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Understanding the building blocks of our world

Computation

Experiment Theory

Particle Collider: like 
LHC or Muon g-2

Lagrangian of Standard model - QED, QCD, 
Weak Interactions - solvable via perturbation 
theory at high energy

At low energies QCD is non-perturbative 
           Lattice QCD only known ab initio method to 
predict 
❖ Constituents of matter 
❖ Zoo of baryonic states 

Need to match experimental precision 
❖  computational challenging 

Standard model
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Advances of top machines

❖ Exascale is reached with Frontier: a lot of 
available compute time 

However, scaling up is non-trivial due to increase 
of complexity on the single but also multi-node

Machines



5

❖ On node bandwidth does not 
grow as fast as FP 

❖ Limiting factor for lattice QCD 
kernels 

Best = 1 , worse >> 1

P. Boyle, Lattice 2023, Plenary, Advances in 
algorithms for solvers and gauge generation
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❖ Interconnect bandwidth is way 
behind FP node performance 

❖ Extrem scaling is very likely 
limited by interconnect 

❖ Scalable algorithms are becoming 
more complex

❖ Node level performance is 
increasing 

❖ Single Nodes become a power 
house usually equipped with 
several accelerators (higher 
complexity to optimize)
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Single node peak performance Flops over bandwidth Flops over interconnect
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Multigrid solvers

From BlueGene to IntelXeon 
- higher performance on single node

Introduction
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Linear equation 

✤ Computational challenge solving: 

❖ 4-dim matrix stencil with 

❖ matrix vector stencil with nearest neighbour connections 
❖ Iterative linear solver approach requires matrix-vector product 
❖ Matrix vector product bandwidth bounded: 

    Flops : Bytes  =  

<latexit sha1_base64="zd6BTnWAVC/we5kRwz9KBe/FCoo=">AAAB8nicbVDJSgNBEK2JW4xb1KOXxiB4CjPiegt68RjBLDAZQ0+nkzTpZejuEcKQz/DiQRGvfo03/8ZOMgeNPih4vFdFVb044cxY3//yCkvLK6trxfXSxubW9k55d69pVKoJbRDFlW7H2FDOJG1YZjltJ5piEXPaikc3U7/1SLVhSt7bcUIjgQeS9RnB1kmhRB3DBAr8h6tuueJX/RnQXxLkpAI56t3yZ6enSCqotIRjY8LAT2yUYW0Z4XRS6qSGJpiM8ICGjkosqImy2ckTdOSUHuor7UpaNFN/TmRYGDMWsesU2A7NojcV//PC1PYvo4zJJLVUkvmifsqRVWj6P+oxTYnlY0cw0czdisgQa0ysS6nkQggWX/5LmifV4Lx6dndaqV3ncRThAA7hGAK4gBrcQh0aQEDBE7zAq2e9Z+/Ne5+3Frx8Zh9+wfv4BrS6kD0=</latexit>

n ⇠ 109

<latexit sha1_base64="W4Zcp2AHeTz8XY7mJpG1b8ulrtM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgadn1jaegF48RzEOSJcxOZpMhM7PLzKwQlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmHCmjed9O4Wl5ZXVteJ6aWNza3unvLvX0HGqCK2TmMeqFWJNOZO0bpjhtJUoikXIaTMc3k785hNVmsXywYwSGgjclyxiBBsrPfruKbpGvut3yxXP9aZAi8TPSQVy1Lrlr04vJqmg0hCOtW77XmKCDCvDCKfjUifVNMFkiPu0banEguogmx48RkdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwm36MeU5QYPrIEE8XsrYgMsMLE2IxKNgR//uVF0jhx/Qv3/P6sUr3J4yjCARzCMfhwCVW4gxrUgYCAZ3iFN0c5L8678zFrLTj5zD78gfP5A9ICjno=</latexit>

1.3 : 1.1

Linear equation
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Performance of matrix 
vector product 

UEABS Benchmark-kernels on 
PRACE Tier 0 systems (PRACE 4/5IP) 

Application of lattice codes: 
❖ QUDA for Nvidia GPUs 
❖ QPhiX for Intel CPUs 
❖ Grid for Arm 

Computation cost dominated by matrix 
vector application

❖ Computational performance is bounded by available bandwidth 
❖ Towards 16 nodes, Nvidia GPU deviates from perfect scaling

Benchmark
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with

Cost for Conjugate gradient solver:

Iterative solver: Krylov space 

 

And solve subsystem

QUDA mixCG: (Juwels Booster) 
● 64^3x128: 16 A100 GPUs 
● 80^3x160: 32 A100 GPUs 
● 96^3x196: 64 A100 GPUs 

Iteration proportional to condition number 
❖ only depend on smallest mode  
❖ iteration count increases drastically at physical point 

Computational kernel 
❖  Simple, mainly  

Increase convergence by preconditioning

<latexit sha1_base64="L027j/Jb4xKk84C3kl5UMMRifbA=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRLxtSzqwmUF+4A0lMlk0g6dzISZG7GEfoYbF4q49Wvc+TdO2yy0euDC4Zx7ufeeMBXcgOt+OaWl5ZXVtfJ6ZWNza3unurvXNirTlLWoEkp3Q2KY4JK1gINg3VQzkoSCdcLR9dTvPDBtuJL3ME5ZkJCB5DGnBKzk3+AejRTgxz7vV2tu3Z0B/yVeQWqoQLNf/exFimYJk0AFMcb33BSCnGjgVLBJpZcZlhI6IgPmWypJwkyQz06e4COrRDhW2pYEPFN/TuQkMWachLYzITA0i95U/M/zM4gvg5zLNAMm6XxRnAkMCk//xxHXjIIYW0Ko5vZWTIdEEwo2pYoNwVt8+S9pn9S98/rZ3WmtcVXEUUYH6BAdIw9doAa6RU3UQhQp9IRe0KsDzrPz5rzPW0tOMbOPfsH5+AZ0y5C8</latexit>

D · xi

Krylov Subspace 
Methods
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Idea: Preconditioning IR and UV modes 
❖ Error can be split: 

❖ A good smoother eliminates              high effectively 

❖ Multigrid solver can lead to convergence independent of

<latexit sha1_base64="2fpqQrckvST2p3SsZSqu0PuaXkI=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCUCgz4m0jFN24rGAv0A5DJs10QjPJkGSUMvQh3Pgqblwo4taFO9/GtB2htv4Q+PjPOZycP0gYVdpxvq2FxaXlldXCWnF9Y3Nr297ZbSiRSkzqWDAhWwFShFFO6ppqRlqJJCgOGGkG/etRvXlPpKKC3+lBQrwY9TgNKUbaWL5d7pBEUSY4vIS/6GdMPAxhecqIaC8a+nbJqThjwXlwcyiBXDXf/up0BU5jwjVmSKm26yTay5DUFDMyLHZSRRKE+6hH2gY5ionysvFRQ3honC4MhTSPazh2pycyFCs1iAPTGSMdqdnayPyv1k51eOFllCepJhxPFoUpg1rAUUKwSyXBmg0MICyp+SvEEZIIa5Nj0YTgzp48D43jintWOb09KVWv8jgKYB8cgCPggnNQBTegBuoAg0fwDF7Bm/VkvVjv1sekdcHKZ/bAH1mfPyn4nu0=</latexit>

✏ = ✏low + ✏high
<latexit sha1_base64="qDU0xGADLmKpr0+OfSBrWCgtW0k=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm2ARXJVEvC2LblxWsBdoQ5lMT5qhk0mYmQg19EncuFDErY/izrdx2mahrT8MfPznHM6ZP0g5U9p1v62V1bX1jc3SVnl7Z3evYu8ftFSSSYpNmvBEdgKikDOBTc00x04qkcQBx3Ywup3W248oFUvEgx6n6MdkKFjIKNHG6tuVHqaKcYN5xIbRpG9X3Zo7k7MMXgFVKNTo21+9QUKzGIWmnCjV9dxU+zmRmlGOk3IvU5gSOiJD7BoUJEbl57PDJ86JcQZOmEjzhHZm7u+JnMRKjePAdMZER2qxNjX/q3UzHV77ORNpplHQ+aIw445OnGkKzoBJpJqPDRAqmbnVoRGRhGqTVdmE4C1+eRlaZzXvsnZxf16t3xRxlOAIjuEUPLiCOtxBA5pAIYNneIU368l6sd6tj3nrilXMHMIfWZ8/aVCTmA==</latexit>✏high

<latexit sha1_base64="2+PaSGbu5Lkk9nX3vcOOqIovwyg=">AAAB8HicbVDLSgMxFM34rPVVdekmWIS6KTPia1l147KCfUg7lDtp2oYmmZBkhDL0K9y4UMStn+POvzFtZ6GtBy4czrmXe++JFGfG+v63t7S8srq2ntvIb25t7+wW9vbrJk40oTUS81g3IzCUM0lrlllOm0pTEBGnjWh4O/EbT1QbFssHO1I0FNCXrMcIWCc9toegFJSuTzqFol/2p8CLJMhIEWWodgpf7W5MEkGlJRyMaQW+smEK2jLC6TjfTgxVQIbQpy1HJQhqwnR68BgfO6WLe7F2JS2eqr8nUhDGjETkOgXYgZn3JuJ/XiuxvaswZVIllkoyW9RLOLYxnnyPu0xTYvnIESCauVsxGYAGYl1GeRdCMP/yIqmfloOL8vn9WbFyk8WRQ4foCJVQgC5RBd2hKqohggR6Rq/ozdPei/fufcxal7xs5gD9gff5A+1fj9k=</latexit>

(A)

A good smoother: apply block inverse in alternating procedure 
Precondition iterate in Krylov space via: 

And error: 

Assign at least two block per node (or core) 
❖ no (inter-node) communication is needed while inverting blocks 

With

Smoother 
❖ simple to implement 
❖ acts on the large eigenvalues 0 20 40 60 80
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π
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<latexit sha1_base64="j9GLoZHEAIxyD7tHXGbIYeZmkaw=">AAACIHicbZBLS8NAEMc3Pmt9RT16WSxCPbQkotaLULUHwUtF+4A2hs120y7dPNjdKCXko3jxq3jxoIje9NO4bSNo68DCb/4zw+z8nZBRIQ3jU5uZnZtfWMwsZZdXVtfW9Y3NuggijkkNByzgTQcJwqhPapJKRpohJ8hzGGk4/fNhvXFHuKCBfyMHIbE81PWpSzGSSrL1UpuEgjKF8fVpNYEn0IQFeAkrivJmoWI7t3HBTCp74+z+J7P1nFE0RgGnwUwhB9Ko2vpHuxPgyCO+xAwJ0TKNUFox4pJiRpJsOxIkRLiPuqSl0EceEVY8OjCBu0rpQDfg6vkSjtTfEzHyhBh4jur0kOyJydpQ/K/WiqR7bMXUDyNJfDxe5EYMygAO3YIdygmWbKAAYU7VXyHuIY6wVJ5mlQnm5MnTUN8vmkfFw6uDXPkstSMDtsEOyAMTlEAZXIAqqAEMHsATeAGv2qP2rL1p7+PWGS2d2QJ/Qvv6BsgrnmA=</latexit>

✏SAP = 1�KD = (1�D�1
b D)(1�D�1

w D)

M. Luscher, Comput.Phys.Commun. 156 (2004) 209-220

SAP
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Algebraic multigrid: non-geometric 

Two-level AMG 
❖ Petrov-Galerkin projection 

❖ Coarse-grid correction: 

❖ Error propagation 

❖ Capture sufficient low modes within P 

<latexit sha1_base64="7yJtEcYHZfyTmXWBmJjMEs4+ztg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPiayMU7cJlFfuA6VAyaaYNzSRDckcoQz/DjQtF3Po17vwb03YWWj0QOJxzLrn3hIngBlz3yyksLa+srhXXSxubW9s75d29llGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2ObqZ++5Fpw5V8gHHCgpgMJI84JWAlv96j+Arf4zpu9MoVt+rOgP8SLycVlMPmP7t9RdOYSaCCGON7bgJBRjRwKtik1E0NSwgdkQHzLZUkZibIZitP8JFV+jhS2j4JeKb+nMhIbMw4Dm0yJjA0i95U/M/zU4gug4zLJAUm6fyjKBUYFJ7ej/tcMwpibAmhmttdMR0STSjYlkq2BG/x5L+kdVL1zqtnd6eV2nVeRxEdoEN0jDx0gWroFjVQE1Gk0BN6Qa8OOM/Om/M+jxacfGYf/YLz8Q27n4+b</latexit>

Dc = RDP

<latexit sha1_base64="5/+dwxEtTgK51PTEOH9W6UgWwpg=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqqEhKgSxGusgIGxIPqQmhA5rtNadeLIdkBV1C9g4VdYGECIlZmNv8FNM0DLka50fM698r3HjxmVyrK+jcLc/MLiUnG5tLK6tr5hbm41JU8EJg3MGRdtH0nCaEQaiipG2rEgKPQZafmDi7HfuidCUh7dqmFM3BD1IhpQjJSWPLPixJJCh5FAISH4A8ze+7AOLz18lx7YI3gDhWeWraqVAc4SOydlkKPumV9Ol+MkJJHCDEnZsa1YuSkSimJGRiUnkSRGeIB6pKNphEIi3TQ7ZwQrWunCgAtdkYKZ+nsiRaGUw9DXnSFSfTntjcX/vE6igjM3pVGcKBLhyUdBwqDicJwN7FJBsGJDTRAWVO8KcR8JhJVOsKRDsKdPniXNw6p9Uj2+PirXzvM4imAH7II9YINTUANXoA4aAINH8AxewZvxZLwY78bHpLVg5DPb4A+Mzx+Mb5qC</latexit>

   + PD�1
c Rr

<latexit sha1_base64="S5o0cf6IrSeDdmLcvBMAJbJKNMk=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHcWBLxtRGKunBZwT6gCWUyvWmHTiZhZqKU2E9x40IRt36JO//GaZuFth64cDjnXu69J0g4U9pxvq2FxaXlldXCWnF9Y3Nr2y7tNFScSgp1GvNYtgKigDMBdc00h1YigUQBh2YwuB77zQeQisXiXg8T8CPSEyxklGgjdeySxJfYA03wEb7BXqJYxy47FWcCPE/cnJRRjlrH/vK6MU0jEJpyolTbdRLtZ0RqRjmMil6qICF0QHrQNlSQCJSfTU4f4QOjdHEYS1NC44n6eyIjkVLDKDCdEdF9NeuNxf+8dqrDCz9jIkk1CDpdFKYc6xiPc8BdJoFqPjSEUMnMrZj2iSRUm7SKJgR39uV50jiuuGeV07uTcvUqj6OA9tA+OkQuOkdVdItqqI4oekTP6BW9WU/Wi/VufUxbF6x8Zhf9gfX5A7IOkl0=</latexit>

r = ⌘ �D 

<latexit sha1_base64="Wp9Kdg3pVwFwsxgUmY/LVz85eDU=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgENy0z4m0jFHWhuyr2Au1YMulpG5rJDElGKENXbnwVNy4UceszuPNtTNtZaOsPgY//nMPJ+f2IM6Ud59uamZ2bX1jMLGWXV1bX1u2NzYoKY0mhTEMeyppPFHAmoKyZ5lCLJJDA51D1exfDevUBpGKhuNP9CLyAdARrM0q0sZr2TgMixXgo8Bm+xnlcwpdNep/k3QG+NWjnnIIzEp4GN4UcSlVq2l+NVkjjAISmnChVd51IewmRmlEOg2wjVhAR2iMdqBsUJADlJaMzBnjPOC3cDqV5QuOR+3siIYFS/cA3nQHRXTVZG5r/1eqxbp96CRNRrEHQ8aJ2zLEO8TAT3GISqOZ9A4RKZv6KaZdIQrVJLmtCcCdPnobKQcE9LhzdHOaK52kcGbSNdtE+ctEJKqIrVEJlRNEjekav6M16sl6sd+tj3DpjpTNb6I+szx8qnJZg</latexit>

✏ = I � PD�1
c RD

❖ Extension to Multilevel AMG  

Extension is possible: apply decomposition to the second level 

with

Algebraic MG
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Aggregation blocks: 

❖ standard aggregation 

Where 

❖ this implies  

❖ use similar restriction like projection

<latexit sha1_base64="+i6+37RkRQzfAbDfQs43RmjftJ8=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0Wom5KIWjdC1Y0LFxXsA5oQJtNJO3byYGYilJBPceOvuHGhiO70a5y0wUfrgYEz59zLvfe4EaNCGsaHVpibX1hcKi6XVlbX1jf0za2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabvDi8xv3xEuaBjcyFFEbB/1A+pRjKSSHL1m+UgOMGLJWepQeAq//1epk9xW6H4KLUl9In6ctqp09LJRNcaAs8TMSRnkaDj6u9ULceyTQGKGhOiaRiTtBHFJMSNpyYoFiRAeoj7pKhogNdJOxgemcE8pPeiFXL1AwrH6uyNBvhAj31WV2ZJi2svE/7xuLL0TO6FBFEsS4MkgL2ZQhjBLC/YoJ1iykSIIc6p2hXiAOMJSZVpSIZjTJ8+S1kHVPK4eXR+W6+d5HEWwA3ZBBZigBurgEjRAE2BwDx7BM3jRHrQn7VV7m5QWtLxnG/yB9vkFEEmjjw==</latexit>

Ai = Lj(i) ⇥Wi

<latexit sha1_base64="qP+P9n47Y0ViznLe9QUXAHp2C5c="></latexit>

{Ai,⌧ : j = 1, . . . , nLc , ⌧ = 0, 1}
<latexit sha1_base64="2MpuP2crCa57e+flDqF9p4vq2Oc="></latexit>

Ai,0 = Lj ⇥ {0, 1}⇥ C
<latexit sha1_base64="eZ/NgDZTLrc2vC8KXwCPWyJ1SRY="></latexit>

Ai,1 = Lj ⇥ {2, 3}⇥ C
<latexit sha1_base64="sD0+l2vILmExUNwV4ug4aWb9Weo=">AAACBHicbVDLSgMxFL3js9bXqMtugkVwVWbEqhuh6EKXFewD2nHIpGkbmswMSUYoQxdu/BU3LhRx60e4829M2xG09cCFk3Pu5eaeIOZMacf5shYWl5ZXVnNr+fWNza1te2e3rqJEElojEY9kM8CKchbSmmaa02YsKRYBp41gcDn2G/dUKhaFt3oYU0/gXsi6jGBtJN8utK+wENgvoyo6N/XzvEvJyLeLTsmZAM0TNyNFyFD17c92JyKJoKEmHCvVcp1YeymWmhFOR/l2omiMyQD3aMvQEAuqvHRyxAgdGKWDupE0FWo0UX9PpFgoNRSB6RRY99WsNxb/81qJ7p55KQvjRNOQTBd1E450hMaJoA6TlGg+NAQTycxfEeljiYk2ueVNCO7syfOkflRyT0rlm+Ni5SKLIwcF2IdDcOEUKnANVagBgQd4ghd4tR6tZ+vNep+2LljZzB78gfXxDRirln8=</latexit>

�5P = P�c
5

<latexit sha1_base64="oGbBiBP12lIBUWCsyS2FZL8w4YA=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiTiayMU7cJlBfuANpbJ5CYdOpmEmYkQQv0VNy4UceuHuPNvnD4WWj0wcDjnXO6d4yWcKW3bX1ZhaXllda24XtrY3NreKe/utVWcSgotGvNYdj2igDMBLc00h24igUQeh443up74nQeQisXiTmcJuBEJBQsYJdpIg3KlMaD4Ejfv+z4JQ5C4gZuDctWu2VPgv8SZkyqaw+Q/+35M0wiEppwo1XPsRLs5kZpRDuNSP1WQEDoiIfQMFSQC5ebT48f40Cg+DmJpntB4qv6cyEmkVBZ5JhkRPVSL3kT8z+ulOrhwcyaSVIOgs0VByrGO8aQJ7DMJVPPMEEIlM7diOiSSUG36KpkSnMUv/yXt45pzVju9PanWr+Z1FNE+OkBHyEHnqI5uUBO1EEUZekIv6NV6tJ6tN+t9Fi1Y85kK+gXr4xtBc5M+</latexit>

Dc = P †DP

<latexit sha1_base64="mC21E7hyMiKxcqsOUmGohLPR7Yw=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTiayMU3bisYh/QxjKZTNKhk0mcmRRK6He4caGIWz/GnX/jtM1CWw9cOJxzL/fe4yWcKW3b31ZhaXllda24XtrY3NreKe/uNVWcSkIbJOaxbHtYUc4EbWimOW0nkuLI47TlDW4mfmtIpWKxeNCjhLoRDgULGMHaSO49ukL1x66Pw5DKXrliV+0p0CJxclKBHPVe+avrxySNqNCEY6U6jp1oN8NSM8LpuNRNFU0wGeCQdgwVOKLKzaZHj9GRUXwUxNKU0Giq/p7IcKTUKPJMZ4R1X817E/E/r5Pq4NLNmEhSTQWZLQpSjnSMJgkgn0lKNB8Zgolk5lZE+lhiok1OJROCM//yImmeVJ3z6tndaaV2ncdRhAM4hGNw4AJqcAt1aACBJ3iGV3izhtaL9W59zFoLVj6zD39gff4AeqWRSQ==</latexit>

R = P †

Test vector  
Aggregation:

Aggregation
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Test vectors: use approximate eigenvectors in the construction of P 
An ideal approach: Take eigenspace of small eigenvalues 
❖ done in setup phase 

Idea:  use multigrid hierarchy to approximated 

❖ Update multigrid hierarchy as the test vectors improve 
<latexit sha1_base64="t5Iqo/stP2Mjk3WpxZ+1IcvpHtg=">AAACCHicbVDLSgMxFM3UV62vUZcuDC2CIJYZ8bUs6sJlBfuAtg6ZNNOGZpIhyVTKMEs3/oobF4q49RPc+Tem7Sy0euDC4Zx7ufceP2JUacf5snJz8wuLS/nlwsrq2vqGvblVVyKWmNSwYEI2faQIo5zUNNWMNCNJUOgz0vAHl2O/MSRSUcFv9SginRD1OA0oRtpInr079BJ64KawzUigkZTiHhav7pJDNy3CoUc9u+SUnQngX+JmpAQyVD37s90VOA4J15ghpVquE+lOgqSmmJG00I4ViRAeoB5pGcpRSFQnmTySwj2jdGEgpCmu4UT9OZGgUKlR6JvOEOm+mvXG4n9eK9bBeSehPIo14Xi6KIgZ1AKOU4FdKgnWbGQIwpKaWyHuI4mwNtkVTAju7Mt/Sf2o7J6WT26OS5WLLI482AFFsA9ccAYq4BpUQQ1g8ACewAt4tR6tZ+vNep+25qxsZhv8gvXxDcFzmIk=</latexit>

vi+1  ”D�1”vi

Building up the coarse grid space 

<latexit sha1_base64="UuLjp2bP1zHkqOILYetpRjGis4Y=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEM6sFjBPOAZA2zk9lkzOzMMjMrhCX/4MWDIl79H2/+jZNkD5pY0FBUddPdFcScaeO6305uaXlldS2/XtjY3NreKe7uNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXEbz5RpZkU92YUUz/CfcFCRrCxUuPmIT3xxt1iyS27U6BF4mWkBBlq3eJXpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+dXjtGR1bpoVAqW8Kgqfp7IsWR1qMosJ0RNgM9703E/7x2YsJLP2UiTgwVZLYoTDgyEk1eRz2mKDF8ZAkmitlbERlghYmxARVsCN78y4ukcVr2zstnd5VS9SqLIw8HcAjH4MEFVOEWalAHAo/wDK/w5kjnxXl3PmatOSeb2Yc/cD5/AOz2jrg=</latexit>

D�1

M. Luscher, JHEP 12 (2007) 011, JHEP 07 (2007) 081 

Setup
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Multigrid solver is almost independent of 
condition number 

DDalphaAMG 
Domain Decomposed adaptive algebraic 

Multigrid solver 

❖  Up to two magnitude faster at the physical 
point compare to BiCGstab or CG 

❖ Comes with an additional overhead, coarse 
grid projection has to be build 30
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Bisheriger Standard (BiCGStab)
Multilevel: 2 Level
Multilevel: 3 Level
Multilevel: 4 Level

A. Frommer et al., SIAM J.Sci.Comput. 36 (2014)

A. Frommer et. al., arXiv:1307.6101

DDalphaAMG
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Acceleration of HMC
From IntelXeon to GPUs

HMC and MG



16

1. Hybrid Monte Carlo (MCMC) 

Importance sampling via Boltzmann weight  
by evolving (U,P) via Hamilton’s Equations: 

                              and    

2.     Observable calculation 

Primary observables are calculated  
on a set of configurations: 

Inversion of Dirac operator 

Force calculation 
> 10 000 per Trajectory

Fermion propagators 
> 1 Mi per measurement 

Evaluation of observables via the path integral:

a high dimensional integral of up to  
5 500 000 000 degrees of freedom in U

Simulation in QCD
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Hybrid Monte Carlo with IR-UV preconditioning 
Target: sample configuration distributed with the 
Boltzmann weight 

Idea: use IR+UV filtering via: 
❖ Hasenbusch mass - preconditioning 
❖ Nested integrators 

Re-write the determinants: 

Fermion force requires inversions 
❖ integrate all terms with mu<0.01 with MG

<latexit sha1_base64="emw5cB1uLB7m4QmHriA5bOj5BFA="></latexit>

P (U) / det[D†D(U)] exp{��Sg(U)}

<latexit sha1_base64="Mznq/E69grX0Vrhg43cEz93a6rg="></latexit>

det[D†D] = det


D†D

D†D + µ2

�
· det[D†D + µ2]

F1

F2

F3 P F3 P

F2

F1

F2

Nested leap-frog:

Outer level:

Finest level:

Middle level:
<latexit sha1_base64="SUTODE7GNysvxfQpQcPwNW6AgZg=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCXVgS7xuhKIjLiqYtNCFMppN26OTCzEQoIa/hxldx40IRl7rybZy0AbX1h4GP/5wzM+f3YkaFNIwvbWZ2bn5hsbRUXl5ZXVvXNzabIko4JhaOWMTbHhKE0ZBYkkpG2jEnKPAYaXmDy7zeuidc0Ci8k8OYOAHqhdSnGEllubpx5R7Cc7gPbZ8jnNox4pIiBrMftDLbIxLBW7dXtfZcvWLUjJHgNJgFVEChhqt/2N0IJwEJJWZIiI5pxNJJ88sxI1nZTgSJER6gHukoDFFAhJOONsvgrnK60I+4OqGEI/f3RIoCIYaBpzoDJPtispab/9U6ifTPnJSGcSJJiMcP+QmDMoJ5TLBLOcGSDRUgzKn6K8R9pCKSKsyyCsGcXHkamgc186R2fHNUqV8UcZTANtgBVWCCU1AH16ABLIDBA3gCL+BVe9SetTftfdw6oxUzW+CPtM9vCYmfHQ==</latexit>

F3 = � @

@U
�Sg(U) F3 P F3 P F3 P F3 P

<latexit sha1_base64="hPex2QLTUfb7zEdV9tjGk3wAzf4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuscrt1euuFV3BvKXeDmpQI56r/zZ7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyZJU+CWNtSyGZqT8nMhoZM44C2xlRHJpFbyr+53VSDC/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/Hlv6R5UvXOq2d3p5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B05uNgw==</latexit>

t = 0
<latexit sha1_base64="Jto1GOryWov1fBdvlpbOVBhuhT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSbFr4tQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vBmeFbrlStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJq1qntZvXg4r9Rv8ziKcATHcAouXEEd7qEBHlDg8Ayv8GZJ68V6tz7mrQUrnzmEP7A+fwAH0I4w</latexit>

t = h/2

Simone BacchioWork withHMC
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Cost efficient if one can  
❖ re-use setup phase, adequate update procedure during trajectory 
❖ re-use coarse levels for all operators 

❖ for different flavors, up, down, strange and charm quarks 
❖ with different shifts 

by ensuring stability of method during molecular dynamics

Stable under Sign-flips Stable under shifts Acceleration in Rational 
approximation

Outcome of DDalphaAMG adaptation in HMC: 
❖ very stable 
❖ need one update iteration for setup every 

light quark force 
 (20 - 50 updates during 1 MDU) 

Enabling MG solver in Molecular Dynamics
<latexit sha1_base64="6p0SPY1tegwkc6T6TWvbSC8/NK0="></latexit>

(DD† + µ2)�1 = �5(D � i�5µ)
�1�5(D + i�5µ)

�1

❖ Requires single solves: 

Challenges in HMC
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Multigrid solver in HMC

Scalability: 
❖ Limited by the size of the 

coarsest grid 
❖ on SuperMUC-NG window 

scales with

Memory: 
❖ multigrid increases memory 

requirements 5x 
❖ hard limit for minimal 

parallelization : 
❖ L=64  ~ 16 Nodes 
❖ L=96  ~ 80 Nodes 

Reversibility: 
❖ reused of multigrid subspace 

can impact reversibility 
❖ using a higher solver precision 

for force computation: 

   factor 10 higher precision for MG

Challenges in HMC
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Pioneering Multigrid solver  
(work with S. Bacchio) 
  
❖ Nf =2 physical point Simulations 

❖ two ensembles at larger box sizes 

❖ Inclusion of heavy quark doublet  
❖ ongoing: four ensembles at different 

lattice spacings 

❖ Higher order integrators 
❖ fourth order integrator

However, for exa-scale era  
❖ adaptation to GPU machines are (likely) necessary 

ETMC Simulation effort on SuperMUC

C. Alexandrou et al.,  PRD 94 (2016) 11, 114509

C. Alexandrou et al., CPC. 236 (2019), 51-64

D. Shcherbakov, CCP 21 (2017) 4, 1141-1153

Speedup
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Idea: Use tmLQCDs linkage to QUDA 
❖ QUDA comes with highly optimized solvers for 

GPUs (includes now also AMD and Intel kernels) 

Similar to MG-adaptation 
❖ outsource computation intensive parts to the GPU 

❖ Start with Inversions 
❖ enable multigrid solver 
❖ enable multi-mass-shift CG 

❖ (on-going) Extend to force calculation 
❖ Pure gauge part available 
❖ Currently fermion force is under work

❖ MG on GPU is even further limited (due to memory and scalability) 
❖ CG solver more efficient due to utilisation of mix-precision

mu,d ms mc
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Bartosz Kostrzewa Marco Garofalo Simone Romiti

Simone Bacchio Ferenc Pittler

Work withAdaptation to GPUs
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GAUGE

ndcloverratcor

other and unaccounted for

cloverdetratio1light

cloverdetlight

ndcloverrat2

ndcloverrat3

cloverdetratio3light

ndcloverrat1

cloverdetratio2light

Breakdown of time spend in monomials 
Marconi 100 (16 Nodes with 4 V100)

~ 36% associated with MG solver 
Other parts better scalable

B. Kostrzewą, arXiv:2212.06635

deriv_Sb 20.1 %

H_eo_sw_ndpsi 11.9 %

other 6.1 %

Qsw_tau1_sub_const_ndpsi 11.7 %

solve_mms_nd 22.5 %

sw_all 21.6 %

sw_term 6.1 %

invert_eo_quda_twoflavour_mshift 99.3 %

other 0.7 %

invertMultiShiftQuda 77.6 %

loadCloverQuda 7.6 %

loadGaugeQuda 6.0 %

other 8.8 %

derivative:2 derivative:3 derivative:4
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other 8.7 %

solve_degenerate 91.3 %
invert_eo_degenerate_quda 100.0 %

other 0.0 %

invertQuda 60.7 %

MG_Preconditioner_Setup_Refresh 19.7 %

other 5.8 %

updateMultigridQuda_sign_flip 13.8 %

derivative:2 derivative:3 derivative:4
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❖ Example of CPU dominant

❖ Example of GPU dominant

GPU utilisation
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with DDalphaAMG

pure tmLQCD 

with QUDA

Cost for HMC:   
by 10x with MG, by 10x with GPUs

B. Kostrzewą et al., arXiv:2212.06635
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ee
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Juwels Booster

❖HMC accelerated with GPU, 
enables MD times below 2 hours 
❖ Autotuner for MG parameters 

turned out to be very useful 
❖Allows in principle larger lattices, 

e.g. with L=192  
❖Enables us to utilize top 

machines in EU and US 
❖ e.g. Lumi in Finnland

<latexit sha1_base64="1Tx28BIAgUtMB/inkV2936PQepA=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kRhshaGNhEcF8QHKEvc1esmZv99jdE8KR/2BjoYit/8fOf+MmuUITHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkY3U7/1RJVmUjyYcUz9CA8ECxnBxkrNO3SFqpVeseSW3RnQMvEyUoIM9V7xq9uXJImoMIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCpwRLWfzq6doBOr9FEolS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhpZ8yESeGCjJfFCYcGYmmr6M+U5QYPrYEE8XsrYgMscLE2IAKNgRv8eVl0jwre9Xy+X2lVLvO4sjDERzDKXhwATW4hTo0gMAjPMMrvDnSeXHenY95a87JZg7hD5zPH8C0jfM=</latexit>

L = 64HMC on GPUs
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Strong scaling of MG
Overcoming network bounds

Strong scaling
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❖ Coarsest level improvements 

Three level method

❖ Although the coarsest level is solved to 10^-1,  
❖ dominating in the strong scaling limit 

❖ Coarse grid becomes too small, communication dominates

Juwels-Booster scaling

SuperMUC-NG scaling

❖ Need for coarse grid improvements

Coarse grid 
Improvements
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❖ Coarsest level improvements

Introduced four new methods for coarsest-level 

❖Block-diagonal preconditioned: no communication 
involved 

❖ polynomial preconditioned: exchanges dot products for 
matrix-vector multiplications, which improves scaling 

❖ Deflation and recycling (via GCRO-DR): reduces the 
iteration count, which reduces the number of dot 
products, which in turns improves scalability 

❖ pipelined (does not improve)

Enable multi-right-hand sides 

❖ increase computational load 
compare to bandwidth 

❖ Block-Krylov methods 
❖ Simple vectorisations 

The Cyprus Institute

Simone Bacchio Shuhei Yamamoto

Bergische Universitaet Wuppertal

Gustavo Ramírez Jesus Espinoza-Valverde

J. Espinoza-Valverde et al., arXiv:2205.09104
S. Yamamoto, PoS LATTICE2021 (2022) 536

J.F.

Coarse grid 
Improvements
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Combination with Block-Krylov solvers possible 
❖ Iteration count is indeed reduced 
❖ Additional overhead to high so far 

❖ Re-ordering and orthogonalisation

Implementation: 
❖ definition of a new data structure, index on 

vectors runs the fastest 
❖ re-written all low level kernels 

❖ using auto-vectorisation to enhance 
portability 

❖ On Skylake chips this shifts vectorisation 
from 128 bit to 256 bit 

❖ Coarse grid computation speed up by a 
factor ~1.8

DDalphaAMG multiple RHS
Multi - rhs



28

Multiple rhs increase scalability 

❖ comes with an additional 
memory overhead 

❖ up to a factor 5 on Intel 
Skylake machines 

❖ result so far only obtained on 
Intel and AMD CPUs 

S. Yamamoto, PoS LATTICE2021 (2022) 536

Multi - rhs
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Algorithm #1: block-diagonal preconditioned

❖ Lets write 

❖ then the Schur complement is given by 

❖ We can then focus on 

❖ which can be preconditioned via:

<latexit sha1_base64="M4Kzrfy0XqHvNPJyceUm4WJh9K8=">AAACLHicbZDLSgMxFIYz3q23UZdugkVxVWbE20YQ24ULFwq2FTplyKSnNTSTDElGLMM8kBtfRRAXirj1OUwvilZ/CHz85xxyzh8lnGnjea/OxOTU9Mzs3HxhYXFpecVdXatpmSoKVSq5VNcR0cCZgKphhsN1ooDEEYd61C336/VbUJpJcWV6CTRj0hGszSgx1grdciU8x8dBBB0msiQmRrG7HFfCDCDH2wOQeRD0QX450jogWt/toVv0St5A+C/4IyiikS5C9yloSZrGIAzlROuG7yWmmRFlGOWQF4JUQ0Jol3SgYVGQGHQzGxyb4y3rtHBbKvuEwQP350RGYq17cWQ77X43erzWN/+rNVLTPmpmTCSpAUGHH7VTjo3E/eRwiymghvcsEKqY3RXTG6IINTbfgg3BHz/5L9R2S/5Baf9yr3hyOopjDm2gTbSDfHSITtAZukBVRNE9ekQv6NV5cJ6dN+d92DrhjGbW0S85H5/YLagN</latexit>

DL =

✓
Dee Deo

Doe Doo

◆

<latexit sha1_base64="BPFSsaQZxG58LiWrrhl3weBDKW4=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoblpmxNtGKNqFywr2Am0dMulpG5qZDElGKMO8gRtfxY0LRdy6defbmE670NYDCR//fw7J+b2QM6Vt+9vKLCwuLa9kV3Nr6xubW/ntnboSkaRQo4IL2fSIAs4CqGmmOTRDCcT3ODS84fXYbzyAVEwEd3oUQscn/YD1GCXaSG7+sOJSfIkrbgyQ4GIKIjG3EMl9XHRShMTNF+ySnRaeB2cKBTStqpv/ancFjXwINOVEqZZjh7oTE6kZ5ZDk2pGCkNAh6UPLYEB8UJ043SfBB0bp4p6Q5gQap+rviZj4So18z3T6RA/UrDcW//Nake5ddGIWhJGGgE4e6kUca4HH4eAuk0A1HxkgVDLzV0wHRBKqTYQ5E4Izu/I81I9Lzlnp9PakUL6axpFFe2gfHSEHnaMyukFVVEMUPaJn9IrerCfrxXq3PiatGWs6s4v+lPX5AzTem5E=</latexit>

Dc = Dee �DeoD
�1
oo Doe

<latexit sha1_base64="PSmIpbXClmDjhWbXHqsNHJWg2T8=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumvEMOQvvHhQxKt/482/sbMcNPqg4PFeFVX1gkQKg6775eQWFpeWV/KrhbX1jc2t4vZO3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVHQ4T7ke0p0QoGEUr3V93MjZ6JBck6BRLbtmdgPwl3oyUYIZqp/jZ7sYsjbhCJqkxLc9N0M+oRsEkHxXaqeEJZQPa4y1LFY248bPJxSNyYJUuCWNtSyGZqD8nMhoZM4wC2xlR7Jt5byz+57VSDM/9TKgkRa7YdFGYSoIxGb9PukJzhnJoCWVa2FsJ61NNGdqQCjYEb/7lv6R+VPZOyye3x6XK5SyOPOzBPhyCB2dQgRuoQg0YKHiCF3h1jPPsvDnv09acM5vZhV9wPr4BnWmQPQ==</latexit>

Dcx = b

<latexit sha1_base64="aeVFaHLenRs/I7iBVcgOwRO+y8c=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3lhnxtRGKunBZwT6gHUsmvdOGZjJDkhHLMB/gxl9x40IRt36AO//GtJ1FbT0QOJxzLjf3eBFnStv2jzU3v7C4tJxbya+urW9sFra2ayqMJYUqDXkoGx5RwJmAqmaaQyOSQAKPQ93rXw39+gNIxUJxpwcRuAHpCuYzSrSR2oXidTsBSO+TQyfFhtMUP+ILPKl6JmWX7BHwLHEyUkQZKu3Cd6sT0jgAoSknSjUdO9JuQqRmlEOab8UKIkL7pAtNQwUJQLnJ6JgU7xulg/1Qmic0HqmTEwkJlBoEnkkGRPfUtDcU//OasfbP3YSJKNYg6HiRH3OsQzxsBneYBKr5wBBCJTN/xbRHJKHa9Jc3JTjTJ8+S2lHJOS2d3B4Xy5dZHTm0i/bQAXLQGSqjG1RBVUTRE3pBb+jderZerQ/rcxyds7KZHfQH1tcvcwSZ+g==</latexit>

D�1
ee Dcx = D�1

ee b

❖ Coarsest level improvements
Coarse grid 
Improvements

J. Espinoza-Valverde et al.,CPC 292 (2023) 108869

Gustavo RamírezWork by
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Algorithm #2: Polynomial preconditioned 

Idea: use  

Then:                                and   

And                                               with        Ritz  values

Spectrum transformation:

Figure 3.5.(a) in ``Toward efficient 
polynomial preconditioning for GMRES" by 
Loe and Morgan

Algorithm #3: GCRO-DR

❖ Polynomial spreads the spectrum around zero, 
which is beneficial if we want to do deflation: 

❖ by extracting k eigenvalues of the current Krylov 
cycle via                                   and   

❖ include the vectors                        in the next Krylov 
cycle 

❖ Coarsest level improvements

<latexit sha1_base64="bw+ufDaJTg5IhWB3u1ys1InZ/RU=">AAACCHicbZC7TsMwFIadcivlFmBkwKJCKkuVIAqMFTAwFolepDaKHNdprTp2sB1QFXVk4VVYGECIlUdg421w2g7Q8kuWPv/nHNnnD2JGlXacbyu3sLi0vJJfLaytb2xu2ds7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJnVm/dEKir4rR7GxItQj9OQYqSN5dv7Vz6GHUl7fY2kFA8wu9/5qVsZlQwe+XbRKTtjwXlwp1AEU9V8+6vTFTiJCNeYIaXarhNrL0VSU8zIqNBJFIkRHqAeaRvkKCLKS8eLjOChcbowFNIcruHY/T2RokipYRSYzgjpvpqtZeZ/tXaiw3MvpTxONOF48lCYMKgFzFKBXSoJ1mxoAGFJzV8h7iOJsDbZFUwI7uzK89A4Lrun5crNSbF6MY0jD/bAASgBF5yBKrgGNVAHGDyCZ/AK3qwn68V6tz4mrTlrOrML/sj6/AG1XZiB</latexit>

Dc ! Dcq15(Dc)<latexit sha1_base64="H7Hkc0KtbTwwQLUsrggDQQaNJwU=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKgNVgniNFTAwFok+pDZEjuu2Vh072A6iirLwKywMIMTKZ7DxN7htBmg50pWOz7lXvvcEEaNKO863lZubX1hcyi8XVlbX1jfsza26ErHEpIYFE7IZIEUY5aSmqWakGUmCwoCRRjC4HPmNByIVFfxWDyPihajHaZdipI3k2zv3pSsfH8A2iiIpHqF53CWHburbRafsjAFniZuRIshQ9e2vdkfgOCRcY4aUarlOpL0ESU0xI2mhHSsSITxAPdIylKOQKC8ZH5DCfaN0YFdIU1zDsfp7IkGhUsMwMJ0h0n017Y3E/7xWrLvnXkJ5FGvC8eSjbsygFnCUBuxQSbBmQ0MQltTsCnEfSYS1yaxgQnCnT54l9aOye1o+uTkuVi6yOPJgF+yBEnDBGaiAa1AFNYBBCp7BK3iznqwX6936mLTmrGxmG/yB9fkD4AaVUw==</latexit>

q(Dc) ⇡ D�1
c

<latexit sha1_base64="eiiv3TA76iIEebhBoA83VCsJUvc=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkoivjZCURcuK9gHtCFMJpN26OThzEQMob/ixoUibv0Rd/6N08dCWw9c7uGce5k7x0s4k8qyvo3C0vLK6lpxvbSxubW9Y+6WWzJOBaFNEvNYdDwsKWcRbSqmOO0kguLQ47TtDa/HfvuRCsni6F5lCXVC3I9YwAhWWnLN8o1L0IPrV3U/Qhm6RJ5rVqyaNQFaJPaMVGCGhmt+9fyYpCGNFOFYyq5tJcrJsVCMcDoq9VJJE0yGuE+7mkY4pNLJJ7eP0KFWfBTEQlek0ET9vZHjUMos9PRkiNVAzntj8T+vm6rgwslZlKSKRmT6UJBypGI0DgL5TFCieKYJJoLpWxEZYIGJ0nGVdAj2/JcXSeu4Zp/VTu9OKvWrWRxF2IcDqIIN51CHW2hAEwg8wTO8wpsxMl6Md+NjOlowZjt78AfG5w8hO5KS</latexit>

Dcqd(Dc)y = b
<latexit sha1_base64="+rijb0r2vDFuV3kOvVlKYpdvVZk=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBHqpiTiayMUdeGygn1AG8JkMmmHTh6dmRRD6He4caGIWz/GnX/jtM1CWw9cOJxzL/fe48acSWWa38bS8srq2npho7i5tb2zW9rbb8ooEYQ2SMQj0XaxpJyFtKGY4rQdC4oDl9OWO7id+K0RFZJF4aNKY2oHuBcynxGstGQ/XaOh41XuHHKCUqdUNqvmFGiRWDkpQ466U/rqehFJAhoqwrGUHcuMlZ1hoRjhdFzsJpLGmAxwj3Y0DXFApZ1Njx6jY614yI+ErlChqfp7IsOBlGng6s4Aq76c9ybif14nUf6VnbEwThQNyWyRn3CkIjRJAHlMUKJ4qgkmgulbEeljgYnSORV1CNb8y4ukeVq1LqrnD2fl2k0eRwEO4QgqYMEl1OAe6tAAAkN4hld4M0bGi/FufMxal4x85gD+wPj8AQ0wkP8=</latexit>

x = qd(Dc)y
<latexit sha1_base64="xPGc3w5UjA+1hONyl6LAFt+l0Cg="></latexit>

qµ�1(t) =
µX

i=1

1

✓i

i�1Y

j=1

✓
1� t

✓j

◆
<latexit sha1_base64="ooR4v7ZBaP6PefQZtearAEnCfeI=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxup37rCbQRsXrAcQJ+xAZKhIIztFK7i0NA1hO9csWtujPQZeLlpEJy1Hvlr24/5mkECrlkxnQ8N0E/YxoFlzApdVMDCeMjNoCOpYpFYPxsdu+EnlilT8NY21JIZ+rviYxFxoyjwHZGDIdm0ZuK/3mdFMNrPxMqSREUny8KU0kxptPnaV9o4CjHljCuhb2V8iHTjKONqGRD8BZfXibNs6p3Wb24P6/UbvI4iuSIHJNT4pErUiN3pE4ahBNJnskreXMenRfn3fmYtxacfOaQ/IHz+QMllpAO</latexit>

✓i

<latexit sha1_base64="unSiK3EWFVdxbV+4HPDCyQ+mVyg=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmxNdGKLpxWcE+YDoMmUymDc0kQ5IRylDc+CtuXCji1q9w59+YtrPQ1kMCJ+fcy809Ycqo0o7zbZUWFpeWV8qrlbX1jc0te3unpUQmMWliwYTshEgRRjlpaqoZ6aSSoCRkpB0ObsZ++4FIRQW/18OU+AnqcRpTjLSRAnuvCa+gB7PAPYZdc1gktDLPgR/YVafmTADniVuQKijQCOyvbiRwlhCuMUNKea6Taj9HUlPMyKjSzRRJER6gHvEM5Sghys8nK4zgoVEiGAtpLtdwov7uyFGi1DAJTWWCdF/NemPxP8/LdHzp55SnmSYcTwfFGYNawHEeMKKSYM2GhiAsqfkrxH0kEdYmtYoJwZ1deZ60Tmruee3s7rRavy7iKIN9cACOgAsuQB3cggZoAgwewTN4BW/Wk/VivVsf09KSVfTsgj+wPn8A2MSVMw==</latexit>

U = [u1, . . . uk]
<latexit sha1_base64="aQuJ1PBr80m/bl2kqBPciZxzfX8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4tQrAePFUxbaEPYbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeUHCmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVPFqSTUJTGPZTvAinImqKuZ5rSdSIqjgNNWMKxP/daISsVi8ajHCfUi3BcsZARrI3l1f4hu0J1PkOsP/XLFrtozoGXi5KQCORp++avbi0kaUaEJx0p1HDvRXoalZoTTSambKppgMsR92jFU4IgqL5sdPUEnRumhMJamhEYz9fdEhiOlxlFgOiOsB2rRm4r/eZ1Uh9dexkSSairIfFGYcqRjNE0A9ZikRPOxIZhIZm5FZIAlJtrkVDIhOIsvL5PmWdW5rF48nFdqt3kcRTiCYzgFB66gBvfQABcIPMEzvMKbNbJerHfrY95asPKZQ/gD6/MHyqmQ1Q==</latexit>

Ck = DcUk
<latexit sha1_base64="PEAsU+xC4WtN/lWPI79T7mmwRW0=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJKIr2XRjcsK9gFpCJPJpB06mYSZG7GU/oobF4q49Ufc+TdO2yy09cCFwzn3cu89YSa4Bsf5tlZW19Y3Nktb5e2d3b19+6DS1mmuKGvRVKSqGxLNBJesBRwE62aKkSQUrBMOb6d+55EpzVP5AKOM+QnpSx5zSsBIgV3xaODWcE9EKegapsHQD+yqU3dmwMvELUgVFWgG9lcvSmmeMAlUEK0918nAHxMFnAo2KfdyzTJCh6TPPEMlSZj2x7PbJ/jEKBGOU2VKAp6pvyfGJNF6lISmMyEw0IveVPzP83KIr/0xl1kOTNL5ojgXGFI8DQJHXDEKYmQIoYqbWzEdEEUomLjKJgR38eVl0j6ru5f1i/vzauOmiKOEjtAxOkUuukINdIeaqIUoekLP6BW9WRPrxXq3PuatK1Yxc4j+wPr8AVRFk1s=</latexit>

[c1, . . . , ck]

<latexit sha1_base64="goqXCkxfN23PJoe1NRd+5YRz3gI=">AAAB+nicbVDJTgJBEK3BDXEb9OilIzHBg2TGuB2JeMAbJrIkME56mgY69Czp7tGQkU/x4kFjvPol3vwbG5iDgi+p5OW9qlTV8yLOpLKsbyOztLyyupZdz21sbm3vmPndhgxjQWidhDwULQ9LyllA64opTluRoNj3OG16w8rEbz5QIVkY3KlRRB0f9wPWYwQrLblmvnhzXHGHSNd99Qhdu8Q1C1bJmgItEjslBUhRc82vTjcksU8DRTiWsm1bkXISLBQjnI5znVjSCJMh7tO2pgH2qXSS6eljdKiVLuqFQleg0FT9PZFgX8qR7+lOH6uBnPcm4n9eO1a9SydhQRQrGpDZol7MkQrRJAfUZYISxUeaYCKYvhWRARaYKJ1WTodgz7+8SBonJfu8dHZ7WihfpXFkYR8OoAg2XEAZqlCDOhB4hGd4hTfjyXgx3o2PWWvGSGf24A+Mzx9mvpIs</latexit>

(I � CkC
H

k
)Dc

Coarse grid 
Improvements
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❖ Block diagonal preconditioned 
❖ Polynomial preconditioned 
❖  GCRO-DR

❖ Coarsest level improvements

❖ m0 = -0.355937  
(most ill-conditioned)

❖ On JUWELS cluster 
❖ lattice 128x64x64x64 
❖ Wilson-Dirac discretisation 
❖ k = 25, d=4

J. Espinoza-Valverde et al., arXiv:2205.09104

Coarse grid 
Improvements



Overview: Multigrid improvements

Kernel improvements: 
❖ Multiple rhs (block Krylov combination) 

coarse grid improvements 
❖ communication avoiding 
❖ coarse grid deflation

S. Yamamoto, PoS LATTICE2021 (2022) 536
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We are working on: 
DDalphaAMG in C++ 
❖ testing bed for novel algorithms 
❖ adding GPU-accelerated smoother 
❖ openBC fully supported 

Currently working on a comparison 
of available MG-methods 

A. Frommer et al. in preparation

Coarse grid 
Improvements

12
8 

S
K

L 

J. Espinoza-Valverde et al.,CPC 292 (2023) 108869
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Conclusion 

Multigrid is the method of choice for Wilson like fermions 
❖ for physical light quarks 
❖ accelerate HMC simulations 
Coarse grid improvements needed to extend strong scaling 

Multigrid method can be also utilised in different cases: 
❖Trace estimation (Multi-Level Monte Carlo) 

❖Use coarser grid to split up trace into IR and UV dominated pieces 

Outlook: 
New DDalphaAMG lib written in C++, 

❖use to test additional methods 
❖ Like LU-decomposition of the coarse grid  

Next step: combination with multi-level algorithms …

A. Frommer et al.,SIAM J.Sci.Comput. 44 (2022) 4, A2536-A2556

Conclusion
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Thank you
ご清聴（ごせいちょう） 
ありがとうございました。


