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◉ Contents
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(1): Introduction

(2): Tensor renormalization group (up to Triad TRG)

(3): Physical examples (CP(1) model with theta term)

(4): Future application (Lattice fermion/Condensed-matter)



◉ Theoretical aspects of Lattice QFT
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◇ What is the Lattice QFT?

Classical field theory on the discrete spacetime

Path integral quantization

+

Lattice quantum field theory

Z
dx !

X

x
Z =

Z
D�e�Slattice

(with Monte-Carlo)



◉ Quantum correspondence
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◇ Is there Quantum correspondence?

→Tensor network representation
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→ Need to consider path integral measure

(Another method: MPS, PEPS… as a Hamiltonian formalism)



◉ Tensor representation of numerical integration
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◇ Physically？

◇ Advantages and disadvantages

→Tensor Renormalization group

1. Generalized transfar matrix (tensor)
2.  Spin statistial representation (e.g. Ising model)
3.  Hopping term expansion

○Sign problem
○Another representation
○Low cost (low dim)
○Partition function

×High cost (high dim)
△Systematic error
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(Simple) Tensor renormalization group (TRG)

Higher-Order TRG (HOTRG)
[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

◉ Examples: Variation of TRG

Triad TRG
[Daisuke Kadoh, KN arXiv:1912.02414]
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Simple TRG, 
Anisotropic TRG,
Bond-weighted TRG, 
Core TRG, 
CTMRG, 
GIRT,
HOTRG, 
Randomized TRG, 
SRG, 
TNR, 
Loop-TNR, 
Triad TRG,…

◉ Examples: Variation of TRG

…and these combinations.
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(Simple) Tensor renormalization group (TRG)

Higher-Order TRG (HOTRG)
[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

◉ Examples: Variation of TRG

Triad TRG
[Daisuke Kadoh, KN arXiv:1912.02414]
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◉ (Simple) Tensor renormalization group (TRG)
[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

Z =
X

a,b

Y

x,y

Tax,y,ax+1,y,bx,y,bx,y+1

ax+1,y

bx,y

bx,y+1

ax,yTax,y,ax+1,y,bx,y,bx,y+1 =

◇ Starting point: network representation

→ How can we calculate (approximate) this contractions?

Naive contraction costs / {dim(a)dim(b)}Volume
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◉ Singular Value Decomposition (SVD)

→ We can approximate the matrix by the cutoff of index 

◇ Larger singular values    have much “information” of T�

a

b

c

d

a

b

c

d

k=

Tabcd =
DX

k

Aab
k�kBcd

k

k

dim(k) = dim(a)dim(b) ! D

→ (Frobenius norm)
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◉ SVD for a coarse graining (e.g. Image)

[http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT]
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◉ SVD for a coarse graining (e.g. Ising)

◇ One step
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bd
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→ Exponential Volume reduction V ! V

2
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◉ SVD for a coarse graining (e.g. Ising)

◇ Critical behaviour (Specific heat)

75[s], by truncated SVD

D = 32
L2 = 220
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◉ SVD for a coarse graining (e.g. Ising)

◇ Difference from exact result (Free energy)
32
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◉ Exponential damping of singular value

◇ Why this truncation is so good?

→ Exponential damping helps the approximation
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◉ Exponential damping of singular value

→ Exponential damping helps the approximation

◇ Why this truncation is so good?
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◉ Numerical costs for simple TRG

◇ How fast?

Tabcd =
X

k

Ak
acB

k
bd

T (n+1)
klmn =

X

a,b

Ak
axy+1bxy+1

Bl
axybx�1y+1

Cm
axybxy+1

Dn
axy+1bx�1y+1

O(D6)

22V ! O((logV )⇥D
6)

SVD:

Contraction: O(D6)

→ We need more sophisticated algorithm.

◇ Large D is still difficult.
    (Higher dimension, complicated system…)
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◉ Cost for Higher-dimensional system

◇ Can we generalize (simple) TRG for higher dimension? 

→ Formally we can, but bad approximation (and Cost)

D3 ! DCutoff:
O(D12)Cost:

We need more faster method (for more interesting system)
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(Simple) Tensor renormalization group (TRG)

Higher-Order TRG (HOTRG)
[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

◉ Examples: Variation of TRG

Triad TRG
[Daisuke Kadoh, KN arXiv:1912.02414]
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◉ Higher-Order TRG (HOTRG)

◇ Contraction by projection operator 2
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FIG. 1: (a) A HOTRG contraction of the tensor network
state along the y axis on the square lattice. (b) Steps of
contraction and renormalization of two local tensors. The
initial tensor T (0) = T .

translation invariant tensor network state8,

Z = Tr
∏

i

Txix′

i
yiy′

i
, (2)

where i runs over all the lattice sites and Tr is to sum
over all bond indices, and the local tensor T is defined at
each lattice site as shown in Fig. 1(a),

Txix′

i
yiy′

i
=
∑

α

Wα,xi
Wα,x′

i
Wα,yi

Wα,y′

i
(3)

where W is a 2× 2 matrix defined by

W =

(
√

cosh(1/T ),
√

sinh(1/T )
√

cosh(1/T ), −
√

sinh(1/T )

)

, (4)

and T is the temperature.
To coarse grain, we contract the lattice alternatively

along the horizontal (x-axis) and vertical (y-axis) direc-
tions. This scheme of coarse graining is simple to imple-
ment. Fig. 1(a), as an example, shows how the contrac-
tion along the y-axis is done. At each step, two sites are
contracted into a single site in the coarse grained lattice
(Fig. 1(b)), and the lattice size is reduced by a factor of
2.
The contracted tensor at each coarse grained lattice

site is defined by

M (n)
xx′yy′ =

∑

i

T (n)
x1x′

1
yiT

(n)
x2x′

2
iy′ , (5)

where x = x1 ⊗ x2, x′ = x′
1 ⊗ x′

2, and the superscript n
denotes the n’th iteration. The bond dimension of M (n)

along the x-axis is the square of the corresponding bond

dimension of T (n). To truncate M (n) into a lower rank
tensor, we first do a HOSVD for this tensor20

M (n)
xx′yy′ =

∑

ijkl

SijklU
L
xiU

R
x′jU

U
ykU

D
y′l, (6)

where U ’s are the unitary matrices. S is the core tensor
of M (n), which possesses the following properties for any
index, say index j:
(1) all orthogonality,

〈S:,j,:,: | S:,j′,:,:〉 = 0, if j &= j′, (7)

where 〈S:,j,:,: | S:,j′,:,:〉 is the inner-product of these two
sub-tensors.
(2) pseudo-diagonal,

|S:,j,:,:| ≥ |S:,j′,:,:|, if j < j′,

where |S:,j,:,:| is the norm of this sub-tensor which is the
square root of all elements’ square sum. These norms
play a similar role as the singular values of a matrix.
In M (n), the two vertical bonds, y and y′, do not need

to be renormalized. Thus in the practical calculation,
UU and UD are not needed to be determined. Moreover,
the right bond of M (n) is linked directly to the left bond
of an identical tensor on the right neighboring site, thus
to truncate any one of the horizontal bonds of M (n) will
automatically truncate the other horizontal bond. The
truncation can be done by comparing the values of

ε1 =
∑

i>D

|Si,:,:,:|2 (8)

and

ε2 =
∑

j>D

|S:,j,:,:|2. (9)

If ε1 < ε2, we truncate the first dimension of S or the
second dimension of UL to D. Otherwise, we truncate
the second dimension of S or the second dimension of
UR to D. This kind of truncation scheme provides a
simple and optimal approximation to minimize the trun-
cation error21,22. It has been successfully applied to many
fields such as data compression, image processing, pat-
tern recognition, and etc23.
After the truncation, we can update the local tensor

using the following formula

T (n+1)
xx′yy′ =

∑

ij

U (n+1)
ix M (n)

ijyy′U
(n+1)
jx′ , (10)

where U (n+1) = UL (or UR) if ε1 is smaller (or larger)
than ε2.
The above HOTRG calculation can be repeated iter-

atively until the free energy and other physical quanti-
ties calculated are converged. The cost of the calculation
scales as D7 in the computer time and D4 in the memory
space. This is comparable with the cost of TRG7,8.

U

→      is made by SVDU

Mx1x2x0
1x

0
2yy

0 ⌘
X

k

Tx1x0
1yk

Tx2x0
2ky

0

[M tM ][x1x2][�2�2] ⌘
X

abcd

M t
[x1x2][abcd]

M[abcd][�1�2]

[M tM ][x1x2][�2�2] =
X

k

Uk
[x1x2]

�kUk
[�1�2]

SVD Cutoff: D2 ! D

O(D7)

Cost: O(D6)

Contraction Cost:

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]



21

◉ Higher-Order TRG (HOTRG)

◇ Critical behaviour

4
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FIG. 3: (color online) Graphical representation of Eq. (14) for

determining the bond density matrix ρ(n)
zw,xy through E(n+2)

ijkl .

FIG. 4: (color online) Comparison of the relative errors of
free energy with respect to the exact results for the 2D Ising
model obtained by various methods with D = 24. The critical
temperature Tc = 2/ ln(1 +

√
2).

To diagonalize this bond density matrix25

ρ(n) = U (n+1)Λ
(

U (n+1)
)†

, (15)

we can find its eigenpair, (Λ, U (n+1)). Same as in the den-
sity matrix renormalization group24, the eigenvalues of
this density matrix determine the probabilities of the cor-
responding eigenvectors in the virtual bond basis space.
By keeping the largest D eigenvalues of Λ and the cor-
responding eigenvectors of U (n+1), one can update the
local tensor T (n+1) using Eq. (10). After finishing this
forward iteration, we can take a backward iteration to up-
date all environment tensors with Eq. (13). This forward-
backward iteration is then repeated until all system and
environment tensors are converged.
Fig. 4 compares the relative errors of free energy with

respect to the rigorous solution26 for the 2D Ising model
obtained with four different methods. By keeping just
24 states, we find that the relative error of the HOTRG
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FIG. 5: (a) A HOTRG coarse graining step along the z-axis on
the cubic lattice. (b) Steps of contraction and renormalization
of two local tensors.

result is already less than 10−7 even at the critical tem-
perature, much more accurate than the TRG result7,8.
The HOSRG also performs better than the SRG. But the
difference in the results obtained by these two methods is
relatively small around the critical point. The HOTRG is
less accurate than the two SRGmethods, but it is compu-
tationally economic. The difference between TRG/SRG
and HOTRG/HOSRG lies mainly in the basis truncation
scheme. The former is based on the SVD, while the latter
is based on the HOSVD. The above comparison indicates
that the HOSVD scheme works better.

III. THREE-DIMENSIONAL SYSTEMS

The above HOTRG and HOSRG methods can be read-
ily extended to 3D. This is an advantage of the coarse
graining scheme proposed here. On the cubic lattice, a
full cycle of lattice contraction needs to be done in three
steps, along the x-axis, y-axis, and z-axis, respectively.
At each step, two neighboring tensors will be combined
to form a single coarse grained tensor and the lattice size
is reduced by a factor of 2.
As an example, Fig. 5 shows how the tensors are con-

tracted along the z-axis. The HOSVD of the coarse
grained local tensor (Fig. 5(b)) can be similarly done as
for the 2D case. But the local tensor now has six bond
indices and a HOSVD for a higher order tensor should be
done. Moreover, the basis spaces for both the x-axis and
y-axis bonds need to be renormalized. Thus we should
determine from the core tensor and the unitary matrices
of M (n) not only the transformation matrix for the x-

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]
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◉ Numerical costs for HOTRG

◇ More higher dimension? → still difficult.
O(D4dim�1)Cost:

◇ 4-dim Ising [S.Akiyama, Y.Kuramashi et al. arXiv:1906.06060]

D = 13@Oakforest-PACS

5 10 15
D

cut

6.6

6.7

6.8

6.9

7.0

7.1

T
c

Figure 3. Transition temperature as a function of bond dimension. Error bars are within symbols.

of temperature for various lattice sizes with Dcut = 13. In the case of n � 24 (L � 64), a
finite jump emerges with mutual crossings of curves between different volumes around the
transition temperature. These are characteristic features of the first-order phase transition
as discussed in Ref. [58]. The similar volume dependence and a finite jump at L � 64

have been also confirmed in case of Dcut = 14. The numerical value of the finite jump
�E(Dcut = 13) in the infinite-volume limit is

�E(Dcut = 13) = 0.0034(5),

which is obtained by the linear extrapolation toward the transition temperature both from
the low and high temperature regions. The resolution of the temperature at the boundary
between the two phases is �T = 6.25⇥ 10�6.

We also investigate the spontaneous magnetization, which is an order parameter to
detect the symmetry-breaking phase. Figure 6 shows a typical volume dependence of mag-
netization toward the thermodynamic limit. We have evaluated h�ii with h = 1.0⇥10�9 and
2.0⇥ 10�9 at each temperature and coarse-graining step. After taking the infinite-volume
limit we extrapolate the value of h�ii toward the h ! 0 limit. Figure 7 shows the resulting
spontaneous magnetization as a function of temperature. The transition temperature is
consistent with both estimates by X

(n) and the internal energy. We have observed a finite
jump in the magnetization, whose numerical value is obtained by the linear extrapolation
toward the transition temperature both from the low and high temperature regions;

�m(Dcut = 13) = 0.037(2).

The resolution of the temperature at the boundary between the two phases is again �T =

6.25 ⇥ 10�6. Note that we have tried several choices of the external field other than h =

– 7 –

Tc(D = 13) = 6.650365(5)

Tc = 6.68026(2)

Monte-Carlo

L4  10244

L4  804 (200)

[P.H. Lundow and K. Markstrom 
 arXiv:1202.3031]

O(D15)
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◉ Triad RG
[Daisuke Kadoh, KN arXiv:1912.02414]

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
2∑

a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.

Tx1

y1+

y1
z1

z1+ x1+ x1 x1+

y1z1

z1+y1+
a1 c1d1

ABCD

FIG. 2. The rank-three tensor representation of the initial
tensor T .

The renormalization algorithm is given for a tensor
network made only of rank-3 tensors. The network (1)
can be expressed as such a network because T is given
by a network of four rank-3 tensors A,B,C,D as

Txx′yy′zz′ =
2∑

a,b,c=1

Ax′z′aBy′acCybcDxzb. (4)

where

Axza = Dxza ≡ WaxWaz, (5)

Byab = Cyab = δabWay. (6)

Fig.2 shows this representation of T . Note that the bond
dimension of rank-3 tensors is two, which is the same as
that of T . For other models, a decomposition of T with
the SVD is needed, and the bond dimension can be larger
than that of T . We basically consider a case in which the
initial tensor T has a sufficiently small bond dimension
in general.
————————–
We should prepare the isometry for this rank-three rep-

resentation. From now on, we assume the size of the all

x2
x2+

z2

a2 c2d2

ABCD

x1
x1+

bz1

z1+

a1 c1d1

ABCD

y1+

y2
z2+

DCBA

A B C D

d′1a′1c′1x′
1+

x′
2+

d′2a′2c′2

b′

AA

AA

BCDDCB

CDDC

BB

K

U U

x′
1+

x′
2+

x1+

x2+

X

x′
1+

x′
2+

x1+

x2+

x′
1+

x′
2+

x1+

x2+

c1c′1

a1a′1

bb′

c2c′2

FIG. 3. The isometry part of the rank-3 TRG.

index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ Using the Triad (Rank-3) tensor as a fundamental tensor
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FIG. 4. The contraction part of the rank-3 TRG.

TRG.
∑

b

∑

a1,c1,d1

∑

a2,c2,d2

∑

x1+,x1,z1+,z1

∑

x2+,x2,z2+,z2

1

×Ax1+z1+c1By1+a1c1Cba1d1Dx1z1d1

×Ax2+z2+c2Bba2c2Cy2a2d2Dx2z2d2

× Ux1+x2+X+Ux1x2XVz1+z2+Z+Vz1z2Z . (9)

At the first step, we calculate AVx1+c1z2+Z+ ,
AUx1+c2z2+X+ , UDx2d1z1X , V Dx2d2z1Z , and CBa1a2c2d1 ,
with the O(D5) cost without truncation. As the
second step, we make the tensors CBCa2d1c1c2 and
AV AUc1c2X+Z+ with the O(D6) cost without trunca-
tion. Although it can be approximated by the cost
O(D5), we do not use the truncation method for this
part because of the precision. The third step is taking
the contraction to make a tensor CBCAV AU and
decompose the tensor by the O(D6) cost truncated SVD

with the singular-value Λ(f)
f ,

CBCAV AUy1+a2d1X+Z+ =
CDD∑

f=1

A′
Z+y1+fΛ

(f)
f GX+a2d1f .

(10)
For the precision, we can introduce the coefficient CD for
this auxiliary decomposition. It does not change the cost
if the coefficient is small enough, CD " D. In this letter,
we simply take CD = 1.
We also take a similar contraction for the left side of

the diagram as the fourth step. We calculate the tensors
CGy2X+fd1d2 and UDVDd1d2XZ with O(D6) cost with-
out truncation method, and after that we decompose the
tensor C[GΛ(f)]UDVD by O(D6) cost truncated SVD as
followings,

C[GΛ(f)]UDVDy1X+fXZ =
CDD∑

g=1

D′
Zy2gΛ

(g)
g G′

XX+fg.

(11)
The fifth step is truncated decomposition of the tensor

[Λ(g)G′] with O(D5) cost,

[Λ(g)G′]XX+fg =
CDD∑

h=1

P ′
X+hfΛ

(h)
h Q′

Xhg. (12)

We define the tensor B′
X+hf =

√
Λ(h)
h P ′

X+hf and C ′
Xhg =√

Λ(h)
h Q′

X+hf . Finally we can constract the coarse

grained tensor T ′ in the rank-three representation,

T ′
ZZ+XX+y2y1+

≡
CDD∑

f,g,h=1

A′
Z+y1+fB

′
X+hfC

′
XhgD

′
Zy2g.

(13)
Since rank-3 TRG is closed in the rank-three represen-

tation, we can iteratively take the coarse-graining with-
out any additional costs. The total cost is O(D6) or
higher-order depending on the approximation.

One important property of rank-3 TRG is the weight of
the singular value is gathered for the next decomposition
because of the precision. Namely, the singular values

Λ(f)
f and Λ(g)

f are concentrated on the tensor which will

be decomposed. (i.e.) C[GΛ(f)]UDVD and [Λ(g)G′].
This property is also known for the ATRG.

We should mention that the further decomposition of
the tensor CB before the second step. If we decompose
this tensor before the second step, we can reduce the total
cost to O(D5). However, this additional decomposition
does not well work at least for the three-dimensional Ising
model. Since the approximation by the SVD is optimized
only for the local tensor, SVD for a part of the tensor
could be difficult without loss of precision. In this letter,
we focus on the contraction without CB decomposition.

As an important extension, rank-3 TRG can apply to
the higher dimensional system, although there are many
kinds of variation which depends on how approximate
the matrix products and taking the additional SVD or
not. In any cases, if we based on the rank-three tensor
representation and does not decompose ”center” tensor
CB, the contraction cost is O(D3+d) with the truncated
method. In this letter, we focus on the three-dimensional
system.

RESULTS

We test the Tri-RG method in three dimensional
Ising model on a periodic lattice with the volume V =
(32768)3 = (215)3 at the critical temperature (2Tc/J) =
4.5115 [6, 12, 14]. The free energy defined as F =
− 1

β logZ is evaluated from an average value of four trials
with different random numbers of the RSVD, and the er-
ror is estimated from the standard deviation. In order to
improve the precision, we consider 100 configuration to
estimate the error for Tri-RG in the range D ≤ 24. The
numerical computation is carried out with 2.7 GHz Intel

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
2∑

a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.

Tx1

y1+

y1
z1

z1+ x1+ x1 x1+

y1z1

z1+y1+
a1 c1d1

ABCD

FIG. 2. The rank-three tensor representation of the initial
tensor T .

The renormalization algorithm is given for a tensor
network made only of rank-3 tensors. The network (1)
can be expressed as such a network because T is given
by a network of four rank-3 tensors A,B,C,D as

Txx′yy′zz′ =
2∑

a,b,c=1

Ax′z′aBy′acCybcDxzb. (4)

where

Axza = Dxza ≡ WaxWaz, (5)

Byab = Cyab = δabWay. (6)

Fig.2 shows this representation of T . Note that the bond
dimension of rank-3 tensors is two, which is the same as
that of T . For other models, a decomposition of T with
the SVD is needed, and the bond dimension can be larger
than that of T . We basically consider a case in which the
initial tensor T has a sufficiently small bond dimension
in general.
————————–
We should prepare the isometry for this rank-three rep-

resentation. From now on, we assume the size of the all

x2
x2+

z2

a2 c2d2

ABCD

x1
x1+

bz1

z1+

a1 c1d1

ABCD

y1+

y2
z2+

DCBA

A B C D

d′1a′1c′1x′
1+

x′
2+

d′2a′2c′2

b′

AA
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BCDDCB

CDDC

BB

K

U U

x′
1+

x′
2+

x1+

x2+

X

x′
1+

x′
2+

x1+

x2+

x′
1+

x′
2+

x1+

x2+

c1c′1

a1a′1

bb′

c2c′2

FIG. 3. The isometry part of the rank-3 TRG.

index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ projection operator U ◇ contraction part 

→ We apply HOTRG-like procedure to Triad tensor rep.
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◉ Triad RG

4

Core i7 and Eigen for libraries of matrix decompositions,
and each computation ends in a few hours.

Numerical results are compared to those obtained from
the HOTRG and the ATRG. We employ an improved al-
gorithm of HOTRG with the RSVD, which is shown in
appendix ??, and the leading cost does not change. The
ATRG is implemented with RSVD and twice a larger in-
dex size 2D only for swapping step. Although several
improvements which do not change the leading cost are
studied, we only consider the ATRG without any other
improvement. In Tri-RG, an O(D5) isometry is pre-
pared with the RSVD. The computational cost strongly
depends on D, and those of HOTRG, ATRG, and Tri-RG
methods are theoretically O(D11), O(D7), and O(D6) in
three dimensions, respectively.

Figure 5 shows the D-dependence of the free energy.
The accessible D is different among the three meth-

FIG. 5. D-dependence of the free energy in 3d Ising model at
Tc.

ods. Roughly speaking, three results approach almost
the same converged value, which is expected to be the
true value, as D increases. This figure implies that the
error of Tri-RG is well-controlled for larger Ds, and the
results of Tri-RG are closest to the true value. We try to
extrapolate our result of Tri-RG by the function a+bD−c

with the fitting variables a, b, and c. The result in the
range 10 ≤ D ≤ 56 can be extrapolated to D → ∞
limit as a = −1.7546(1). Note that we confirm the sta-
bility of the fit by the difference from the fit in the range
20 ≤ D ≤ 56 for Tri-RG.

Figure 6 shows the free energy against the computa-
tional time. Since the true value at the large D limit lies
on near −1.7546, as Figure 5 implies, one can conclude
that the Tri-RG converges faster than the other methods.

In Figure 7, the running time is shown as a function
of D. The theoretical D-dependence, which is D2d+1 for
ATRG and Dd+3 for Tri-RG, is reproduced at a practical
level in three dimensions (d = 3). Thus we can consider
that the Tri-RG method will open a door to studying a
wide class of higher dimensional field theory with tensor
networks.

FIG. 6. Running time dependence of the free energy in 3d
Ising model at Tc.

FIG. 7. Running time against D in 3d Ising model at Tc.

ACKNOWLEDGMENTS

We would like to thank Shinichiro Akiyama, Yoshinobu
Kuramashi, Hideaki Oba, Manuel Schneider, and Shinji
Takeda for their valuable comments. D.K. is supported
by JSPS KAKENHI Grant JP19K03853 and the National
Center for Theoretical Sciences at National Tsing-Hua
University. K.N. is supported partly by the Grant-in-Aid
for Japan Society for the Promotion of Science Research
Fellow (No. 18J11457).

∗ kadoh@keio.jp
† katsumasa.nakayama@desy.de

[1] M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601
(2007), arXiv:cond-mat/0611687 [cond-mat.stat-mech].

[2] G. Evenbly and G. Vidal, Phys. Rev. Lett. 115, 180405
(2015).

[3] Y. Nakamura, H. Oba, and S. Takeda, Phys. Rev. B99,
155101 (2019), arXiv:1809.08030 [cond-mat.stat-mech].

[4] S. Morita, R. Igarashi, H.-H. Zhao, and N. Kawashima,
Phys. Rev. E97, 033310 (2018), arXiv:1712.01458.

[5] L. Wangwei and E. Glen, (2019), arXiv:1906.09283.

4

Core i7 and Eigen for libraries of matrix decompositions,
and each computation ends in a few hours.

Numerical results are compared to those obtained from
the HOTRG and the ATRG. We employ an improved al-
gorithm of HOTRG with the RSVD, which is shown in
appendix ??, and the leading cost does not change. The
ATRG is implemented with RSVD and twice a larger in-
dex size 2D only for swapping step. Although several
improvements which do not change the leading cost are
studied, we only consider the ATRG without any other
improvement. In Tri-RG, an O(D5) isometry is pre-
pared with the RSVD. The computational cost strongly
depends on D, and those of HOTRG, ATRG, and Tri-RG
methods are theoretically O(D11), O(D7), and O(D6) in
three dimensions, respectively.

Figure 5 shows the D-dependence of the free energy.
The accessible D is different among the three meth-

FIG. 5. D-dependence of the free energy in 3d Ising model at
Tc.

ods. Roughly speaking, three results approach almost
the same converged value, which is expected to be the
true value, as D increases. This figure implies that the
error of Tri-RG is well-controlled for larger Ds, and the
results of Tri-RG are closest to the true value. We try to
extrapolate our result of Tri-RG by the function a+bD−c

with the fitting variables a, b, and c. The result in the
range 10 ≤ D ≤ 56 can be extrapolated to D → ∞
limit as a = −1.7546(1). Note that we confirm the sta-
bility of the fit by the difference from the fit in the range
20 ≤ D ≤ 56 for Tri-RG.

Figure 6 shows the free energy against the computa-
tional time. Since the true value at the large D limit lies
on near −1.7546, as Figure 5 implies, one can conclude
that the Tri-RG converges faster than the other methods.

In Figure 7, the running time is shown as a function
of D. The theoretical D-dependence, which is D2d+1 for
ATRG and Dd+3 for Tri-RG, is reproduced at a practical
level in three dimensions (d = 3). Thus we can consider
that the Tri-RG method will open a door to studying a
wide class of higher dimensional field theory with tensor
networks.

FIG. 6. Running time dependence of the free energy in 3d
Ising model at Tc.

FIG. 7. Running time against D in 3d Ising model at Tc.

ACKNOWLEDGMENTS

We would like to thank Shinichiro Akiyama, Yoshinobu
Kuramashi, Hideaki Oba, Manuel Schneider, and Shinji
Takeda for their valuable comments. D.K. is supported
by JSPS KAKENHI Grant JP19K03853 and the National
Center for Theoretical Sciences at National Tsing-Hua
University. K.N. is supported partly by the Grant-in-Aid
for Japan Society for the Promotion of Science Research
Fellow (No. 18J11457).

∗ kadoh@keio.jp
† katsumasa.nakayama@desy.de

[1] M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601
(2007), arXiv:cond-mat/0611687 [cond-mat.stat-mech].

[2] G. Evenbly and G. Vidal, Phys. Rev. Lett. 115, 180405
(2015).

[3] Y. Nakamura, H. Oba, and S. Takeda, Phys. Rev. B99,
155101 (2019), arXiv:1809.08030 [cond-mat.stat-mech].

[4] S. Morita, R. Igarashi, H.-H. Zhao, and N. Kawashima,
Phys. Rev. E97, 033310 (2018), arXiv:1712.01458.

[5] L. Wangwei and E. Glen, (2019), arXiv:1906.09283.

◇ Triad rep. reduces the cost.
O(D4dim�1) ! O(Ddim+3)

◇ 3-dim Ising

[Daisuke Kadoh, KN arXiv:1912.02414]
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→Low order approximation could reduce the cost,
 + extension to higher dimension.
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◉ PEPS and TRG (low order approximation)

◇ PEPS cost reduction: T

<latexit sha1_base64="1QQqJ/p/GskCksM/zDChpht2mQQ="></latexit>

U
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sV
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=
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→Partial SVD for low order approximation could reduce
　the cost of PEPS.

O(D7⇠9) ! O(D5)
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(2012)

◇ Anisotropic TRG (ATRG: TRG cost reduction by low order)
◇ Triad TRG                 (HOTRG cost reduction by low order)

(2019)O(D4dim�1) ! O(D2dim+1), O(Ddim+3)

<latexit sha1_base64="wLxTFBgAVJMlY/PH4QdVyAUbdcw="></latexit>

→We need to know understandings in both formalisms.

[Wei Li,  et al. arXiv:1209.2387    (2012)]

[D Adachi,  et al. arXiv:1906.02007 (2019)]
[D Kadoh, KN. arXiv:1912.02414      (2019)]
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(1): Introduction

(2): Tensor renormalization group (up to Triad TRG)

(3): Physical examples (CP(1) model with theta term)

(4): Future application (Lattice fermion/Condensed-matter)
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◉ Motivation: Phase diagram of CP(1) model 

→ Large beta region is not strongly confirmed.

1st. order
(Strong coupling exp.,
 TRG)

2nd. order
(pure imaginary theta, 

(strong coupling exp.,
 sign-problematic MC)

� =
1

g2

<latexit sha1_base64="wQ/gO8qMYbCK5ZnMzp+n5LFfvSY="></latexit>

[J. C. Flefka and S. Samuel, arXiv:hep-lat/9612004]

[V. Azcoiti et al arXiv:0710.1507]

[H. Kawauchi, S. Takeda arXiv:1710.09804]



→We need to truncate the index      .

◉ From Lagrangian to the tensor

29

◇ Using expansion by orthogonal function

e�S✓=0 = exp

"
�2�

X

x,µ

⇥
z⇤xzx+µ̂Uµ + zxz

⇤
x+µ̂U

†
µ

⇤
#

fl,mZ
dzfl,m(z0, z)f⇤

l0,m0(z00, z) =
1

dl,m
�l,l0�m,m0fl,m(z0, z)

e�S✓=0 =
Y

x,µ

1

2�

1X

l,m=0

Il+m+1(4�)dl,mfl,m(zx, zz+µ̂)

In(x): Modified Bessell +m  kmax
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l,m
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: complex scaler fieldz
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: link variableUµ
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3 Numerical results

We apply these methods to the CP(1) model and show the numerical results below. TRG method is
used for the both cases θ = 0 and θ ! 0, and Loop-TNR method is used only for the case θ = 0.
We use the tensor network representation of the CP(1) model in Ref. [20]. The tensor TCP(1) can be
described by the combination of the two tensor T ′(β) and T ′′(θ),

TCP(1) = T
′(β) ⊗ T

′′(θ). (1)

We truncate initially the bond dimension of the tensor T ′(β) to some value Dβ and T ′′(θ) to Dθ, that is,
the total bond dimension of the initial tensor TCP(1) is Dβ × Dθ. This is reasonable since the absolute
values of the elements of the tensors decrease monotonically as a function of the absolute value of
the each index. And we fix the bond dimensions of the renormalized tensors to Dβ × Dθ at each
renormalization step.

3.1 Application of TRG and Loop-TNR to CP(1) model without the θ term

TRG and Loop-TNR are applied to the CP(1) model at θ = 0. By using those methods, we calculate
the partition function of the CP(1) model. And we define the specific heat as

C =
β2

L2

∂2logZ

∂β2
. (2)
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Figure 6: Specific heat of the CP(1) model at θ = 0 as a function of β. The linear lattice size is L = 220.
The fluctuation coming from the error due to the TRG algorithm becomes eventually smaller as Nopt

is larger.

We take the derivative numerically and Fig. 6 shows the result of C. The bond dimension is fixed
at Dβ = 21 and the linear lattice size is L = 220. The number of the loop optimization in Loop-TNR
is Nopt = 1 and 10. If the error of the partition function is large, the result of the numerical derivation
with respect to β fluctuates. As can be seen from this figure, the fluctuation becomes gradually smaller
as the value Nopt is larger. This result suggests that the loop optimization makes the error due to the
TRG algorithm small.

[H. Kawauchi, S. Takeda arXiv:1710.09804]

◉ Specific heat of CP(1) model with        . ✓ = 0
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◇ D =80, ATRG, l = m = 2

→ Sufficiently large bond size D produces reliable results.
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[ATRG: D. Adachi et al 1906.02007]
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◉ Character expansion of the theta term

◇ Theta term is also character expanded.

ei
✓
2⇡ qp =

X

np2Z
einpqp 2sin(⇡np + ✓/2)

✓ + 2⇡np
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qp = Ax,1 �Ax+1̂�2̂,2 �Ax�2̂,1 +Ax�2̂,2 mod 2⇡
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We need to truncate the index    .np
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O(1/np)
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→ The order of the truncation error is             . 
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◇ beta = 0.6◇ beta = 0.1 ◇ beta = 1.1

◉ Free energy with theta term

→ Clear kink structure imply the first-order transition

◇ We should estimate the systematic error.

l +m  2

<latexit sha1_base64="gZym7GGGhrOOCNeXtZKhvTt2j4M="></latexit>

D = 80

<latexit sha1_base64="Bd3X3/HWhCN4Nc5c0mX56bSqxig="></latexit>

#n✓ = 2

<latexit sha1_base64="EE6z8sHlPpV1sHYcPEL+POgnvXE="></latexit>

s V = 224

<latexit sha1_base64="fdY7DLfZF7vqDuhzQmS6K7obLJA="></latexit>



33

◉ Systematic error
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◉ Motivation: Phase diagram of CP(1) model 

→ In our analysis,            is strongly favored.

1st. order

1.1  �c
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(1): Introduction

(2): Tensor renormalization group (up to Triad TRG)

(3): Physical examples (CP(1) model with theta term)

(4): Future application (Lattice fermion/Condensed-matter)
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◉ Casimir energy (theory and experiment)

ECas(L) ⌘ Evac(L)� Evac(1)
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◇ Vacuum energy shift from the energy in infinite volume. 
2020/07/23 2'58

1 / 1 ページhttps://upload.wikimedia.org/wikipedia/commons/4/44/Casimir_plates.svg

Casimir
plates Vacuum

fluctuations

◇ It is originally suggested 
for photon field in 1948.

[H.B.G. Casimir, Proc. K. Ned. Acad. Wet. 
51, 793 (1948)]

◇ An experiment confirmed in 1996.

[S. K. Lamoreaux, PRL78 (1997), 5]
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◉ Casimir energy and regularization

◇ Regularization is needed.

! 1
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◇ Zeta-function, Abel-Plana formula…etc.
→ We apply the lattice regularization.

ECas(L) ⌘ Evac(L)� Evac(1)
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◇ Vacuum energy shift from the energy in infinite volume. 
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[T. Ishikawa, K.N., and K. Suzuki, arXiv:2005.10758]
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◉ Oscillating Casimir effect
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→ Dirac/Weyl points are at    .

⌧Cas =
2⇡
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[K.N., and K. Suzuki, arXiv:2207.14078]

→ We find an oscillation with a period            . ⌧Cas = 6
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◉ Dispersion relation of Cd3As2 and Na3Bi
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→ Periods are expected as ⌧Cas ' 7.2
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◉ Cd3As2 and Na3Bi
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◇ We find oscillation periods, as expected.

→ The oscillation is a general behaviour in realistic DSMs.
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◆ Self-Introduction. Tensor network, lattice QFT with fermion 
formulations (including the model of the condensed-matter). 

◆ SVD can produce locally optimal approximation, and take the 
truncated contractions.

◆ Traid TRG introduce triad (3-order) tensor to reduce the cost.

◆ In CP(1) model, we use sophisticated algorithm to produce 
   reliable result.

◆ I also mention that the lattice condensed matter systems with
   Casimir energy as a future application of TRG.
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