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◉ Tensor renormalization group (TRG)
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◇ TRG calculate the physical quantity as trace of tensors.

→ Singular value decomposition (Frobenius norm)
How can we take whole contraction approximately?
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Z = Tr
X

i2lattice

Axiyix0
iy

0
i

<latexit sha1_base64="D4dMg/1QJDxhpE0UHZnUKG2EFZQ="></latexit>

Axyx0y0 = <latexit sha1_base64="7oJAkHQpdGlH6rlwxSFCLznbcmk="></latexit>x
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<latexit sha1_base64="BuA7s3SZjrgMbN8xQvIori1ZiOc="></latexit>
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○Sign problem
○Another representation

×High cost ( )
△Systematic error

<latexit sha1_base64="xDC+m2mEgZK4esT4BJ8EDsYRvgI="></latexit>

dim � 3

[M. Levin, C. P. Nave. arXiv:cond-mat/0611687]
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◉ Singular Value Decomposition (SVD)

→ We can approximate the matrix by the cutoff of index 

◇ Larger singular values    have much “information” of T�
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◉ SVD for a coarse graining (e.g. Image)

[http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT]
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◉ Motivation: The origin of the systematic error
◇ HOTRG

◇ Anisotropic TRG(ATRG)

◇ TriadTRG (TTRG)

Systematic error: isometry,                     
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)

Systematic error: (isometry), decomposition, R-SVD

Cost:                 

Cost:                 
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)

<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

Systematic error: isometry, decomposition, R-SVD
Cost:                 

→ How about HOTRG with Randomized-SVD?
→ Can we reduce the systematic error from decomposition?

:dimension
:truncated bond size<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D

<latexit sha1_base64="FDGaM2wBIrqAMiO7d2E9m/KSLwE="></latexit>

d

[D. Adachi, T.Okubo, S. Todo. arXiv:1906.02007]

[D. Kadoh, K.N. arXiv:1912.02414]

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]
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◉ Motivation: The origin of the systematic error
◇ HOTRG

◇ Anisotropic TRG(ATRG)

◇ TriadTRG (TTRG)

Systematic error: isometry,                     
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O(D4d�1)

Systematic error: (isometry), decomposition, R-SVD
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<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>
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<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

Systematic error: isometry, decomposition, R-SVD
Cost:                 

→ How about HOTRG with Randomized-SVD?
→ Can we reduce the systematic error from decomposition?

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[D. Adachi, T.Okubo, S. Todo. arXiv:1906.02007]

[D. Kadoh, K.N. arXiv:1912.02414]

:dimension
:truncated bond size<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D

<latexit sha1_base64="FDGaM2wBIrqAMiO7d2E9m/KSLwE="></latexit>
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◉ HOTRG with R-SVD

◇ HOTRG

◇ ATRG

◇ TTRG

with R-SVD w/o R-SVD
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)

<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)

<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

?

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

<latexit sha1_base64="brEqaf0C5vpw3BM7yqVz/JVpxv0="></latexit>

O(Dd+4)

→ We propose HOTRG with R-SVD.
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HOTRG with randomized SVD
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◉ Higher-Order TRG (HOTRG)

◇ Contraction by projection operator 　(isometry)U

→      is made by SVD of

SVD Cutoff: D2 ! D

O(D7)

Cost: O(D6)

Contraction Cost:

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>
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<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A
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U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t



20



21



22



23



24



25



26



27

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)
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◉ Randomized-SVD
[S. Morita, et al. arXiv:1712.01458]
[N. Halko, et al. arXiv:0909.4061]

◇ Approximated contraction by orthogonal matrix 
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>
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◇ SVD of                         .                 
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⇤
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<latexit sha1_base64="SLwc3VUs7PkF9qEIHn0fe2WWErQ="></latexit>

⇤ ⌘ Q†ABCD

◇ To prepare   , we use randomized method & QR decomp. 
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>
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D
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⌦
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Cont.     QR
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Q <latexit sha1_base64="T+vZAV2fHWYLm9aVEZZ8Y1sXlRk="></latexit>

R

◇ Contraction with the random tensor <latexit sha1_base64="8iZj0h+IGpmKGZufbmXDLNVaQXw="></latexit>

⌦
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)

◇ Step 2:
<latexit sha1_base64="J9p8r6zBOkJoTnwjRIicaLNqJq0="></latexit>

O(D6)
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◇ Step 2:
<latexit sha1_base64="J9p8r6zBOkJoTnwjRIicaLNqJq0="></latexit>

O(D6)
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◇ Step 2:
<latexit sha1_base64="J9p8r6zBOkJoTnwjRIicaLNqJq0="></latexit>

O(D6)
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◇ Step 2:
<latexit sha1_base64="J9p8r6zBOkJoTnwjRIicaLNqJq0="></latexit>

O(D6)
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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<latexit sha1_base64="u9WwOaloALBXKazxBVTq/ADLqSM="></latexit>
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 1:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)

◇ Step 2:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 2:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 2:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 3:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)

◇ Step 2:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 3:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◇ Step 3:
<latexit sha1_base64="PvOwyW3yPIrgWcVywTXshxbvIxM="></latexit>

O(D5)
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◉ HOTRG

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>
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<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01
<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02 <latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A
<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

<latexit sha1_base64="Mzv9gUTGwayTQ4urlofwrYKZCuY="></latexit>

X̃

<latexit sha1_base64="Kzl7UP978GPXhHn5ndLDMIvUn10="></latexit>

Ỹ

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

◇ Contraction with 
<latexit sha1_base64="RVziso5+hDYSqswm0ai5q/BLXyc="></latexit>

U

<latexit sha1_base64="veHoEi3qDlI4GHbaVfobKoUNPrs="></latexit>

O(D4d�1) ! O(D3d)

→ Further cost reduction?

◇ Cost reduction

<latexit sha1_base64="rHDmi85YutVg0R6GjybmmvrjYyU="></latexit>

U tAAU
◉ HOTRG with R-SVD

◇ Contraction with     , 
<latexit sha1_base64="RVziso5+hDYSqswm0ai5q/BLXyc="></latexit>

U
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A
<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01
<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02 <latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="ikiBkFYE5I3xx0nHYgAFi2WsELU="></latexit>

U (~y)tU (~x)tAAU (~x)U (~y) ! A(next)

<latexit sha1_base64="XiLyxLfTpo9RKDtd6nUGNB5DfiA="></latexit>

QQ†U (~y)tU (~x)tAAU (~x)U (~y) ' A(next)

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

                                            [K.N. arXiv:2307.14191]
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<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t
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48



49



50



51



52



53



54



55



56



57



58



59

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
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Cost and systematic error reduction



<latexit sha1_base64="D6CyJK81nddkr51iKMpU9sX8SSg="></latexit>

QQ
†
U

0(~y)t
U

0(~x)t
EFGHU

0(~x)
U

0(~y) = Q⇤ ' A
(next)
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◉ Minimally-decomposed TRG(MDTRG)

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="n2eZad1QF8yK1KOGd2QniB+UPeA="></latexit>g

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1
<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="Y3HN9h/kRjITi0Kms59Qmv+KfmM="></latexit>

U 0(~x)

<latexit sha1_base64="GU+5v4cmH9T7Q7NpAbo2MeVGBpI="></latexit>

U 0(~y)

<latexit sha1_base64="8fK4Wqkp+1Vn7Zqqc3fVzNYOCRQ="></latexit>

U 0(~y)t

<latexit sha1_base64="CtRDC4FCC9ojBQuQUziCEp4H+J8="></latexit>

U 0(~x)t
<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

→ We already have tensor of order d+1 rep. of     and   .

<latexit sha1_base64="g/unx7fwadvwCmEZgDYSebITydk="></latexit>

O(D3d) ! O(D2d+1)

◇ Cost reduction

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="4mwrr1GtX5cALEJzUQJmI/k9enQ="></latexit>

EFGH = Q⇤Q⇤

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="+IJXmGMV81Ji9ldwg+U1EaARLPI="></latexit>=

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="+IJXmGMV81Ji9ldwg+U1EaARLPI="></latexit>=

A:Order 2d E,F,G,H:Order d+1 ,   :Order d+1
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="BhxRpL1SgCJIxXZ+ApngRw3d64Q="></latexit>

⇤

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="Mzv9gUTGwayTQ4urlofwrYKZCuY="></latexit>

X̃

<latexit sha1_base64="Kzl7UP978GPXhHn5ndLDMIvUn10="></latexit>

Ỹ

◇ Contraction with EFGH,   
<latexit sha1_base64="JRda8BLZLFMKaMzkaG5ZZO61qPI="></latexit>

Q

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

                                            [K.N. arXiv:2307.14191]



62

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H
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64



65



66



67



68



69



70



71



72



73



74



75



76



77



78



79



80



81



82



83



84



85



86



87

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
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◉ Minimally-decomposed TRG on triad rep.

<latexit sha1_base64="F+vvzDccuuu0R/G1yeXPkltOhrM="></latexit>

O(D2d+1) ! O(Dd+3)
◇ Cost reduction

◇ We introduce triad rep. by SVD of the
    unit-cell tensor                                 .

<latexit sha1_base64="cvJxyBoQPLnCcAc8UtQ36e4ZsKg="></latexit>

�(EFGH) = EFGH

<latexit sha1_base64="knhAvy8vJvUDlSHFc+9/5+buytA="></latexit>

I
<latexit sha1_base64="nFSgSs60RZQXvDVzPfBr4d/VPjA="></latexit>

J

<latexit sha1_base64="GH9B9jonEKMrCX6+yMl+sM42T54="></latexit>

K
<latexit sha1_base64="swszlVaQjuIP0luIc5Wpi4Nml2k="></latexit>

L

<latexit sha1_base64="AOJWRRqOALTwwljMWj0mB3bx+P4="></latexit>

M
<latexit sha1_base64="r79p01dgY0Ti71lvbo7mEVBxeNQ="></latexit>

N

<latexit sha1_base64="zW3Qg8Ayx8w3/fNH6cBOBeYlJoI="></latexit>

O
<latexit sha1_base64="I23w+BH2cbv1pguGpQST9aKxd+E="></latexit>

P

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

◇ We do NOT use SVD of 
    E, F, G and H.

<latexit sha1_base64="RHxklwpaJCauHhMalka5OMVyyH8="></latexit>

E = U (0)s(0)V (0)

<latexit sha1_base64="87NLiXmrtiGfT//zgfgbDXHNeFM="></latexit>

��t◇ We use SVD of       .

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E

<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G

<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="ISFIIacLvsimNyE3cgBF7u5TQ/4="></latexit>

Et

<latexit sha1_base64="7MkgOIQruhFewynyFDYs1bH0vwA="></latexit>

F t

<latexit sha1_base64="zrY77aI8JseW46V6j3dM8okV8dc="></latexit>

Gt

<latexit sha1_base64="cL7E7OawWpMVlDs3Jpi5SY0qcyY="></latexit>

H
t

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01<latexit sha1_base64="0kStH8HcGhm6mNegXzLwd/szhFs="></latexit>

x0
1
t

<latexit sha1_base64="+gN82M1ZrrG7Ejgn/RFvHIKWsFM="></latexit>

y01
t

<latexit sha1_base64="HS3uCOf+4zjAkvyxLXKA12Ra4ic="></latexit>

et

<latexit sha1_base64="61kYC1kZhJMRQJI/g70AQz+hVG0="></latexit>

gt
<latexit sha1_base64="nWNv2Sz+4eKaSnmZA/q8LBiopEc="></latexit>g

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃
<latexit sha1_base64="K0Zbkawruay0y3WJ1pA3CTek8Ag="></latexit>

z̃t
<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="kO70WW9l5vrlkX+rr4N4QRZFraw="></latexit>

U (P )U (P )t

<latexit sha1_base64="Z1ekf9THmghLcnqx4HZ5YoxnDAs="></latexit>

U (M)U (M)t

<latexit sha1_base64="Ye5jmDgSAwa3v6nIKm/i/oaoV0Q="></latexit>

U (L)U (L)t

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="E8wsvH9WSoKzgaYNWR/i63hVa5M="></latexit>

QQ
†
U

00(~y)t
U

00(~x)t
U

(LP )
U

(LP )t
EFGHU

(IM)
U

(IM)t
U

00(~x)
U

00(~y) = Q⇤ ' A
(next)

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1
<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="2n7jzotekUaPhcxotbat1WlRPBk="></latexit>

U 00(~y)t

<latexit sha1_base64="oGgD7qoG4l4ugsA8WJU4Y4vPEIE="></latexit>

U 00(~x)t

<latexit sha1_base64="f60XDA6+m5jt/8UEKxh0xfHJCiU="></latexit>

U 00(~x)

<latexit sha1_base64="4LgoOf8HKD5t8Fzr6KU5R7wfMPY="></latexit>

U 00(~y)

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="kO70WW9l5vrlkX+rr4N4QRZFraw="></latexit>

U (P )U (P )t

<latexit sha1_base64="Z1ekf9THmghLcnqx4HZ5YoxnDAs="></latexit>

U (M)U (M)t

<latexit sha1_base64="Ye5jmDgSAwa3v6nIKm/i/oaoV0Q="></latexit>

U (L)U (L)t

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†
<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="F5QV0dyDLRnFOvQA3UkN3xmZ+qk="></latexit>

s(I)
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<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H
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<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="ISFIIacLvsimNyE3cgBF7u5TQ/4="></latexit>

Et

<latexit sha1_base64="7MkgOIQruhFewynyFDYs1bH0vwA="></latexit>

F t

<latexit sha1_base64="zrY77aI8JseW46V6j3dM8okV8dc="></latexit>

Gt

<latexit sha1_base64="cL7E7OawWpMVlDs3Jpi5SY0qcyY="></latexit>

H
t
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92



93



94



95



96



97



98



99



100



101



102



103



104



105

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="4x7dcuRu/3cgKAbW3hPRQ1E57xk="></latexit>

�(A)
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<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="kO70WW9l5vrlkX+rr4N4QRZFraw="></latexit>

U (P )U (P )t

<latexit sha1_base64="Z1ekf9THmghLcnqx4HZ5YoxnDAs="></latexit>

U (M)U (M)t

<latexit sha1_base64="Ye5jmDgSAwa3v6nIKm/i/oaoV0Q="></latexit>

U (L)U (L)t



107



108



109



110



111



112



113



114



115



116



117



118



119



120



121



122



123



124



125



126



127



128

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
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◉ Isometry for unit-cell tensor

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E

<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G

<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="ISFIIacLvsimNyE3cgBF7u5TQ/4="></latexit>

Et

<latexit sha1_base64="7MkgOIQruhFewynyFDYs1bH0vwA="></latexit>

F t

<latexit sha1_base64="zrY77aI8JseW46V6j3dM8okV8dc="></latexit>

Gt

<latexit sha1_base64="cL7E7OawWpMVlDs3Jpi5SY0qcyY="></latexit>

H
t

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="AY4kTPrdhnJgDPVAOUbyiGfz3WE="></latexit>

�(EFGH)�(EFGH)t =

<latexit sha1_base64="0kStH8HcGhm6mNegXzLwd/szhFs="></latexit>

x0
1
t

<latexit sha1_base64="+gN82M1ZrrG7Ejgn/RFvHIKWsFM="></latexit>

y01
t

<latexit sha1_base64="HS3uCOf+4zjAkvyxLXKA12Ra4ic="></latexit>

et

<latexit sha1_base64="61kYC1kZhJMRQJI/g70AQz+hVG0="></latexit>

gt
<latexit sha1_base64="nWNv2Sz+4eKaSnmZA/q8LBiopEc="></latexit>g

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃
<latexit sha1_base64="K0Zbkawruay0y3WJ1pA3CTek8Ag="></latexit>

z̃t

→ More global isometry reduces systematic error.

<latexit sha1_base64="r/oCF7nm4JbwyF02maR80FNOD5s="></latexit>

D = 10
(3d Ising)

<latexit sha1_base64="87NLiXmrtiGfT//zgfgbDXHNeFM="></latexit>

��t

<latexit sha1_base64="i1wdypBmRhGEmPjfe2lxemZnBpg="></latexit>

E,F

<latexit sha1_base64="5nakIeo+FoXFWL8qxHEFNA+tZWw="></latexit>

r = 6
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◉ HOTRG with R-SVD

◇ HOTRG

◇ ATRG

◇ TTRG

with R-SVD w/o R-SVD
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)

<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

<latexit sha1_base64="brEqaf0C5vpw3BM7yqVz/JVpxv0="></latexit>

O(Dd+4)

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ MDTRG
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ Triad-MDTRG
<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

unit-cell order
<latexit sha1_base64="dWJlh2WZyhHJMQ6avmJ/ieYaq08="></latexit>

2d

<latexit sha1_base64="dWJlh2WZyhHJMQ6avmJ/ieYaq08="></latexit>

2d

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1

<latexit sha1_base64="oUAXKuCOpLJ0J/kf5DFt0n4tYz0="></latexit>

3

→ Comparable cost. We will check the systematic error.

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)
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◉ Internal line oversampling

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

→ Internal lines (dotted lines) have to be oversampled
                     to reduce the systematic error from R-SVD.

(3d Ising)

<latexit sha1_base64="sdwfLb/whsCiHJ8eOvgmUQyqd+Q="></latexit>

(D ! rD)

<latexit sha1_base64="bVEOSHwwPtIEoFtPJZwOaop/xxA="></latexit>

(r = Const.)

(Oversampled)

(No Oversampling)



→ R-HOTRG, MDTRG, Triad-MDTRG results are consistent 
     with HOTRG (additional systematic error is not dominant).

◉ Free energy density of 3d-Ising model

(3d Ising)



→ R-HOTRG, MDTRG, Triad-MDTRG results are consistent 
     with HOTRG (additional systematic error is not dominant).

◉ Free energy density of 3d-Ising model

(3d Ising)



→ R-HOTRG, MDTRG, Triad-MDTRG results are consistent 
     with HOTRG (additional systematic error is not dominant).

◉ Free energy density of 3d-Ising model

(3d Ising)

[D. Kadoh, K.N. arXiv:1912.02414]

(3d Ising) (3d Ising)

                                            [K.N. arXiv:2307.14191]

(3d Ising)
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◉ Truncated bond dimension    scalings<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D

→ The scalings of     are confirmed.<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D

(3d Ising)
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◉ Summary
◇ How about HOTRG with Randomized-SVD?

→ R-HOTRG,  MDTRG, and Triad-MDTRG produce 
consistent result with the HOTRG. The dominant systematic 
error is the truncation of the isometry.
Key ideas: 
internal line oversampling, Isometry for unit-cell tensor.

◇ Can we reduce the systematic error from decomposition?

◇ HOTRG
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ MDTRG
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ Triad-MDTRG
<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

<latexit sha1_base64="dWJlh2WZyhHJMQ6avmJ/ieYaq08="></latexit>

2d

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

with R-SVD w/o R-SVD unit-cell order


