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Prelude

The “phase” transition from the

quark-gluon plasma to hadronic
matter

1/100000 seconds after the big

bang quarks and gluons
recombine to hadrons
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The temperature at this time was
about 100000 times that of the
interior of the sun
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In HIC experiments, QGP is

formed and cool back
Key: W, Z bosons N\, photon .
Q quark @ meson T galaxy to hadronic matter at low
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Nature of the phase transition ??




“A remark on chiral phase transition in QCD”

QCD Lagrangian is symmetric under , SU(2); X SUQ2)p X U(1), X U(1)y,, for
m, =m,; = 0.

» For physical values of quark masses, m, = m, # 0, the
transition is smooth analytic crossover. Aoki et al, Nature 443, 675-678. (2006)

» At, m, = m, = () the transition becomes second order O(4) .

> For physical values of quark masses the pseudo-critical
temperature of QCD transition :

T,. = (156.5 + 1.5) MeV (158.0 + 0.6) MeV

S. Borsanyi et al.,
arXiv:2002.02821

A. Bazavov et al [HotQCD],
arXiv:1812.08235

» Success on comparison of LQCD with experiments: Hadrons freeze out
temperature from ALICE : 7, = 156.5 MeV i.e. close to the QCD crossover.

A.Andronic et al., Nature 561
(2018) 321



Outline

Bigger Picture : Understand the thermodynamics at the QCD
crossover, Study the QCD phase diagram, Indication of the location of
the critical point.....



QCD Phase diagram
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Chemical potential on the lattice

Zocp = [QZU [det MJe—>¢"), Where, M =D + m

»  The prescription for introducing chemical potential on the lattice,

Uy — explap) Uy

Ug — exp(—au) Ug
P. Hasenfratz, F. Karsch , Phys.Lett.B 125 (1983) 308-310

Zocp = JQZU det[M(m,, u )1"*det[M(m , u)1""* det(M(m,, u,)]""* e =)

Complex determinant !

Standard Monte Carlo methods fails !!




Chemical potential on the lattice

Zocp = JS’ZU det[M(m,, u, )1 *det[M(m, u1"* det[M(mg, p)]"* >V

Complex determinant !!

Standard Monte Carlo methods fails !!




Thermodynamics using Lattice QCD

The partition function of QCD:
Z ocp = [QZU det[M(m,, ,)]'"*det[M(my, u)1"™ det{M(mg, p)]"™ e~

12
Uu—'SMB BMQ’
[ ) — 1 ].
Calculationsaty =0 fa = 5HB = 3HQ
1 1
Ms—‘SNB SMQ S

» The Taylor series of the QCD pressure at finite temperature and
P(T,w) 1 ]

density: =TT = » e
i.j.k=0

KEOS iyl Al , o= I T

» Cumulants at vanishing chemical potential,
0i+j+kP/T4

RN
aﬂX

, X=DB,0,S

px=0

BOS _
2EO(T,0) =




Vanishing Chemical potential




Introduction

p QCD (Lattice) describes the dynamics of the strongly interacting matter
both in the high and low temperature regime.

> An approximate model of QCD can be used to identify various hadronic
species in the low temperature phase to extract the freeze out parameters
from experiment at small and vanishing y.

> Hadron resonance gas (HRG) models are in good agreement with the lowest
order cumulants ( )(,i( ) calculated in Lattice QCD at T' < T - 7})

however agreement starts to deteriorate as 1 approaches T ¢ (1) .

LQCD for small values of chemical potential

Cumulants Easily obtained from HRG models

Accesible to HIC experiments
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Scale settmg and continuum extrapolations
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Two different temperature scales

produce consistent continuum
extrapolation!!

T _ <Li
T, afg r

r, = 0.3106(8)(14) fm

fe = 155.71/2 MeV collaboration]

—X11

1/N?

) rJfx > Nifx = 0.1734(9)

[Milc

» We used r; and fx to set the scale for the lattice
spacing at finite values of the gauge coupling

p=10/g°.
p 1, frissolely determined through a lattice

calculation.

» The physical value of r; is needed, it requires

input from experiment.
0.028 —mr————————— éQ .................... - T:145 MeV
0.026 | - o— of I 150 MeV
@ —_— I 160 MeV
0.022 ]
0020 | v 1 lattices with
Lo |+ temporal extent
. | N,=38, 12, 16.
0.014 | , ‘+’ symbols are
L/N: | the corresponding

0.012 ' - - - -
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 00150 HRG value.

Continuum extrapolation based on Y}K (color) and T,,1 (black) scale
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Hadron Resonance Gas (HRG)

» The pressure of a non-interacting hadron resonance gas model:

, , (_|_ )k+1 ka
PIT* = Z—( my, I T) 2 ( - >exp[kCH WIT1, Ky(my/T) ~ exp(—my,/T)
H

BQS/T3 Z B}{Q}’?S”PH/T4 CH =(B,0,S), (//tB’ Ko :MS)

lmn

For ex. H could be all baryons and mesons listed in the PDG.



LOQCD vs HRG
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274 order cumulants
satisfy (m, = m;),

S S BS
X2 = QX% — X11

B B BS
X2 — 2X11Q — X11

» PDGHRG : Established resonances (3 and 4-star) from PDG
» OMHRG2020 : Additional resonances from PDG (1 and 2 star) and

from Quark Model calculations.

» Uniqueness: Identification of 1 and 2-star resonances with QM

prediction states.

D. Bollweg et al ,arXiv:2107.10011 ; J. Goswami et al, arXiv:2109.00268, SQM2021
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Electric charge fluctuations and their correlations with
baryon-number fluctuations
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work at 7, .

Deviations from non-
interacting HRG are robust

for ;(ﬁQ as temperature
approaches 7'~ 155 MeV

Need for interacting
HRG at Tpc : EVHRG,
virial expansions ??
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Excluded Volume HRG

Pressure of a HRG model which introduces additional repulsive interactions
through excluded volume:

P =Py + Py + P} + Py

. T b
szt — ZW Z ?gbB(Tv M) ! ¢B - ¢n0n—strange T ¢Stmnge ’ ¢B s baryon pressure
| 1€B i
= ¢pg — (WIT)Pz(T) + Bb*12T*p(T) + .. . ..

hp ~ e /T at high temperature only b = 16/37zr° , where r is hard sphere
radius of the hadron.

linear term will survive

B
REV (i )evare (X eviere  (XF)evEre

B e —
(X1B1Q)HRG (XﬁS)HRG (XQB)HRG

— 1 —4p PHRG(T) + O( bz) PgRG is the total pressure of
B baryon and anti-baryon.

V. Vovchenko et al, Phys. Lett.B 775, 71 (2017), K. Taradiy et al PRC 100, 065202,
P. Huovinen et al Phys.Lett.B 777 (2018) 125-130
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Improvement from

non-interacting HRG,

For y,

For )(1315 oneneedsb < 0.5 fm’

No single b will describe 5, v

BlQ oneneedsb > 1.5 fm?> and

B BS
1 =200 =t 09

B ., BO BS

and X0 0.8

simultaneously.
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It is evident that the differences in the HRG/

QCD cannot solely be taken care of in HRG
models that use the same size for all baryons.
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Two particle interactions (virial expansion)
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* Fate of the A" in ahot hadron gas close to T, will determine
the agreement of QCD and HRG.

* Currently, viral expansion based calculations consider
interaction between pion and nucleon.

P. M. Lo, et al, Phys. Lett. B 778, 454 (2018)
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Higher order (virial expansion) using LQCD
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1.1 |

‘N + higher order’interaction

A. Andronic, et al. Phys. Lett. B 792, 304 1

(2019) , P.M LO, K. Redlich CPOD 2020 0.9

We update the value of 1 in the
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temperature rangec
T €[135:156],A4; ~3 — 1.5 MeV~>
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Virial expansion + Missing strange particles
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Virial expansion based

treatmentof | S| = 2,31is
not known!!

Virial expansion for BS channel works
quite well.(Ramirez et al, Phys. Rev. C 98,

044910 (2018))

Multi-channel PWA by using the
approximation of intermediate quasi two-
body states.

Contributions from |S|=2,3 are still needed for
agreement with QCD.
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S-matrix based calculations of Kaons [K6‘<]
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K6‘< does not contribute to the

QCD thermodynamics as a point

n

Py ~ exp(—my/T)

Ny =6 HA
L s HFH |
. < 12 HOH
. ‘ > O 16 HAH
= EIA QMHRG2020 —— |
QMHRG2020[w K; (700)] = *
E T [MeV] Vir. ex. = =
| I ' ' ' :
140 145 150 155 160 165
N n
IaY)
X 1n QH S H PH

like non-interacting particle.

170

> Kg)k is not included in our QMHRG2020 list.

P At T ~ 130 MeV, the contribution of ground
state kaon and its P-wave excitation K*(892) to

)(1Q15 is more than 80 % .

p Contribution of K**(700) as a point like non-
interacting resonances would change the HRG

model result by almost 10 % .

P But the contribution is largely reduced in a virial
expansion that makes use of information on

scattering amplitudesin the S-wave K —
channel.

B. Friman et al, Phys. Rev. D 92, 074003 (2015)
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Finite Chemical potential




Thermodynamics using Lattice QCD

The partition function of QCD:
Z ocp = [QZU det[M(m,, ,)]'"*det[M(my, u)1"™ det{M(mg, p)]"™ e~

12
Uu—'SMB BMQ’
[ ) — 1 ].
Calculationsaty =0 fa = 5HB = 3HQ
1 1
Ms—‘SNB SMQ S

» The Taylor series of the QCD pressure at finite temperature and
P(T,w) 1 ]

density: =TT = » e
i.j.k=0

KEOS iyl Al , o= I T

» Cumulants at vanishing chemical potential,
0i+j+kP/T4

RN
aﬂX

, X=DB,0,S

px=0

BOS _
2EO(T,0) =




Expansion coeflicients of the Taylor series
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For simplicity we will consider the case,
pp F 0, pp = pg =0

Strictly positive for all temperatures.

» We show the continuum extrapolated results basedon N, € {6,8,12,16} and{6,8,12} lattices
respectively for the first two leading order coefficients.

» For the sixth and the eighth order expansion coefficients we have only used the N, = 8 dataset, where

we have generated ~ 1.5 million gauge configurations per T.

» Temperature dependence of the expansion coefficients depicts that deviations from the
thermodynamics of a non interacting HRG rapidly become large for higher order cumulants at non-

ZET0 Up.
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)(f is strictly negative for temperature

range, T € [135 : 165] MeV.
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Radius of convergence of Taylor series upto /2]83

Taylor series can be constructed from the expansion co-efficients,

P(T,pug) = P(T0) i X
1T, pp) = B = = ) Py(T)i¥, where, Py, = 2—]2;'
4 k=l ' B
B AN nB(T’ MB) - B A k—1 B - X2k
KT fig) = === = D NE_(D)iz~!, where, N5_| = Tt

» The convergence will slow down for higher order cumulant as the highest
expansion coefficient ( )(5 ) will be divide by smaller factorial.

» Range of reliability of the Taylor expansion will be smaller for the number
density than the pressure series.

» T'he usual ratio estimator of radius of convergence can be described as,
P _ 1/2 nB __ B B 1/2
o = | Pog_o/ Py | "= and )" = | N5, _5/N5, ;| for pressure and
number density respectively.
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Radius of convergence of Taylor series upto /2%

Taylor series can be constructed from the expansion co-efficients,

_ P(T.pp) = P(T.0) _ ) 1o
B - 2k _

( ﬂB) 1o 12
)(fg(Ta /:t\B) — B 2 2k— I(T) jok- Where NZB]{ 1 — (2k o 1)'

» The true radius of convergence can be written as,

True __ P nB
r = lim oy = Iim Iy -

C
k— o0 k— 00

» T'he usual ratio estimator of radius of convergence can be described as,
P _ 1/2 nB _ | ATB B (112
o = | Pog_o/ Py | "= and )y’ = | N5, _3/N5, | for pressure and
number density respectively.

rfk/rgf — \/[Qk/(Qk — )| =1+1/2k+ O(k™*)
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Radius of convergence and reliability of the expansion

Reminder : )(g is strictly negative for

0.5

04

03

0.2 -

0.1 -

0

0.3
0.28

0.26
0.24 -

0.22
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012 F
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4 - QMHRG2020 —

A PT4

| T=155MeV

Taylor :O(u/T)* e
51 O(uyTe mem
O(u/T)8

| | | | |
0 0.5 1 15 2 2.5 3 3.5

ng /T8

T =155 MeV
Taylor :O(u/T)3 mem
O(uy/T)°
O(u/T)”
QMHRG2020 —

b/ T
|

! ! ! !
0 0.5 1 1.5 2 2.5

- XB/T?

T =155 MeV
| Taylor :O(u/T)? e
O(ug/T)*
O(u/T)8 mmm
QMHRG2020 —

temperature range,

T € [135:165] MeV.

» Taylor expansion of the pressure, net baryon-number
density and the second order cumulant of net baryon-
number fluctuations are shown for different orders.

» Agreement between subsequent orders shifted to
smaller values of the chemical potential for higher
order cumulants.

» The deviations from the thermodynamics of non
interacting HRG also increase rapidly for higher order
cumulants.
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Searching for CEP using Pad¢ approxnmants

In practice we work with finite fx) = Z cx

number of coefficients!! ~
=
» Lee Yang : Phase transitions are related to singularities of the Taylor series on the
real axis.

» It all the expansion coefficients are of same sign, could be an indication that the
singularity of the series is on the real axis and hence is an indication of a critical
point.

» Alternatively, one could construct Padé approximants which are rational

2 ¢ L .
functions of the form, s = —=_— and evaluate its singularities.

b
1+ ) dix/
J=0

» Furthermore, singularities in the complex plane can show some universal scaling
behaviour related to LYEs close to a critical point (this will not be discussed here).
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Padé approxnmants from /i, S Taylor series

AP/T* = Zsz(T) 12k — (x + it +c62x + cg, 2x8)P2/P4 X=4[— Hp
k=1

Reminder : P, and P, are strictly positive for all temperatures.

» One can construct various [m,2] and [n,4] Padé’s from the above series.
Im € {2,4,6} and n € {2,4}]

» The convergence of Padé approximants will be unaffected by a singularity in the
complex plane contrary to the Taylor series.

» The poles of the Padé approximants closest to the origin determine the radius
of convergence.

» The poles of a general [m,2] and [n,4] Pad¢’s are the usual ratio estimator

(") and Mercer Roberts estimator (*) of radius of convergence of the

Tavlor series. A2
4 MR Cnt2 Cn—2 — G
r - — 2 , 1 CVCIl
Chn+a Gy — +2
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Constraints for areal pole of [4,4] Padé

Reminder : Critical points are related to the singularities on the real axis

(1 —c )2+ (1 = 2¢c o + g ) 3
P[4,4] _ 6,2 ( 6,2 8,2)

(1 = cop) + (cg2 — C62)X* + (g, — g o)X

Poles can be written as,

- . g2 — Con T+ \/ (cgo—Cq, 2)(C8 )~ C32) . 3/2
=4 = a2l L Cgp = =2+ 3¢ £ 2(1 —¢4)
82— C62
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*

*

Location of the poles from [4,4] Padé approximants for QCD

" po =0, us =0
I €82

0 \\__/ T=125 MeV ]
L i T=130 MeV
[ T=135 MeV

1 i T=140 MeV |

L T=145 MeV
[ T=150 MeV

B o Sl Db B T @

T=155 MeV ]

T=160 MeV
T=165 MeV

T=170 MeV ]

Hence, the bound for CEP is,

TCEP < 135 MeV.
Consistent with

TCEP < Ml (~ 130 MeV)

1T

—TT

T=135
T=140
T=145
T=150
T=155
T=160
T=165
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Radius of convergence from diagonal Padé approximants

1/4
4y 14 12707 | T—¢en

=D, 2
X0 Cgo — €82

4+ Hence, the bound for CEP is,

T [MeV]

2 I I I I I I I
135 140 145 150 155 160 165
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Radius of convergence and reliability of expansion

Ha=Hs=0
0.7 T T
0.4 ‘ ‘ ‘ ‘ ‘ 0.2
0T apm 0.35 | Ns/T° - X3 /T2
O o 155 Mev 03 - 018 1
Z: Tayor OU8) oi dTP:[E?;%AEj/ = 010 dZPd[:agilZE] =
: . Taylor :0(u]) Taylor :O(ug)
02 0.15 | . 0.14 -
0.1 - 000'; : 0.12 |
0 ‘ : : : : ' ps/T ps!T
0 0.5 1 1.5 2 2.5 3 0 ‘ L ‘ ‘ L 0.1 ! | ! !
0 0.5 1 15 2 25 0 05 1 15 5
Pade approximant and Padé approximant and Padé approximant and
Taylor series show good . .
Taylor series show good Taylor series show good
agreement for, A R
fip < 2.5 agreement for, fip < 2 agreement for , fip < 1.5

* The current range of reliability of the expansions are different for different observables.

Whichiis, fig/T ~ 2.5, 2 and 1.5 for pressure, net-baryon number density and second
order baryon number fluctuations close to the pseudo-critical temperature.
* All the observables have same “true” radius of convergence. The current updated

estimate is |fiy| ~ 3, close to the pseudo-critical temperature.

Similar qualitative results can be obtained for ng = O,nQ/ ng = 0.4, the condition that is met in the
relativistic Heavy lon collision experiments
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Pseudo-critical line from LQCD and Freeze out from RHIC

Thermal conditions at HIC :
1. Strangeness Neutrality : (V) = 0 = )(IS

N Q
< Q> =O4=)(_18
(Np) X1

2
1B
TPC(”B) = Tpc (1 — KR (?) — K

Modification in Taylor series,
3
Hs = S1ip T S3p T

QB + q3ps +

c

175 . ' ' '

. Tpc[,\[o\--'] crossover line: 0(/1\’};)
170 constant: €
165 | + s =
160 L 4 ALICE =

--------
.

oooooooooooo
4 = BROOOOOOOOOOOOOOO0O0C SOOOOOOS OO0
oooooo SOOOOOSOESSESEN00
oooooooooooooooooooo OO
) RGO OOOL
L AR OOOOORSOOOOOO00
...................
................
ooooooooooooooooooooooooo
oooooooo
oooooo

ng = 0, %‘f =04
ip [MeV]
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Comparison of LQCD with experiments
Ho = pg = 0, for simiplicity

P(T, up) — P(T,0) = xZ 12 /2! + xB s /41 + xE 1% /6! + X 1%, /8!
|

Mean : x7'(T, 1) = x5 5 + X4 1i 3+ XG 15 /5! + X8 1/ T = g M
1
Variance : x5 (T, ) = X5’ + x4 1B/2! + X6 Wi /A + XS 1 6! = 507,
Volume independent ratio of susceptibility,
Mp _ xu(Topp)  Spop _ xs(Tops) o o xa(T.pp)
9 9 — 9 B —
o x2(Tops) Mp  x1(T,ps) x2(T, uB)
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Ratio of Mean and Variance in the pseudo-critical line
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STAR 2021 update
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