theory. Indeed, in [8] it was demonstrated how summing
two-body forces may give wrong prediction for the sign of
interaction between extended bodies.

Another objection to the pairwise intuition is based on
the example of Casimir energy of a perfectly conducting
and perfectly thin sphere. This was worked out by Boyer
[11] and yields an outward pressure on the sphere. This
result motivated a class of suggestions for repulsive forces,
the most well known of which are two conducting hemi-
spheres—considered as a sphere split into two and there-
fore expected to repel each other [3,12] (Fig. 1).

One may try to use perturbative series, such as the
multiple scattering series in the conducting case [13] and
show the attraction term by term. However, checking such
a claim at orders higher than second might prove a difficult
task. Such an approach is justified for distant bodies, but
does not seem to be particularly promising for the problem
at hand.

Our main result is that the electromagnetic field (EM) or
a scalar field, interacting with (nonmagnetic) bodies, which
are mirror images of each other and separated by a finite
distance, will cause the bodies to attract. In particular, this
shows that two hemispheres attract each other. The result
holds for a scalar field in any dimension and even when the
bodies are inside an infinite cylinder of arbitrary cross

?

FIG. 1. What is the direction of the force between two con-
ducting hemispheres? While the outward pressure on a conduct-
ing shell might suggest repulsion, it follows from the arguments
below that the hemispheres in fact attract.
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Qing-Dong Jiang and Frank Wilczek (2018)

I attended a workshop at NORDITA in September 2018 
and heard a talk by Frank Wilczek and also met 
Qing-Dong Jiang who was a student there at that time…
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Axial Casimir Force

Qing-Dong Jiang1, Frank Wilczek1234
1Department of Physics, Stockholm University, Stockholm SE-106 91 Sweden

2Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 USA
3Wilczek Quantum Center, Department of Physics and Astronomy,

Shanghai Jiao Tong University, Shanghai 200240, China
4Department of Physics and Origins Project, Arizona State University, Tempe AZ 25287 USA

Quantum fluctuations in vacuum can exert a dissipative force on moving objects, which is known
as Casimir friction. Especially, a rotating particle in the vacuum will eventually slow down due to the
dissipative Casimir friction. Here, we identify a dissipationless force by examining a rotating particle
near a bi-isotropic media that generally breaks parity symmetry or/and time-reversal symmetry. The
direction of the dissipationless vacuum force is always parallel with the rotating axis of the particle.
We therefore call this dissipationless vacuum force the axial Casimir force.

I. INTRODUCTION

Originating from quantum fluctuations, the Casimir ef-
fect describes the phenomenon where an attractive force
emerges between two non-contacted, uncharged plates in
vacuum [1]. The Casimir effect tells us that vacuum is
not empty, but full of fluctuations with photons popping
in and out. In fact, there are many other effects that can
manifest the fluctuating nature of vacuum. For example,
quantum fluctuations can exert a torque on bodies that
lack rotational symmetry, called Casimir torque [2, 3]. If
some discrete symmetries are broken in materials, quan-
tum fluctuation can transmit symmetry breaking effect
to nearby atoms and perturbs the atom’s spectra, namely
the quantum atmosphere effect [4]. In recent years, an-
other interesting phenomenon, called Casimir friction,
was discovered. Here, objects moving relative to each
other can feel a dissipative viscous force due to the ex-
change of Doppler-shifted photons [5]. Perhaps counter-
intuitively, a spinning object in vacuum will eventually
slow down due to Casimir friction [6]. In recent years,
theorists have proposed many models that feature the
Casimir friction [7], and some of them are closely related
to experimental phenomena [8, 9].
However, to our best knowledge, all the proposed

Casimir friction phenomena (motion-induced vacuum
forces) are dissipative. A natural question then arises: is
it possible to find a dissipationless motion-induced vac-
uum force? This question is partially motivated by the
recent progress in quantum Hall physics, where dissipa-
tionless Hall viscosity emerges as a new topological sig-
nature [10]. We address this question in this paper by
examining a rotating particle near a bi-isotropic material
(BIM) plate. Existing commonly in nature, BIMs include
materials that break time-reversal symmetry (TRS) or
parity symmetry (PS) or both (PTS) [11]. In recent
years, the widely studied Chern insulators [12] and chiral
metamaterials [13] can be classified as bi-isotropic mate-
rials breaking TRS and PS, respectively.
We show that, in addition to the dissipative Casimir

friction, a dissipationless force can emerge for a rotating

particle near a PS or TS (or both) breaking BIMs. Since
the dissipationless rotation-induced force is always paral-
lel to the particle’s rotation axis and changes sign when
its spinning direction is reversed, we, therefore, call it
the axial Casimir force (ACF). Two cases are of particu-
lar interest: (i) when the rotation axis is parallel to the
BIM plate, the axial Casimir force is lateral (L-ACF);
(ii) when the rotation axis is perpendicular to the BIM
plate, the axial Casimir force is vertical (V-ACF) [Fig. 1].
We calculate ACF both numerically and analytically, and
show that TS breaking is crucial for V-ACF, whereas, by
contrast, PS breaking is important for L-ACF. Let us ob-
serve that very recent experiments have already achieved
a superfast rotation of nanoparticles, making the ACF
within the experimental reach [14].

z

x

x

x

z

z

BIM

(a) (b)

FIG. 1. Schematic of the structure. d is the distance from the
center of the rotating object to the BIM plane. Ω represents
the rotating frequency of the object. n̂ is the unit vector in
the rotating direction. θ is the angle between n̂ and the x
direction. (a) shows the general case, while (b) shows two
special rotating directions, perpendicular to the BIM plane
(top) and parallel with the BIM plane (bottom).

II. MODEL

We consider a spherical, isotropic particle rotating
with frequency Ω located at the position r0 = (0, 0, d)
above a BIM plate at z = 0 plane [Figure 1 (a)]. With-
out loss of generality, we assume that the rotating axis

Time-Reversal Symmetry

Breaking…

Parity Symmetry

Both…
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One can use the Casimir force to diagnose matter!
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lies in the x-z plane and forms a θ angle with x axis. In
this paper, we study the dissipationless ACF along the
rotating axis n̂. Particularly, when θ = 0, the ACF lies in
the x-direction, becoming a L-ACF; when θ = π/2, the
ACF is parallel with z-direction, leading to the V-ACF.
We assume that the particle is small enough so that

it can be safely described by polarization function α(ω),
for instance a small metallic ball. (In other words, the
size of the particle R is much smaller that the distance
d.) The electromagnetic force that exerts on an electric
dipole in the direction n̂ can be evaluated via the for-
mula Fn = pi(t)∂n̂Ei(r0, t) (i ∈ {x, y, z}), where pi(t)
and Ei(r0, t) are, respectively, the instantaneous electric
dipole moment at time t and the electric field at the par-
ticle. (Einstein summation rule is implied through out
this paper.) Note that we have omitted any magnetic
dipole contribution, which is much smaller than the elec-
tric dipole contribution [9]. We will further elaborate this
point later in the paper. Although the average electric
dipole and electric field are zero in vacuum, quantum fluc-
tuation can still induce a instantaneous dipole, therefore
exert a force on the particle. (This is also the mechanism
of Wan der Vaals force.) There are two kinds of fluctua-
tions that contribute to the ACF: (i) fluctuations of the
dipole moment of the particle, and (ii) fluctuations of the
field caused by the electromagnetic response of the BIM
plate. Therefore, the total ACF includes two terms, i.e.,

Fn = ⟨pfli (t)∂n̂E
ind
i (r0, t)⟩+ ⟨pindi (t)∂n̂E

fl
i (r0, t)⟩, (1)

where ⟨· · · ⟩ stands for the average over fluctuations in

vacuum. In this formula pfl(ind)i and Efl(ind)
i are, re-

spectively, the fluctuating (induced) electric dipole mo-
ment and electric field at the particle. (Note that the
cross terms ⟨pfl∂n̂Efl⟩ and ⟨pind∂n̂Eind⟩ vanish in vac-
uum because dipole moment and electric field arise from
different sources.) When the particle is not rotating, the
force in z-direction is the usual Casimir-Polder force. As
soon as the particle rotates, ACF will emerge, have an
additional component in z-direction.
Applying Fourier transformation, one can write down

the induced field (dipole moment) in terms of the fluc-
tuation of the dipole moment (electric field) in ω−space,
yielding Eind

i (r,ω) = Gij(r, r0,ω)p
fl
j (ω) and pindi (ω) =

αij(ω)E
fl
j (r0,ω), where Gij and αij represent Green’s

tensor and polarization tensor, respectively. Substitute
the above equations into Eqn. (1), and one can obtain

Fn̂ =

∫ ∞

−∞

dωdω′

4π2
e−i(ω+ω′)t

{

⟨pfli pflj ∂n̂Gij(r0, r0,ω
′)⟩

+ ⟨αij(ω)∂n̂E
fl
i (r0,ω

′)Efl
j (r0,ω)⟩

}

, (2)

where one should notice that the derivative only
acts on the first component of Green’s tensor, i.e.,
∂n̂Gij(r0, r0,ω) ≡ ∂n̂Gij(r, r0,ω)|r=r0 . We emphasize
that, in Eqn. (2), pi and αij are the effective electric

dipole moment and electric polarizability in the labora-
tory frame, respectively. However, the electric dipole and
polarizability are defined in the rotating frame of the
particle. Therefore, one needs to identify the transfor-
mation from electric dipole or polarizability (p̃i or α̃ij)
in the rotating frame to those in the laboratory frame
[6, 15]: pi(ω) = Λ+

ij p̃j(ω+) + Λ0
ij p̃j(ω) + Λ−

ij p̃j(ω−) and

αij(ω) = Γ+
ijklα̃kl(ω+)+Γ0

ijklα̃kl(ω)+Γ−
ijkl α̃kl(ω−), where

ω± = ω ± Ω is the Doppler-shifted frequency due to ro-
tation. Here, Λ0, Λ± and Γ0, Γ± represent the transfor-
mation tensor for dipole moment and polarizability. (See
Appendix A.)
By applying fluctuation-dissipation theorem (FDT) to

Eqn. (2), we obtain a compact expression of axial
Casimir force:

Fn(Ω) = Fx(Ω) cos
2 θ + Fz(Ω) sin

2 θ. (3)

In this formula, θ denotes the rotating direction of the
particle [Fig. 1(a)], Fx/z denotes the ACF in x/z direc-
tion with expressions:

Fx/z(Ω) =
!

π

∫ ∞

0
dω Im

{

Σx/z

}

×

[Imα(ω+)N(ω+)− Imα(ω−)N(ω−)] .

(4)

Here, the differential Green’s functions Σx/z are deter-
mined by the surface Green’s tensor Gij of the BIM plate
via Σx = ∂xGyz − ∂xGzy and Σz = ∂zGxy − ∂zGyx;
N(ω±) ≡ n(T1,ω±) − n(T2,ω) is defined by the dif-
ference of Bose-Einstein distribution, where T1 and T2

are temperatures at the rotating particle and the BIM
plate, respectively. Note that, in deriving the above for-
mula, we have used the isotropic assumption of the elec-
tric polarizability of the particle, i.e., α̃ij(ω) = α̃(ω)δij
(i, j ∈ {x, y, z}). Eqns. (3) and (4) are the main results
of this paper. We stress that the ACF is different from
the usual Casimir-Polder force, because ACF exists only
when the particle is rotating with a finite speed. We shall
compare ACF with the usual Casimir-Polder force later
in this paper and in the appendix.

III. CRITERION OF ACF - TRS/PS BREAKING

In this part, we demonstrate that the emergence of an
ACF requires TRS/PS breaking of the underlying BIM
plate. A BIM plate can generally be described by the
constitutive relations D = ϵE + (χ − iκ)

√
ϵ0µ0H and

B = µH+(χ+iκ)
√
ϵ0µ0E, where ϵ (ϵ0) and µ (µ0) are, re-

spectively, the permittivity and permeability of the BIM
plate (vacuum). The essence of BIMs is encoded in the
magnetoelectric parameters χ and κ, which characterize
the non-reciprocity and chirality of the system, respec-
tively. BIM with χ ̸= 0 and κ = 0 has been called Tel-
legen medium, where TRS is broken. By contrast, BIM
with χ = 0 and κ ̸= 0 has been labeled Pasteur medium,

[magnetoelectric effect]

3

TABLE I. Classification of BIMs [11] with axial Casimir force.

non-reciprocity chirality classification axial Casimir force
χ = 0 κ = 0 simple BIM Fn = 0
χ = 0 κ ̸= 0 Pasteur Fx ̸= 0; Fz = 0
χ ̸= 0 κ = 0 Tellegen Fx = 0; Fz ̸= 0
χ ̸= 0 κ ̸= 0 general BIM Fx ̸= 0; Fz ̸= 0

where PS is violated. Materials with χ = 0 and κ = 0
is usually called simple isotropic medium, whereas, by
contrast, both χ ̸= 0 and κ ̸= 0 represent more general
BIMs. [See Table I]

With the constitutive relations of BIMs, one can study
the electromagnetic response of BIMs. To obtain the
ACF, one needs the expression of Green’s tensor of BIM
plate. In general, the surface Green’s tensor G can be
expressed in terms of Fresnel coefficients for reflection at
the BIM plate [16], i.e.,

G(r, r′,ω) =
i

2π

∫

d2kρ
eikρ·(r−r

′)+ikz(z+z′)

kz
rµνMµν ,

(5)

where kρ = (kx, ky) and kz =
√

ω2 − k2ρ represent the

wave vectors in x-y plane and z-direction, respectively;
rµν = Eref

µ /Ein
ν (µ, ν ∈ {s, p}) stands for the reflection

coefficient from ν-polarized photons to µ-polarized pho-
tons; the superscript in (ref ) simply denotes incident
(reflection) photons. The explicit expressions of the ma-
trices Mµν are given in Appendix C. In contrast to com-
mon PTS materials, the cross reflection coefficients rsp
and rps are usually nonzero for BIMs due to the fact that
magnetoelectric effect can mix s- and p- polarizations in
general.

Based on the constitutive relations and boundary con-
ditions, one can obtain the cross-reflection coefficients
[11]

rsp(rps) =
2η0ηc0

∆
[±i(c+ − c−) cosβ − (c+ + c−) sinβ] .

(6)

Here, η =
√

µ/ϵ (η0 =
√

µ0/ϵ0) represents the
impedance of the BIM (vacuum); c0 = cos θ0, where θ0
is the incident angle of an EM wave; c± = cos θ± =
√

k2± − k2ρ/k±, where θ± stand for refractive angles and

k± = k(cosβ ± κr); sinβ = χr = χ(
√
ϵ0µ0/

√
ϵµ)

and κr = κ(
√
ϵ0µ0/

√
ϵµ) are the relative magnetoelec-

tric parameters; ∆ = (η20 + η2)c0(c+ + c−) + 2η0η(c20 +
c+c−) cosβ. For lossless media, k± ≥ 0 implies the rela-
tionship χ2

r + κ2
r ≤ 1 [17].

The key element that induces the ACF is the differen-
tial Green’s functions Σx/z, which can be expressed by

the cross-reflection coefficients through

Σx/z(ω) =
ω

2π

∫ ∞

−∞
d2kρ e

2i
√

w2−k2
ρ
dgx/z(rsp ∓ rps).

(7)

Here, gx = k2x/
√

ω2 − k2ρ and gz =
√

ω2 − k2ρ. Substitut-

ing Eqn. (7) into Eqn. (3) and (4), one can immediately
obtain the ACF Fn in an arbitrary direction n̂.

(a) (b)

(c) (d)

FIG. 2. Numerical calculation of ACF vs. angle θ, rotating
frequency Ω and distance d. Figure (a) shows the normalized
ACF |Fn|norm = |Fn/(Fn)max| at different angles. Red, blue,
and black curves correspond to Pasteur BIM (χ = 0, κ = 1),
Tellegen BIM (χ = 1, κ = 0), and general BIM (χ = 0.1,
κ = 0.5), respectively. Other parameters are set as: d = 12R,
T = 0.01R−1

0 , Ω = 10−9R−1
0 , ωp = 0.1R−1

0 , τ−1
0 = 0.01R−1

0 .
Figure (b) gives distance-dependence of ACF. Note that the
force values are normalized by F0 = !c/R2. The inset of (c)
gives the zoomed-in ACF at θ = π/2. Parameters are set as:
κ = −0.5, χ = 0.1, and other parameters are the same as
those in (a). Figure (c) shows the frequency-dependence of
ACF. Red, blue, black curves correspond to angle θ = 0, θ =
π/2, θ = π/4, respectively. Parameters are set as: d = 12R0,
and other parameters are the same as those in (b). Figure (d)
corresponds to the temperature-dependence of ACF at angles
θ = 0, θ = π/2, and θ = π/4, respectively.

Based on the above formulas, we give the criterion for
the emergence of ACF in the following:
(i) For simple isotropic materials (with PS and TRS),
χ = κ = 0, and one can find Σx = Σz = 0. Consequently,
both Fx and Fz vanish, leading to the vanishing of ACF
in any direction.
(ii) For Pasteur materials (with TRS but without PS),
χ = 0 and κ ̸= 0 lead to Σz = 0 and Σx ̸= 0. As a result,
Fx ̸= 0 and Fz = 0 indicate that the ACF only vanishes
in the z-direction.
(iii) For Tellegen materials (with PS but without TRS),
κ = 0 but χ ̸= 0, and one can show Σx = 0 whereas
Σz ̸= 0, which results in Fx = 0 and Fz ̸= 0. In this case,
the ACF only vanishes in the x-direction.
(iv) For more general cases (without PS and TRS) where
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Figure (b) gives distance-dependence of ACF. Note that the
force values are normalized by F0 = !c/R2. The inset of (c)
gives the zoomed-in ACF at θ = π/2. Parameters are set as:
κ = −0.5, χ = 0.1, and other parameters are the same as
those in (a). Figure (c) shows the frequency-dependence of
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corresponds to the temperature-dependence of ACF at angles
θ = 0, θ = π/2, and θ = π/4, respectively.

Based on the above formulas, we give the criterion for
the emergence of ACF in the following:
(i) For simple isotropic materials (with PS and TRS),
χ = κ = 0, and one can find Σx = Σz = 0. Consequently,
both Fx and Fz vanish, leading to the vanishing of ACF
in any direction.
(ii) For Pasteur materials (with TRS but without PS),
χ = 0 and κ ̸= 0 lead to Σz = 0 and Σx ̸= 0. As a result,
Fx ̸= 0 and Fz = 0 indicate that the ACF only vanishes
in the z-direction.
(iii) For Tellegen materials (with PS but without TRS),
κ = 0 but χ ̸= 0, and one can show Σx = 0 whereas
Σz ̸= 0, which results in Fx = 0 and Fz ̸= 0. In this case,
the ACF only vanishes in the x-direction.
(iv) For more general cases (without PS and TRS) where
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Chiral Casimir Forces: Repulsive, Enhanced, Tunable
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Both theoretical interest and practical significance attach to the sign and strength of Casimir
forces. A famous, discouraging no-go theorem states that “The Casimir force between two bodies
with reflection symmetry is always attractive.” Here we identify a loophole in the reasoning, and
propose a universal way to realize repulsive Casimir forces. We show that the sign and strength
of Casimir forces can be adjusted by inserting optically active or gyrotropic media between bodies,
and modulated by external fields.

Introduction: The Casimir effect is one of the best
known macroscopic manifestations of quantum field the-
ory, and has attracted interest since its first discovery
[1]. The original version of Casimir effect is an attrac-
tive force between two ideal, uncharged metal plates in
vacuum. Later on, Lifshitz et al., derived a general for-
mula for the Casimir force between between materials de-
scribed by dielectric response functions in this geometry
[2]. In their formula, the Casimir force between material
1 and material 2 across medium 3 is proportional to a
summation of terms with differences in material dielec-
tric functions

−
(

ϵ1(ω)− ϵ3(ω)
)(

ϵ2(ω)− ϵ3(ω)
)

(1)

over frequency ω, where ϵi is the dielectric function for
material i (i = 1, 2, 3). Between two like materials,
ϵ1 = ϵ2, these terms are always negative and correspond
to attractive Casimir force, regardless the mediating ma-
terial 3. A famous generalization of this result states
that objects made of the same isotropic material always
attract for reflection symmetric geometries (but arbitrary
shapes) in vacuum [4], or for a wide class of intermediate
materials, as we will review presently. This strong theo-
rem appears to rule out many convenient possibilities for
realizing repulsive Casimir forces.

Yet in principle the Casimir force can be repulsive. In
recent years, people have devoted substantial efforts to
realizing repulsive Casimir forces, especially with a view
toward applications to nano-devices and colloids, which
can contain nearby parts that one wants to keep separate.
In fact, repulsive Casimir forces have been proposed in
several special cases [5–7], and have even been observed
experimentally [8]. In this experiment, the authors mea-
sured the Casimir force between gold (solid) and silica
(solid) mediated by bromobenzene (liquid), of which the
dielectric functions satisfy ϵ1 > ϵ3 > ϵ2. In recent years,
the repulsive Casimir force has been also proposed in var-
ious topological and metamaterials [9, 10]. However, all
these proposals give tiny repulsive Casimir forces (com-
pared to the Casimir force between metals), and demand

particular parameters of materials, or particular shapes
of materials, making experimental realization challenging
and somewhat awkward.

In this paper, we do two things. First, we identify
an important loophole in the central no-go theorem [4]
on Casimir forces. It arises when there is an interven-
ing “lubricant” material with no symmetry between left-
and right-circular polarized photons (i.e., a chiral ma-
terial). Optically active materials, which break spatial
parity but preserve time reversal, are not rare, and pro-
vide good candidates. Second, we explicitly calculate the
Casimir force between similar objects separated by a chi-
ral medium (see figure 1). We find that the Casimir force
can, as a function of distance, oscillate between attractive
and repulsive, and that it can be tuned by application of
an external magnetic field.

0 l z

A B

R

+

L

+

L

-

kR

-

chiral material

C

right-circular
    photon

left-circular
    photon

k

k
k

FIG. 1. Schematic illustration of chiral Casimir effect. Two
parallel, uncharged plates (A & B) are placed at a distance l
separated by chiral material C. The red dots and green dots
represent right-circular polarized photons and left-circular po-
larized photons. The arrows indicate the propagating direc-
tions of chiral photons. k±

R(L) represent velocity of chiral pho-
tons, where superscript ± correspond to their propagating
directions, and the subscript R/L correspond to their chiral-
ity.

Identifying the loophole: To begin, we briefly review
the “Casimir” energy in massless free scalar field theory.

3

To model chiral media, we assume a chirality-

dependent dielectric function in material C, i.e., χL(R)
0 for

left- and right-circular polarized photons. The Green’s
function must be written in a matrix form in chiral basis
(ψL(x),ψR(x)), i.e.,

D̂0 =

(

D̂L
0 0
0 D̂R

0

)

(7)

where D̂L(R)
0 = (χL(R)

0 (iξ)ξ2 +∇×∇×)−1 represent the
Green’s function for left(right)-circular polarized pho-
tons. Figure 2(b) shows the Feynman diagram for chiral
Casimir energy. To keep track of the chiral degree of free-
dom, it is helpful to use a double wavy line to represent
the photon Green’s function. Even when the reflection
symmetry is kept between A and B, through their iden-
tical properties and symmetric geometry, the material
C breaks the symmetry. The propagators in the Feyn-
man diagram exchange colors (red ↔ green) under the
reflection operation Jm. Now J †

mUBAJm = IAUABIA ̸=
UAB, where IA is an off-diagonal unit matrix. Thus,
TAUABTBUBA ̸= (

√
TAUABJm

√
TA)2, and the forego-

ing arguments fail.
Calculations for chiral media in plate geometry : By us-

ing a non-reciprocal Green’s function method, we can de-
rive more tractable expressions for chiral Casimir forces.
The algebra, which is not entirely trivial, is set out in the
supplemental materials [11]. (Compare [12–15].)
Specializing to plate geometry, we find the energy per

unit surface area

Ec =

∞
∫

0

dξ

2π

∞
∫

−∞

d2k∥
(2π)2

{

ln Det
(

I− RBŨBARAŨAB

)}

(8)

where ξ is the imaginary frequency, and k∥ = (kx, ky)
represents momentum in xy plane (parallel with plates).
Here RA (RB) represents reflection matrix at plate A
(B), and ŨAB (ŨBA) represents translation matrix from
A to B (B to A). (Note that this Ũ has quite a different
meaning from U , which appeared earlier.)
In a chiral medium, reflection symmetry of photons

is broken, implying that TE (s-polarized) wave and TM
(p-polarized) wave are not the eigenstates. In the more
convenient chiral basis, ŨAB and ŨBA are diagonal, as
long as chirality itself is a good quantum number. We
have then simply

ŨBA =

(

eik
+
zL

l 0

0 eik
+
zR

l

)

, ŨAB =

(

eik
−
zL

l 0

0 eik
−
zR

l

)

(9)

where k±zR and k±zR stand for the propagating velocity of
right-circular polarized photons and left-circular polar-
ized photons, respectively. The superscript ± indicates
the propagating directions of photons. (The meaning of
k±zR/L is also shown in figure 1.) However, photons can
change chirality at the boundary A & B due to reflection.

In this paper, we only consider the case where there is
reflection symmetry between A & B, implying the same
reflection matrices of A & B:

RA = RB =

(

rRR rLR
rRL rLL

)

, (10)

where rij represent the reflection magnitude of a photon
from chirality j to i (i, j = L,R).
Eqn. (8) can be interpreted integrating over round

trips of virtual photons. First imagine that a photon goes
from B to A with translation matrix (ŨAB), and then is
reflected at plate A (RA). After its first reflection, it
goes back from A to B with translation matrix (ŨBA),
and then it will be reflected at plate B (RB) again.

(b)(a)

FIG. 3. Chiral Casimir force due to Faraday effect, normalized
to the original metallic Casimir force. (a) shows the Casimir
force enhancement in different magnetic field. The red and
blue curves represent Casimir force at magnetic field B = 4T
and B = 10T, respectively. The shadow region corresponds
to repulsive Casimir force regime. (b) shows how the mag-
netic field B can control the Casimir force. The solid line and
dash line represent the Casimir force that is measured at the
distance l = 8µm and l = 6µm, respectively.

(i) Faraday materials. In a medium displaying the
Faraday effect, the optical rotation angle θ is determined
by θ = VBl, where V is the Verdet constant (a key pa-
rameter in Faraday materials), B is the magnetic field
in the light propagating direction, and l is the distance
that the light pass through. In an alternate descrip-
tion, the magnetic field introduce a phase velocity dif-
ference δkz = VB between left-circular polarized pho-
tons and right-circular polarized photons. Therefore, the
wave vectors of photons with different chirality satisfy
k+zR = k−zL = k̄z + δkz and k−zR = k+zL = k̄z − δkz,
where k̄z is the average wave vector of right-circular and
left-circular polarized photons [16]. With the phase ve-
locity expressions of chiral photons, one can obtain the
translation matrices ŨAB (ŨBA) for Faraday materials.
For ideal metal plates, the reflection matrices are simply
taken off-diagonal unit matrices, i.e., rRR = rLL = 0 and
rLR = rRL = −1. The off-diagonal reflection matrix is
due to the fact that photons change their chirality after
being reflected at an ideal metal plate [17].
Recently, experiments have measured very large Verdet

constants in some organic molecules and liquids. We set
Verdet constant as V = 5 × 104 radm−1T−1 in the cal-

Polarized photons

Tunable by the strength 
of the magnetic field.
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Calculations are intriguing but complicated:
I found these works extremely interesting, but…

They develop the scattering formalism. 
See also Jaffe (2005) (no need of “vacuum”)

Experimental realization is quite challenging:

[ACF] “Note that the very recent experiments 
have already achieved a superfast rotation of 
nanoparticles, making the ACF within the 
experimental reach”.

[CCF] “Faraday materials” and 
“Octically active materials”
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Another ACF proposed by Fukushima-Imaki-Qiu (2019) 3

Perfect 
Conductor

Perfect 
Conductor

Chiral Matter

Figure 1. Schematic illustration for the physical setup. Two
perfect conductor plates at z = 0 and z = Lz constitute the
transverse planes coordinated by x̂ and ŷ. The space between
two plates is filled with chiral matter represented by the axion
electrodynamics.

It is known that a timelike bµ may incur tachyonic in-
stabilities at long wavelength, which would impede the
covariant quantization of the electromagnetic fields [83–
85]. Also, we point out that the Casimir e↵ect with con-
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where no sign flip of the Casimir force was observed.
Thus, we focus on the situation with b0 = 0 and b 6= 0
in the present work. From transverse symmetry, we pos-
tulate b = bẑ, that is, b is directed perpendicular to the
two plates. In our setup with such b 6= 0, the reflection
symmetry is explicitly broken, which suggests that there
may arise a repulsive component in the Casimir force.
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III. VACUUM ENERGY
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limit Lx,y ! 1. Then, we discretize the electromagnetic
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A canonical quantization scheme for Aµ with covariant
gauge was proposed in Ref. [86–88], in which a tiny pho-
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integral quantization with ghost fields. The Lagrangian
density with the gauge fixing term parameterized by ⇠,
and the ghost fields c and c̄, reads:

L = Lphoton + Lghost

= �1

4
Fµ⌫F

µ⌫ � 1

4
bA⌫ F̃

z⌫ +
1

2⇠
(@µA

µ)2 +
1

2
@µc̄@

µc .

(8)

The vacuum energy density " is obtained from the gen-
erating functionals as follows:

V T" = i logZphoton + i logZghost . (9)

Here V = LxLyLz is the volume of the vacuum region
between two plates and T is the time interval in the path

integral. We keep them finite in the intermediate calcula-
tions and take the limits of Lx,y ! 1 and T ! 1 in the
end. Beginning with the calculation of the photon part,
we rewrite the photon Lagrangian as a bilinear form of
Aµ in momentum space:

Lphoton = �1

2
AµG

�1

µ⌫A⌫ , (10)

where

G�1

µ⌫ = gµ⌫k
2 + i✏µ⌫↵�b

↵k� �
✓
1� 1

⇠

◆
kµk⌫ . (11)

Then we have:

i logZphoton = � i

2
logDet

⇥
G�1

µ⌫ (k)
⇤
, (12)

where Det represents the determinant with respect to
the momentum index k and the Lorentz indices µ, ⌫. We
firstly calculate the determinant over Lorentz indices as

Det
⇥
G�1

µ⌫ (k)
⇤
=
Y

k

⇠�1
�
k2
�2 h�

�
k2
�2

+ b2(k2 + k2z)
i
.

(13)
For further calculations we employ the following notation
for the energy dispersion relations determined from the
on-shell condition [89]:

!2

1,2 = k2 , (14)

!2

± = k2x + k2y +

 r
k2z +

b2

4
± b

2

!2

. (15)

We note that !1,2 are zeros of (k2)2 in Eq. (13). Since
(k2)2 appears from the longitudinal and the scalar polar-
izations, the modes with !1,2 are unphysical and their
contributions to vacuum energy are cancelled by the
ghosts. The physical modes !± are zeros of �(k2)2 +
b2(k2 + k2z) and they correspond to the right- and left-
handed photons. With these dispersion relations we ex-
press the vacuum energy contributed from the photon
as

i logZphoton = �
X

i=1,2,±

X

k

i

2
log
⇥
k2
0
� !2

i (k)
⇤
, (16)

where we have dropped an irrelevant constant ⇠�1. By a
similar computation for the ghost, we acquire:

i logZghost = 2
X

k

i

2
log
�
k2
0
� k2

�
. (17)

Notably Eq. (17) cancels the contribution from the un-
physical modes with i = 1, 2 in Eq. (16). Summing the
photon and the ghost contributions up, we get,

V T" = � i

2

X

±

X

k

log
⇥
k2
0
� !2

±(k)
⇤
. (18)
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that our work should be distinguished from those in
(2+1)-dimensional Chern-Simons electrodynamics [53–
56]. Given that a constant ✓(x) would not a↵ect the
equation of motion, we consider a linearly inhomogeneous
background axion field; ✓(x) = bµxµ with a constant
four-vector bµ. This specific choice is also motivated by
related works about the realization of quantum anomaly
in condensed matter physics as discussed in Refs. [57–60]
where a similar form of ✓(x) is assumed. Axion electrody-
namics is a useful theory to account for anomaly induced
phenomena in chiral media, e.g., the Witten e↵ect [61]
the chiral mganetic e↵ect [62–64], the anomalous Hall
e↵ect [65–68], etc. Nowadays, Weyl semimetal, topolog-
ical insulator, and axion crystal provide us with real-
world playgrounds of axion electrodynamics, promoting
cross-disciplinary studies and experimental searches for
anomalous chiral phenomena [69–75]. In addition to ac-
tivities in condensed matter physics, one can see recent
reviews [76–78] for applications of chiral transport phe-
nomena in the high-energy nuclear experiments.

There are preceding e↵orts on the Casimir e↵ect in
the framework of axion electrodynamics. In Ref. [79]
the topological Casimir e↵ect was proposed as a possible
probe to detect the background ✓ angle and the QCD
axion. Thereby, a mixing coupling between electric and
magnetic fields plays an important role, which is often
referred to as magnetoelectric e↵ect in condensed matter
physics. More relevant to our present study is the work
of Ref. [80] where the Casimir e↵ect with a pure timelike
bµ = (b0,0) was analyzed, leading to the conclusion that
no repulsive Casimir force is found in that case. Our
present work is a natural extension to the situation with
a pure spacelike bµ = (0, b), and as we would argue later,
we discover a repulsive component of Casimir force.

For the above-mentioned purpose, we carry out an
analytical computation of the zero-point oscillation en-
ergy and the associated Casimir force in the presence of
✓(x). We adopt the original straightforward method by
Casimir [1] as well as some technical implementation sim-
ilar to the case with bµ = (b0,0) in Ref. [80]. In Appendix
we provide calculations using alternative methodology
based on scattering theory and the Lifshitz formula [81],
which looks superficially di↵erent from Casimir’s method
but yields an equivalent result.

The structure of this paper is organized as follows. In
Sec. II we present the definition of our interested theory
and the physical setup to idealize the anomalous Casimir
e↵ect in the presence of bµ = (0, b). We proceed to con-
crete calculations of the vacuum energy in Sec. III. We
figure out the energy dispersion relations and quantify
the zero-point oscillation energy there. Section IV is de-
voted to our central results, i.e., the analytical expression
of the anomalous Casimir e↵ect and the numerical plot
illustrating a repulsive region. Finally we conclude our
discussions in Sec. V.

II. AXION ELECTRODYNAMICS

We briefly introduce the axion electrodynamics and
then expound our physical scenario for a repulsive
Casimir force. We model the e↵ect of chiral medium on
the Casimir force using the axion electrodynamics, that
is, the U(1) electrodynamics with a topological ✓ term
defined by the following Lagrangian density,

Laxion = �1

4
Fµ⌫F

µ⌫ +
1

4
✓Fµ⌫ F̃

µ⌫ . (1)

In the above expression Fµ⌫ ⌘ @µA⌫ � @⌫Aµ and F̃µ⌫ ⌘
1

2
✏µ⌫↵�F↵� , where Aµ represents the U(1) gauge field.

For space-time dependent ✓(x), the topological ✓ term
modifies the equations of motion. Here, for later conve-
nience, let us denote its derivatives as

b0(x) ⌘ @t✓(x) , b(x) ⌘ �r✓(x) , (2)

or equivalently bµ(x) = @µ✓(x) in the covariant notation.
Nonzero b0 and/or b add CP-odd terms to the equations
of motion. The Euler-Lagrange equations from Eq. (1),

@µF
µ⌫ = bµF̃

µ⌫ , (3)

and the Bianchi identity, @µF̃µ⌫ = 0, comprise the
Maxwell-Chern-Simons equations in the absence of
source. The explicit forms read [82]:

r ·E = �b ·B , (4)

r⇥B � @E

@t
= b0B + b⇥E, (5)

r ·B = 0 , (6)

r⇥E +
@B

@t
= 0 . (7)

The first equation (4) implies an extra charge �b · B,
which is commonly called the Witten e↵ect [61]. We
can regard the right-hand side of Eq. (5) together with
Maxwell’s displacement current from the left-hand side
as the current source for the magnetic field. Then, we
find an extra current term, j

CME
= b0B, which can be

understood as the chiral magnetic e↵ect with the identifi-
cation of b0 as the chiral chemical potential µ5. Another
extra current, j

AHE
= b ⇥ E, represents the anomalous

Hall e↵ect which exists even without the magnetic field.
These anomalous charge and currents are induced by

the CP-violating modifications on the vacuum in the ax-
ion electrodynamics. Since the vacuum properties are
such changed, we can naturally anticipate noticeable
impacts on other physical observables related to them.
In this work, specifically, we explore such possibility in
terms of the Casimir force. For such a purpose, as illus-
trated in Fig. 1, we install two plates of perfect conductor
parallel to each other upright to the z-axis. The interval
distance between two plates is Lz and the size of each
transverse plate is LxLy. For simplicity we assume con-
stant b0 and b.
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lies in the x-z plane and forms a θ angle with x axis. In
this paper, we study the dissipationless ACF along the
rotating axis n̂. Particularly, when θ = 0, the ACF lies in
the x-direction, becoming a L-ACF; when θ = π/2, the
ACF is parallel with z-direction, leading to the V-ACF.
We assume that the particle is small enough so that

it can be safely described by polarization function α(ω),
for instance a small metallic ball. (In other words, the
size of the particle R is much smaller that the distance
d.) The electromagnetic force that exerts on an electric
dipole in the direction n̂ can be evaluated via the for-
mula Fn = pi(t)∂n̂Ei(r0, t) (i ∈ {x, y, z}), where pi(t)
and Ei(r0, t) are, respectively, the instantaneous electric
dipole moment at time t and the electric field at the par-
ticle. (Einstein summation rule is implied through out
this paper.) Note that we have omitted any magnetic
dipole contribution, which is much smaller than the elec-
tric dipole contribution [9]. We will further elaborate this
point later in the paper. Although the average electric
dipole and electric field are zero in vacuum, quantum fluc-
tuation can still induce a instantaneous dipole, therefore
exert a force on the particle. (This is also the mechanism
of Wan der Vaals force.) There are two kinds of fluctua-
tions that contribute to the ACF: (i) fluctuations of the
dipole moment of the particle, and (ii) fluctuations of the
field caused by the electromagnetic response of the BIM
plate. Therefore, the total ACF includes two terms, i.e.,

Fn = ⟨pfli (t)∂n̂E
ind
i (r0, t)⟩+ ⟨pindi (t)∂n̂E

fl
i (r0, t)⟩, (1)

where ⟨· · · ⟩ stands for the average over fluctuations in

vacuum. In this formula pfl(ind)i and Efl(ind)
i are, re-

spectively, the fluctuating (induced) electric dipole mo-
ment and electric field at the particle. (Note that the
cross terms ⟨pfl∂n̂Efl⟩ and ⟨pind∂n̂Eind⟩ vanish in vac-
uum because dipole moment and electric field arise from
different sources.) When the particle is not rotating, the
force in z-direction is the usual Casimir-Polder force. As
soon as the particle rotates, ACF will emerge, have an
additional component in z-direction.
Applying Fourier transformation, one can write down

the induced field (dipole moment) in terms of the fluc-
tuation of the dipole moment (electric field) in ω−space,
yielding Eind

i (r,ω) = Gij(r, r0,ω)p
fl
j (ω) and pindi (ω) =

αij(ω)E
fl
j (r0,ω), where Gij and αij represent Green’s

tensor and polarization tensor, respectively. Substitute
the above equations into Eqn. (1), and one can obtain

Fn̂ =

∫ ∞

−∞

dωdω′

4π2
e−i(ω+ω′)t

{

⟨pfli pflj ∂n̂Gij(r0, r0,ω
′)⟩

+ ⟨αij(ω)∂n̂E
fl
i (r0,ω

′)Efl
j (r0,ω)⟩

}

, (2)

where one should notice that the derivative only
acts on the first component of Green’s tensor, i.e.,
∂n̂Gij(r0, r0,ω) ≡ ∂n̂Gij(r, r0,ω)|r=r0 . We emphasize
that, in Eqn. (2), pi and αij are the effective electric

dipole moment and electric polarizability in the labora-
tory frame, respectively. However, the electric dipole and
polarizability are defined in the rotating frame of the
particle. Therefore, one needs to identify the transfor-
mation from electric dipole or polarizability (p̃i or α̃ij)
in the rotating frame to those in the laboratory frame
[6, 15]: pi(ω) = Λ+

ij p̃j(ω+) + Λ0
ij p̃j(ω) + Λ−

ij p̃j(ω−) and

αij(ω) = Γ+
ijklα̃kl(ω+)+Γ0

ijklα̃kl(ω)+Γ−
ijkl α̃kl(ω−), where

ω± = ω ± Ω is the Doppler-shifted frequency due to ro-
tation. Here, Λ0, Λ± and Γ0, Γ± represent the transfor-
mation tensor for dipole moment and polarizability. (See
Appendix A.)
By applying fluctuation-dissipation theorem (FDT) to

Eqn. (2), we obtain a compact expression of axial
Casimir force:

Fn(Ω) = Fx(Ω) cos
2 θ + Fz(Ω) sin

2 θ. (3)

In this formula, θ denotes the rotating direction of the
particle [Fig. 1(a)], Fx/z denotes the ACF in x/z direc-
tion with expressions:

Fx/z(Ω) =
!

π

∫ ∞

0
dω Im

{

Σx/z

}

×

[Imα(ω+)N(ω+)− Imα(ω−)N(ω−)] .

(4)

Here, the differential Green’s functions Σx/z are deter-
mined by the surface Green’s tensor Gij of the BIM plate
via Σx = ∂xGyz − ∂xGzy and Σz = ∂zGxy − ∂zGyx;
N(ω±) ≡ n(T1,ω±) − n(T2,ω) is defined by the dif-
ference of Bose-Einstein distribution, where T1 and T2

are temperatures at the rotating particle and the BIM
plate, respectively. Note that, in deriving the above for-
mula, we have used the isotropic assumption of the elec-
tric polarizability of the particle, i.e., α̃ij(ω) = α̃(ω)δij
(i, j ∈ {x, y, z}). Eqns. (3) and (4) are the main results
of this paper. We stress that the ACF is different from
the usual Casimir-Polder force, because ACF exists only
when the particle is rotating with a finite speed. We shall
compare ACF with the usual Casimir-Polder force later
in this paper and in the appendix.

III. CRITERION OF ACF - TRS/PS BREAKING

In this part, we demonstrate that the emergence of an
ACF requires TRS/PS breaking of the underlying BIM
plate. A BIM plate can generally be described by the
constitutive relations D = ϵE + (χ − iκ)

√
ϵ0µ0H and

B = µH+(χ+iκ)
√
ϵ0µ0E, where ϵ (ϵ0) and µ (µ0) are, re-

spectively, the permittivity and permeability of the BIM
plate (vacuum). The essence of BIMs is encoded in the
magnetoelectric parameters χ and κ, which characterize
the non-reciprocity and chirality of the system, respec-
tively. BIM with χ ̸= 0 and κ = 0 has been called Tel-
legen medium, where TRS is broken. By contrast, BIM
with χ = 0 and κ ̸= 0 has been labeled Pasteur medium,

Similar to magnetoelectric effect

No need to complexify the theta angle. 
Spatially changing theta is common in topological matter.
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such changed, we can naturally anticipate noticeable
impacts on other physical observables related to them.
In this work, specifically, we explore such possibility in
terms of the Casimir force. For such a purpose, as illus-
trated in Fig. 1, we install two plates of perfect conductor
parallel to each other upright to the z-axis. The interval
distance between two plates is Lz and the size of each
transverse plate is LxLy. For simplicity we assume con-
stant b0 and b.
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that our work should be distinguished from those in
(2+1)-dimensional Chern-Simons electrodynamics [53–
56]. Given that a constant ✓(x) would not a↵ect the
equation of motion, we consider a linearly inhomogeneous
background axion field; ✓(x) = bµxµ with a constant
four-vector bµ. This specific choice is also motivated by
related works about the realization of quantum anomaly
in condensed matter physics as discussed in Refs. [57–60]
where a similar form of ✓(x) is assumed. Axion electrody-
namics is a useful theory to account for anomaly induced
phenomena in chiral media, e.g., the Witten e↵ect [61]
the chiral mganetic e↵ect [62–64], the anomalous Hall
e↵ect [65–68], etc. Nowadays, Weyl semimetal, topolog-
ical insulator, and axion crystal provide us with real-
world playgrounds of axion electrodynamics, promoting
cross-disciplinary studies and experimental searches for
anomalous chiral phenomena [69–75]. In addition to ac-
tivities in condensed matter physics, one can see recent
reviews [76–78] for applications of chiral transport phe-
nomena in the high-energy nuclear experiments.

There are preceding e↵orts on the Casimir e↵ect in
the framework of axion electrodynamics. In Ref. [79]
the topological Casimir e↵ect was proposed as a possible
probe to detect the background ✓ angle and the QCD
axion. Thereby, a mixing coupling between electric and
magnetic fields plays an important role, which is often
referred to as magnetoelectric e↵ect in condensed matter
physics. More relevant to our present study is the work
of Ref. [80] where the Casimir e↵ect with a pure timelike
bµ = (b0,0) was analyzed, leading to the conclusion that
no repulsive Casimir force is found in that case. Our
present work is a natural extension to the situation with
a pure spacelike bµ = (0, b), and as we would argue later,
we discover a repulsive component of Casimir force.

For the above-mentioned purpose, we carry out an
analytical computation of the zero-point oscillation en-
ergy and the associated Casimir force in the presence of
✓(x). We adopt the original straightforward method by
Casimir [1] as well as some technical implementation sim-
ilar to the case with bµ = (b0,0) in Ref. [80]. In Appendix
we provide calculations using alternative methodology
based on scattering theory and the Lifshitz formula [81],
which looks superficially di↵erent from Casimir’s method
but yields an equivalent result.

The structure of this paper is organized as follows. In
Sec. II we present the definition of our interested theory
and the physical setup to idealize the anomalous Casimir
e↵ect in the presence of bµ = (0, b). We proceed to con-
crete calculations of the vacuum energy in Sec. III. We
figure out the energy dispersion relations and quantify
the zero-point oscillation energy there. Section IV is de-
voted to our central results, i.e., the analytical expression
of the anomalous Casimir e↵ect and the numerical plot
illustrating a repulsive region. Finally we conclude our
discussions in Sec. V.

II. AXION ELECTRODYNAMICS

We briefly introduce the axion electrodynamics and
then expound our physical scenario for a repulsive
Casimir force. We model the e↵ect of chiral medium on
the Casimir force using the axion electrodynamics, that
is, the U(1) electrodynamics with a topological ✓ term
defined by the following Lagrangian density,

Laxion = �1
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For space-time dependent ✓(x), the topological ✓ term
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or equivalently bµ(x) = @µ✓(x) in the covariant notation.
Nonzero b0 and/or b add CP-odd terms to the equations
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The first equation (4) implies an extra charge �b · B,
which is commonly called the Witten e↵ect [61]. We
can regard the right-hand side of Eq. (5) together with
Maxwell’s displacement current from the left-hand side
as the current source for the magnetic field. Then, we
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Background E-B are unnecessary!
3

Perfect 
Conductor

Perfect 
Conductor

Chiral Matter

Figure 1. Schematic illustration for the physical setup. Two
perfect conductor plates at z = 0 and z = Lz constitute the
transverse planes coordinated by x̂ and ŷ. The space between
two plates is filled with chiral matter represented by the axion
electrodynamics.

It is known that a timelike bµ may incur tachyonic in-
stabilities at long wavelength, which would impede the
covariant quantization of the electromagnetic fields [83–
85]. Also, we point out that the Casimir e↵ect with con-
stant b0 6= 0 but b = 0 has been addressed in Ref. [80],
where no sign flip of the Casimir force was observed.
Thus, we focus on the situation with b0 = 0 and b 6= 0
in the present work. From transverse symmetry, we pos-
tulate b = bẑ, that is, b is directed perpendicular to the
two plates. In our setup with such b 6= 0, the reflection
symmetry is explicitly broken, which suggests that there
may arise a repulsive component in the Casimir force.
Indeed, we will confirm this with concrete calculations.

III. VACUUM ENERGY

We impose the Dirichlet boundary condition, Aµ =
0, at z = 0 and z = Lz, which is consistent with the
properties of perfect conductor. Moreover, we take the
limit Lx,y ! 1. Then, we discretize the electromagnetic
wave vector as k = (kx, ky, kz = n⇡/Lz) with n 2 Z.
A canonical quantization scheme for Aµ with covariant

gauge was proposed in Ref. [86–88], in which a tiny pho-
ton mass was introduced. Instead, here we adopt a path
integral quantization with ghost fields. The Lagrangian
density with the gauge fixing term parameterized by ⇠,
and the ghost fields c and c̄, reads:

L = Lphoton + Lghost

= �1

4
Fµ⌫F

µ⌫ � 1

4
bA⌫ F̃

z⌫ +
1

2⇠
(@µA

µ)2 +
1

2
@µc̄@

µc .

(8)

The vacuum energy density " is obtained from the gen-
erating functionals as follows:

V T" = i logZphoton + i logZghost . (9)

Here V = LxLyLz is the volume of the vacuum region
between two plates and T is the time interval in the path

integral. We keep them finite in the intermediate calcula-
tions and take the limits of Lx,y ! 1 and T ! 1 in the
end. Beginning with the calculation of the photon part,
we rewrite the photon Lagrangian as a bilinear form of
Aµ in momentum space:

Lphoton = �1

2
AµG

�1

µ⌫A⌫ , (10)

where

G�1

µ⌫ = gµ⌫k
2 + i✏µ⌫↵�b

↵k� �
✓
1� 1

⇠

◆
kµk⌫ . (11)

Then we have:

i logZphoton = � i

2
logDet

⇥
G�1

µ⌫ (k)
⇤
, (12)

where Det represents the determinant with respect to
the momentum index k and the Lorentz indices µ, ⌫. We
firstly calculate the determinant over Lorentz indices as

Det
⇥
G�1

µ⌫ (k)
⇤
=
Y

k

⇠�1
�
k2
�2 h�

�
k2
�2

+ b2(k2 + k2z)
i
.

(13)
For further calculations we employ the following notation
for the energy dispersion relations determined from the
on-shell condition [89]:

!2

1,2 = k2 , (14)

!2

± = k2x + k2y +

 r
k2z +

b2

4
± b

2

!2

. (15)

We note that !1,2 are zeros of (k2)2 in Eq. (13). Since
(k2)2 appears from the longitudinal and the scalar polar-
izations, the modes with !1,2 are unphysical and their
contributions to vacuum energy are cancelled by the
ghosts. The physical modes !± are zeros of �(k2)2 +
b2(k2 + k2z) and they correspond to the right- and left-
handed photons. With these dispersion relations we ex-
press the vacuum energy contributed from the photon
as

i logZphoton = �
X

i=1,2,±

X

k

i

2
log
⇥
k2
0
� !2

i (k)
⇤
, (16)

where we have dropped an irrelevant constant ⇠�1. By a
similar computation for the ghost, we acquire:

i logZghost = 2
X

k

i

2
log
�
k2
0
� k2

�
. (17)

Notably Eq. (17) cancels the contribution from the un-
physical modes with i = 1, 2 in Eq. (16). Summing the
photon and the ghost contributions up, we get,

V T" = � i

2

X

±

X

k

log
⇥
k2
0
� !2

±(k)
⇤
. (18)

b = b ̂z

Dispersion relations are modified as:

ω1 = |k | , ω2 = |k |
[Scalar / Longitudinal]

[Transverse]

ω+ = k2
⊥ + ( k2

z + b2/4 + b/2)2 ω− = k2
⊥ + ( k2

z + b2/4 − b/2)2

Cancelled 
 by ghosts
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ω+ = k2
⊥ + ( k2

z + b2/4 + b/2)2 ω− = k2
⊥ + ( k2

z + b2/4 − b/2)2

πμ+/Lz πμ−/Lz

=
πμ±

Lz
k̃2

⊥ + 1

ℰ =
π3

L3
z ∑

±,n

μ3
±(n)∫

Λ̃± d2k̃⊥

(2π)2

1
2

k̃2
⊥ + 1

Recaled expression for the energy
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ℰ =
π3

L3
z ∑

±,n

μ3
±(n)∫

Λ̃± d2k̃⊥

(2π)2

1
2

k̃2
⊥ + 1

After some tedious calculations, we find:

= ℰ∞ +
b4Lz

16π2

∞

∑
m=1

[K1(mbLz)
mbLz

−
K2(mbLz)
(mbLz)2 ]

ℰ∞ = −
5b4Lz

512π3
Γ(0)divergent

This “constant” force, which is there, can be dropped!
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Trivial check:
lim
b→0

F(b)/A = −
π2

240L4
z

Repulsive component: 5

Plugging this to the Casimir energy (27), we get

E = E1 + Ereg

= E1 +
b4Lz

16⇡2

1X

m=1


K1(mbLz)

mbLz
� K2(mbLz)

(mbLz)2

�
.

Here, the energy per unit transverse area, E , includes a
divergent portion,

E1 = �5b4Lz

512⇡3
�(0) . (32)

But the corresponding energy density E1/Lz is indepen-
dent of Lz. Thus, we can harmlessly subtract this energy
density irrelevant to the Casimir force, by shifting a ref-
erence level of the energy density.

Finally, the Casimir force per unit transverse area is
given by the derivative of Ereg with respect to Lz, that
is,

F (b) = �@Ereg
@Lz

= � b4

16⇡2

1X

m=1


3K2(mbLz)

(mbLz)2
�K0(mbLz)

�
. (33)

This is our central result. We note that the limiting
behaviors K2(x) ! 2x�2 and K0(x) ! log x for x ! 0
result in

F (0) ⌘ lim
b!0

F (b) = � 3

8⇡2L4
z

1X

m=1

1

m4
= � ⇡2

240L4
z

, (34)

which retrieves the well-known result within the Maxwell
electrodynamics.

The b-dependence of the Casimir force (33) is shown
in Fig. 2. One can observe that the Casimir force is
repulsive when bLz > 2.38. By tuning the distance be-
tween two plates while keeping bLz larger than 2.38, the
strength of the repulsive Casimir force is, in principle,
arbitrarily tunable. The ratio F (b)/F (0) takes the min-
imum value �0.32 for bLz = 4.26. In the physical units,
this extremal value of repulsive force is estimated as
3.95⇥ 10�5(b4[µm4])dyn/cm2. We note that our results
qualitatively match Ref. [45] for bLz ⌧ 1. In Appendix
we present an alternative approach developed in Ref. [45]
to reproduce exactly the same numerical result of F (b) as
in Fig. 2. Such an independent calcualtion based on dif-
ferent subtraction procedures serves as a double check for
our results and a confirmation for our scheme to subtract
infinities in Eqs. (20), (25), and (32).

V. CONCLUSION

We demonstrated a repulsive component of the
Casimir force in axion electrodynamics by formulating
its explicit expression in an analytically closed form. We
circumvented the no-go theorem which tends to forbid

Figure 2. Casimir force as a function of the dimensionless
distance scaled with b.

the repulsive Casimir force between two objects with re-
flection symmetry. Our underlying idea consists in the
intrinsic parity symmetry breaking in the chiral vacuum
between the plates, which is quite analogous to a recent
proposal in Ref. [45].
Our next step is to seek for experimental realization

of our theoretical consequence. Our physical setup, in
which the ✓-angle has a spatial gradient perpendicular
to plates, would be realized through topological materi-
als. For instance, a Weyl semimetal with the separation
between Weyl nodes features the gradient of the ✓-angle
in the electromagnetic e↵ective action. Besides, it has
been proposed that the periodically-stacked structure of
trivial and topological insulators also generates the gra-
dient of the ✓-angle [72]. Another promising proposal to
engender the gradient of the ✓-angle is to utilize an exter-
nal rotating electric field supplied by a circular polarized
laser to irradiate Dirac semimetal [90]. These examples
are feasible candidates for realizing the repulsive Casimir
force revealed in the present paper.
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Appendix A: Scattering Formalism for the Casimir

Force

We here supply an alternative methodology to derive
the result (33), refering to the scattering theory approach
developed in Ref. [45]. The scenario in Ref. [45] con-
siders a situation of inserting non-trivial electromagnetic
material in between two perfect conductor plates. Con-
cretely speaking, their material features the birefringence
parametrized by a constant shift in the z-component of

Attractive
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(Separation should be 
 filled in with chiral 
 matter.)
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Vacuum fluctuations of quantum fields between physical objects depend on the shapes, positions,
and internal composition of the latter. For objects of arbitrary shapes, even made from idealized
materials, the calculation of the associated zero-point (Casimir) energy is an analytically intractable
challenge. We propose a new numerical approach to this problem based on machine-learning tech-
niques and illustrate the e↵ectiveness of the method in a (2+1) dimensional scalar field theory.
The Casimir energy is first calculated numerically using a Monte-Carlo algorithm for a set of the
Dirichlet boundaries of various shapes. Then, a neural network is trained to compute this energy
given the Dirichlet domain, treating the latter as black-and-white pixelated images. We show that
after the learning phase, the neural network is able to quickly predict the Casimir energy for new
boundaries of general shapes with reasonable accuracy.

The presence of physical bodies in a quantum vacuum
a↵ects the spectrum of zero-point fluctuations of quan-
tum fields and leads to the appearance of the forces acting
on the bodies. This phenomenon, known as “the Casimir
e↵ect”, was first predicted in 1948 by Hendrik Casimir,
who has shown that two strictly parallel neutral metallic
plates should attract each other due to quantum fluc-
tuations of the electromagnetic field [1]. The Casimir
phenomenon generalizes the van der Waals interactions
between neutral bodies [2] and plays an essential role in
microelectromechanical and microfluidic systems at sub-
millimeter scales, where the zero-point forces induced by
the quantum fluctuations of electromagnetic fields be-
come significant [3–5].

Geometrical shapes and material composition of phys-
ical bodies a↵ect the Casimir forces significantly. Ac-
curate analytical calculations work for a limited set of
relatively simple geometries, where the spectrum of vac-
uum fluctuations is precisely known. The approximate
proximity-force calculations [6] may access perturbations
around known configurations including near-planar ge-
ometries. The Casimir forces and associated energies
are also computed with the help of various numerical
and semi-analytical techniques [7], which include meth-
ods of the scattering theory [8, 9], factorization [10]
and discretization [11] approximations, worldline ap-
proaches [12], and lattice field theories [13, 14].

Experimentally, the Casimir force has been success-
fully measured with ever increasing precision in various
geometries [15–19].

In our paper, we propose to tackle the complicate prob-
lem of calculation of the Casimir energy in general geome-
tries using the Machine learning (ML) approach. The
ML technique is a collection of powerful programming
tools that allow the computer to find how to perform a
task without being explicitly programmed (see [20, 21]
for physicist reviews). In recent years, the ML has revo-

lutionized many fields of engineering and sciences thanks
to several breakthroughs, in particular in the design of
neural networks. While the neural networks may be
slow in training, their predictions are usually coming
very fast. Neural networks find increasingly important
implementation in the successful investigation of many
complex physical systems that involve a large number of
degrees of freedom. The non-exhaustive list of the rele-
vant examples includes open quantum systems with high-
dimensional Hilbert spaces [23–25], topological phases in
the context of topological band insulators [26] and field
theories [27, 28], as well as phase structure of many-body,
strongly-correlated and field systems in general [29–40].
We will use the so-called supervised learning proce-

dure, which – in a very general sense – consists of estab-
lishing a map from some inputs to some outputs by train-
ing a neural network on a broad set of known examples.
In our case, the inputs are the boundaries imposed on
quantum fields, and the outputs are the Casimir energy
of the quantum fields in the space with these boundaries.
Technically, we illustrate the e↵ectiveness of the method
in a field theory with the simplest, Dirichlet boundary
conditions. We describe the Dirichlet boundary geome-
tries as black and white images, and then we employ
standard neural-network techniques used in the computer
vision [53] in order to “recognize” the correct Casimir en-
ergy for a particular shape of boundaries.
One of the simplest and, at the same time, practically

relevant realizations of the Casimir e↵ect appears in pho-
todynamics, the theory of a single Abelian gauge field aµ
described by the Lagrangian:

LU(1) = �1

4
fµ⌫f

µ⌫ , fµ⌫ = @µa⌫ � @⌫aµ . (1)

The photodynamics respects U(1) gauge symmetry,
aµ(x) ! aµ(x)+ @µ!(x), and possesses, in (d+1) space-
time dimensions, d� 1 physical degrees of freedom.
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Lattice simulation helps ?

How to treat divergnet energy / force is very subtle…

1911.07571

2

The Lagrangian (1) describes a very simple system of
a single non-interacting vector field. However, the non-
triviality of the Casimir e↵ect comes from the boundary
conditions, namely, from a nontrivial dependence of the
(regularized) energy of the quantum fluctuations on the
shape of the boundaries of a physical object immersed
into the vacuum of the photons (1). It is the shape-
dependence which makes the problem di�cult.

We address the problem of the shape-dependence of
the Casimir energy using a machine-learning approach.
Since we are concerned with the proof-of-principle result,
it is su�cient to work in two spatial dimensions which is
the lowest dimension appropriate for our purposes.

In two spatial dimensions, the photon has one physical
degree of freedom. Restricting ourselves to an idealized
case, one could consider an object made of a perfect elec-
tric conductor. At its boundary, the tangential compo-
nent of the electric field is vanishing:

✏µ↵�nµ(x)f↵�(x)

����
x2S

= 0 , (2)

where nµ(x) is a vector normal to the boundary at the
point x of the (piecewise) one-dimensional boundary S,
and f↵� is given in Eq. (1). For two parallel static
straight wires separated by the distance R, the vacuum
fluctuations lead to an attractive potential [44]:

VCas(R) = � ⇣(3)

16⇡R2
, (3)

where ⇣(x) is the zeta function, ⇣(3) ' 1.20206.
The problem may be simplified even further by consid-

ering the model of a free real-valued field �:

L =
1

2
@µ�@

µ�. (4)

Similarly to photodynamics in two spatial dimensions,
this model has one degree of freedom. Instead of (2), the
boundary may be set by a simpler, Dirichlet condition:

�(x)

����
x2S

= 0. (5)

We naturally recover the result (3) for the Casimir en-
ergy for two parallel wires with the boundaries (5). For
a general shape of the boundary, the Casimir problem
cannot be treated analytically.

In two spatial dimensions, any configuration of bound-
aries may be treated as a pixelated black-and-white im-
age, in which white pixels correspond to the free unoc-
cupied space while black pixels encode the positions of
the Dirichlet boundaries. The scalar field freely fluctu-
ates in the white spaces and vanishes at the black pixels
at which the Dirichlet condition (5) is imposed. We
consider pixel-thin static boundaries for which the parti-
cle creation is absent and the Casimir energy is a time-
independent quantity.

Given the simplicity of the model (4), and the com-
plexity of the Casimir problem, our approach exposes the
advantages of the sophisticated method of the machine-
learning approach in the best way. In more realistic
cases, the Casimir problem becomes evidently more com-
plicated. For example, the interaction of non-parallel sur-
face segments in (3 + 1)d photodynamics is a↵ected by
a complex mixing of di↵erent photon modes that satisfy
distinct boundary conditions at the surfaces.
We numerically calculate the Casimir energy of the

wires of various shapes using the first-principles methods
of lattice gauge theory developed earlier in Refs. [14, 41,
42]. The discretized version of the scalar gauge theory (4)
is given by the partition function

Z =
Y

x

Z +1

�1
d�x e

�S[�]. (6)

The integration goes over the field �x 2 R defined on the
sites x ⌘ (x1, x2, x3) of the Euclidean cubic lattice L3

s

with periodic boundary conditions in all three directions
(0 6 xµ 6 Ls � 1). The spatial coordinates (x1 and x2)
as well as the Wick-rotated imaginary-time (x3 ⌘ it) are
of the same length, corresponding to a zero temperature.
In the lattice action of the d+1 dimensional model (4),

S[�] =
1

2

X

x

d+1X

µ=1

(�x+µ̂ � �x)
2 , (7)

the derivatives are represented by the finite di↵erences.
Here µ̂ is a unit lattice step in the µth direction. A lattice
generalization of the Dirichlet boundary condition (5) is
straightforward.
The energy of vacuum fluctuations of the scalar field is

related to a local expectation value of its energy density,

T 00
M =

1

2

"✓
@�

@x

◆2

+

✓
@�

@t

◆2
#
, (8)

with the following Wick-rotated discretized counterpart:

T 00
E =

1

4

3X

µ=1

⌘µ
h
(�x+µ̂ � �x)

2 + (�x � �x�µ̂)
2
i
, (9)

where ⌘1 = ⌘2 = +1 and ⌘3 = �1.
The regularized energy density is formally given by

ES(x) =
⌦
T 00
E (x)

↵
S �

⌦
T 00
E (x)

↵
0

(10)

where the subscripts “0” and “S” indicate that the ex-
pectation value is taken, respectively, in the absence and
in the presence of the boundaries S of the physical ob-
jects. The ultraviolet divergences cancel in Eq. (10) so
that ES(x) provides us with a local finite quantity, the
Casimir energy density, which is equal to a change in
the energy density of the vacuum fluctuations due to the
presence of the boundaries S. The total Casimir energy
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FIG. 1. (left) The neural network used to predict the Casimir
energy ES for the static boundary S placed at the spatial
L ⇥ L lattice cross-section of the 3d model. The size of the
inputs of each layer is indicated on the left. The same network
is employed for the mean action in the 2d model. (right)
The examples of the quasi-parallel, corrugated lines used for
training and prediction.

(255, 255) (256, 256) (512, 512)
3d circles 3d lines 2d circles 2d lines 2d circles

samples 200 200 300 300 500
mean 0.064 0.0037 0.048 0.0025 0.084
min 0.000087 0.000019 0.00003 0.000024 0.000047
75% 0.069 0.0051 0.060 0.0034 0.096
max 2.1 0.016 0.87 0.015 1.1

TABLE I. Relative errors for 3d (for the Casimir energy EC)
and 2d (for the mean action hSi) compared to the MC result,
evaluated for the deformed circles and the quasi-parallel lines.
The line “75%” gives the third quartile (75% of the errors are
below the value), “min” and “max” are the minimum and
maximal errors.

(the image resolution is not su�cient for the neural net-
work). The learning curves represent the evolution of
the root-mean-square error (loss) in terms of the num-
ber of samples used for training the neural network. The
validation data corresponds to all the data not used for
training. For large training sets, the flattening of both
curves indicate that there is enough samples for train-
ing the network, the quasi-absence of gap between them
shows that there is no overfitting, and the overall low
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FIG. 2. Learning curves for (top) the Casimir energy ES in 3d
scalar model and (bottom) the mean action hSi in 2d scalar
model for the set of the deformed circles at 2552 and 2563

lattices, respectively. The inset histograms confront, statisti-
cally, the real vs. predicted distributions of the Casimir ener-
gies ES and actions hSi, for the 3d and 2d sets, respectively.
Several examples of the deformed circles are shown as well (de-
scribed in Table II; See Supplemental Material at [URL will
be inserted by publisher] for the examples of the deformed
circles in a digital data format).

values of the losses signals the absence of underfitting.
Together, this shows that the architecture of the network
is well adapted to the task.
We also demonstrate the success of the method in Ta-

ble II for a set of particular examples, visualized and la-
beled in the insets of Fig. 2. It is interesting to notice that
in most cases the neural network gives the prediction very
close to the mean actual value, which falls well within the
errors both at Monte-Carlo and Machine-Learning sides.
This fact, most probably, highlights a (cautionary) over-
estimation of the errors provided by the algorithms at
the both sides.
We got very similar results for the learning curves, the

statistical distribution and the magnitude of errors, for
the set of quasi-parallel lines, with typical examples vi-
sualized in the right panel of Fig. 1 and relative errors
presented in Table I.

4

FIG. 1. (left) The neural network used to predict the Casimir
energy ES for the static boundary S placed at the spatial
L ⇥ L lattice cross-section of the 3d model. The size of the
inputs of each layer is indicated on the left. The same network
is employed for the mean action in the 2d model. (right)
The examples of the quasi-parallel, corrugated lines used for
training and prediction.

(255, 255) (256, 256) (512, 512)
3d circles 3d lines 2d circles 2d lines 2d circles

samples 200 200 300 300 500
mean 0.064 0.0037 0.048 0.0025 0.084
min 0.000087 0.000019 0.00003 0.000024 0.000047
75% 0.069 0.0051 0.060 0.0034 0.096
max 2.1 0.016 0.87 0.015 1.1

TABLE I. Relative errors for 3d (for the Casimir energy EC)
and 2d (for the mean action hSi) compared to the MC result,
evaluated for the deformed circles and the quasi-parallel lines.
The line “75%” gives the third quartile (75% of the errors are
below the value), “min” and “max” are the minimum and
maximal errors.

(the image resolution is not su�cient for the neural net-
work). The learning curves represent the evolution of
the root-mean-square error (loss) in terms of the num-
ber of samples used for training the neural network. The
validation data corresponds to all the data not used for
training. For large training sets, the flattening of both
curves indicate that there is enough samples for train-
ing the network, the quasi-absence of gap between them
shows that there is no overfitting, and the overall low

Casimir energy – deformed circles in (2+1)d

Mean action – deformed circles in 2d

2 5

1

3 4

5

3

2 4

1

FIG. 2. Learning curves for (top) the Casimir energy ES in 3d
scalar model and (bottom) the mean action hSi in 2d scalar
model for the set of the deformed circles at 2552 and 2563

lattices, respectively. The inset histograms confront, statisti-
cally, the real vs. predicted distributions of the Casimir ener-
gies ES and actions hSi, for the 3d and 2d sets, respectively.
Several examples of the deformed circles are shown as well (de-
scribed in Table II; See Supplemental Material at [URL will
be inserted by publisher] for the examples of the deformed
circles in a digital data format).

values of the losses signals the absence of underfitting.
Together, this shows that the architecture of the network
is well adapted to the task.
We also demonstrate the success of the method in Ta-

ble II for a set of particular examples, visualized and la-
beled in the insets of Fig. 2. It is interesting to notice that
in most cases the neural network gives the prediction very
close to the mean actual value, which falls well within the
errors both at Monte-Carlo and Machine-Learning sides.
This fact, most probably, highlights a (cautionary) over-
estimation of the errors provided by the algorithms at
the both sides.
We got very similar results for the learning curves, the

statistical distribution and the magnitude of errors, for
the set of quasi-parallel lines, with typical examples vi-
sualized in the right panel of Fig. 1 and relative errors
presented in Table I.

Maybe, still, a divergent 
force is not yet subtracted 
which can be finite in 
finite-size systems…
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Casimir effect helps our understanding ?
Casimir e↵ect in Yang-Mills theory

M. N. Chernodub,1, 2 V. A. Goy,2 A. V. Molochkov,2 and Ha Huu Nguyen1, 3

1Institut Denis Poisson UMR 7013, Université de Tours, 37200 France
2Laboratory of Physics of Living Matter, Far Eastern Federal University, Sukhanova 8, Vladivostok, 690950, Russia

3Faculty of Pedagogy, University of Dalat, Lam Dong 671460, Vietnam
(Dated: May 29, 2018)

We study, for the first time, the Casimir e↵ect in non-Abelian gauge theory using first-principle
numerical simulations. Working in two spatial dimensions at zero temperature we find that closely
spaced perfect chromoelectric conductors attract each other with a small anomalous scaling dimen-
sion. At large separation between the conductors, the attraction is exponentially suppressed by a
new massive quantity, the Casimir mass, which is surprisingly di↵erent from the lowest glueball
mass. The apparent emergence of the new massive scale may be a result of the backreaction of
the vacuum to the presence of the plates as su�ciently close chromoelectric conductors induce, in a
space between them, a smooth crossover transition to a color deconfinement phase.

Quantum fluctuations of virtual particles are a↵ected
by the presence of physical objects. This property is a
cornerstone of the Casimir e↵ect [1] which states that
the energy of vacuum (“zero-point”) quantum fluctu-
ations should be modified by the presence of physical
bodies [2, 3]. The energy shift of the virtual particles
has real physical consequences because the Casimir e↵ect
leads to appearance a small quantum force, known as the
“Casimir-Polder force” [4], between neutral objects. The
Casimir-Polder forces has been detected in various exper-
iments [5] which support the physical significance of the
vacuum energy of virtual particles.

Generally, a theoretical calculation of the Casimir-
Polder forces is a di�cult analytical problem even in
noninteracting field theories since the energy spectrum
of vacuum fluctuations, apart from simplest geometries,
cannot be accurately determined. Therefore the Casimir
e↵ect is often studied using certain analytical approxi-
mations such as the proximity-force calculations [6] and
various numerical tools [7] which includes worldline ap-
proaches [8] and methods of lattice field theories [9–11].

In interacting (gauge) theories the calculations be-
come even more involved. In a phenomenologically rel-
evant case of quantum electrodynamics a correction to
the Casimir-Polder force coming from fermionic vacuum
loops is given by the second order perturbation theory,
which turns out to be negligibly small due to the weak-
ness of the electromagnetic coupling [3, 13]. Perturbative
calculations in finite-volume geometries of non-Abelian
gauge theories were also addressed [14].

In strongly coupled theories the interactions may not
only lead so a noticeable modification of the Casimir-
Polder forces, but they may also a↵ect the structure of
the vacuum itself. For example, the Casimir e↵ect in be-
tween two parallel plates leads to strengthening of a chiral
finite-temperature phase transition in a four-fermion ef-
fective field theory [15]. The presence of the boundaries
e↵ectively restore the chiral symmetry in an otherwise
chirally broken phase both in plane [16] and in cylin-
drical [17] geometries, revealing that the chiral proper-

ties of the system depend on the geometry of the sys-
tem. The interactions may even change the overall sign
of the Casimir–Polder force in certain fermionic systems
with condensates [18] and in the CPN�1 model on an
interval [19, 20]. First-principle numerical simulations
show that the presence of the boundaries a↵ects also non-
perturbative (de)confining properties of certain bosonic
gauge systems [10, 11].
In our paper we initiate an investigation of the Casimir

e↵ect in Yang-Mills theory which has inherently non-
perturbative vacuum structure. In the absence of mat-
ter fields the zero-temperature Yang-Mills theory ex-
hibits two interesting phenomena, mass gap generation
and color confinement, which influence the excitation
spectrum of its phenomenologically relevant counterpart
in particle physics, Quantum Chromodynamics. We
use first-principle numerical methods to determine the
Casimir-Polder forces in finite geometries of the non-
Abelian vacuum and, inversely, the influence of the finite-
geometry on the non-Abelian structure of the theory.
In order to simplify our analysis we consider a zero-

temperature Yang-Mills theory in (2+1) spacetime di-
mensions which exhibits both mass gap generation and
color confinement similarly to the theory in 3+1 dimen-
sions. In 2+1 dimensions the boundary conditions for the
(gauge) fields are usually formulated at one-dimensional
manifolds rather then at surfaces that are more relevant
to theories with three spatial dimensions. To be precise,
we concentrate on a simplest geometry given by two par-
allel static wires along the x2 direction separated by a
finite distance R along the x1 axis.
A simplest version of the Casimir e↵ect in a gauge

system can be formulated in a U(1) Maxwellian gauge
theory with the Lagrangian

LU(1) = �
1

4
fµ⌫f

µ⌫
, fµ⌫ = @µa⌫ � @⌫aµ , (1)

where aµ is an Abelian gauge field. Restricting ourselves
to ideal situations, one may impose either boundary con-
ditions corresponding to a material made of a perfect
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Attraction

They found exponential 
suppression (Casimir mass) 
and it is different from the 
glueball mass… new scale?

MCas = 1.38(3) σ

M0++ = 4.7 σ

Ghost? Origin of confinement? Something else?



Conclusions

Casimir effect has some subtleties in the 
treatment of the divergent energy / force. 

No-go theorem (attraction with reflection 
symmetry) is violated for chiral matter that breaks 
parity and time-reversal symmetries. 

Casimir effect is useful to diagnose the nature of 
matter and could be a probe to the origin of 
confinement.
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