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I. Introduction



Energy in general relativity

Einstein equation

energy momentum tensor (EMT)gravity matter

: metric gμν(x)

<latexit sha1_base64="1lCWzk7ExiOKZxlHai3lLp8Kjhc="></latexit>

Tµ⌫(x) :=
1p
�g

�Smatter

gµ⌫(x)

<latexit sha1_base64="i0/ZfFKGZpBnm2ReVKxZUNrxoaY="></latexit>

ds2 = gµ⌫(x)dx
µdx⌫

: covariant derivative ∇μ

: Christoffer symbolΓν
μα

<latexit sha1_base64="easTDVQr+GjRLFdYUEe5rESWl08="></latexit>

�µ
↵� =

1

2
gµ⌫ [g⌫�,↵ + g↵⌫,� � g↵�,⌫ ]

<latexit sha1_base64="GQA9p9utmKltZur0OBCu9NWbjbQ="></latexit>

f,µ := @µf
<latexit sha1_base64="Kshcjevl3WNDyPVx/gX2Foerp4E="></latexit>

rµv
⌫ = v⌫ ,µ + �⌫

µ↵v
↵

: Reimann curvatureRμνα
β

<latexit sha1_base64="S6KO64JpPc3ye/pSq3YDQpF1Dgo="></latexit>

[rµ,r⌫ ]v↵ = Rµ⌫↵
�v�

: Ricci tensorRμν
<latexit sha1_base64="aOTgfQWnUSPM0ZtiGST/EZCBAxc="></latexit>

Rµ⌫ = Rµ↵⌫
↵ : scalar curvatureR

<latexit sha1_base64="v6y00ehwlJzlTRkW+fT6rE3LVIs="></latexit>

R = gµ⌫Rµ⌫

: cosmological constantΛ

<latexit sha1_base64="ap2tTEeTrGJCppjlxyH4/aT33N8="></latexit>rµg↵� = 0

<latexit sha1_base64="byjbxHa2bD84yoJjSSsS0HIZCPc="></latexit>

g := det gµ⌫

<latexit sha1_base64="gtZ+52CjuVp6n9ho7gUw66upt8k="></latexit>

Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 2Tµ⌫

<latexit sha1_base64="IzLFDaBxz0lpkn8Hfhdo+LuWejM="></latexit>

 := 4⇡G



<latexit sha1_base64="7xgcJ5273OeVEFNC+885xh/5G24="></latexit>

rµT
µ
⌫ = 0

Bianchi identity 

covariant conservation

However what we need for a conserved charge is
<latexit sha1_base64="Uy0QySaa8kwbr4HUtnPVx1p6N0U="></latexit>

@µ(
p
�gTµ

⌫) = 0

but in general
<latexit sha1_base64="zNdxDyhi+ySeDhPVq7Z9Hsk6gLQ="></latexit>

@µ(
p
�gTµ

⌫) 6= 0

What is a (conserved) energy in GR ?

even  though
<latexit sha1_base64="7xgcJ5273OeVEFNC+885xh/5G24="></latexit>

rµT
µ
⌫ = 0

<latexit sha1_base64="NNZiRIZIMlp2QgKPds6ql5/ISjo="></latexit>

rµ

✓
Rµ

⌫ � 1

2
�µ⌫R

◆
= 0

<latexit sha1_base64="gtZ+52CjuVp6n9ho7gUw66upt8k="></latexit>

Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 2Tµ⌫



(Textbook) answers
Traditional

Modern

give up covariance

Einstein

give up a local definition of energy

No local gravitational energy ?

Landau-Lifshitz, Weber, 内山, Weinberg, Misner-Thorne-Wheeler, ⋯

∂μ [ −g(Tμ
ν + tμ

ν)] = 0 modify the EMT to satisfy the conservation law.

 is not covariant (pseudo-tensor). gravitational energy ? (Einstein)tμν

E = ∫V
d3x −g(Tμ

ν + tμ
ν) more than 2 particles, Cartesian, asymptotic flat, …

This violates the fundamental principle of GR.

Wald, ⋯

E =

Z

r!1
dS (quasi-local energy) E =

Z
dV (local energy)

Komar, Bondi, Arnowitt-Deser-Misner, Gibbons-Hawking, 
Brown-York 

No unified definition (case by case). asymptotic behavior,  subtraction

Both are not satisfactory. Alternative ?
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II. Noether’s 2nd theorem  
and conserved charges  
in general relativity 

S. Aoki and T. Onogi,  “Conserved non-Noether charge in general relativity:  
Physical definition vs. Noether’s 2nd theorem”, 
arXiv:2201.09557[hep-th]..



II.1. Noether’s 2nd theorem in general relativity  

内山龍雄「一般相対性理論」 R. Utiyama, PTP 72 (1984) 83.



<latexit sha1_base64="rS3QMsrSi2YTBm1QVbyFqlOtIiE="></latexit>

L = LG + LMLagrangian density
<latexit sha1_base64="fn7lNNQ3rRDaEHbzYxLSIbM8axE="></latexit>

LG =
1

2

p
�g(R� 2⇤)

<latexit sha1_base64="+/ifnD1ecqiOM2QdAMJe6vGT7UY="></latexit>

LM =
p
�g


�1

2
gµ⌫@µ�@⌫�� V (�)

�

Action

scalar theory

<latexit sha1_base64="c38yI1Z55wjlyH2oLtWNw6FrFf0="></latexit>

S⌦ =

Z

⌦
ddxL

equation of motion (EOM)

<latexit sha1_base64="5s2/O3E4Uis02L/rBOpBj1kqDAw="></latexit>

Eµ⌫
G := �

p
�g

2

✓
Rµ⌫ � 1

2
gµ⌫(R� 2⇤)� 2Tµ⌫

◆
= 0

<latexit sha1_base64="n/sBb3lW22F/hhCvfAQEcVEia84="></latexit>

E� :=
p
�g (rµrµ�� V 0(�)) = 0

variation

Einstein-Hilbert action

<latexit sha1_base64="Lqn3GRVClJ7AlHRZNfjG6uFPJeY="></latexit>

�gµ⌫ ,�S⌦ = 0



Invariance under “gauge” transformation
(infinitesimal) general coordinate transformation

<latexit sha1_base64="5mzwKYG5MvP/rJCxYdhW8zfqS94="></latexit>

�xµ := (x0)µ � xµ = ⇠µ(x)
<latexit sha1_base64="I2040zglE1iKBvyPGCazx2vq/BA="></latexit>

��(x) := �0(x0)� �(x) = 0
<latexit sha1_base64="OSVhOJALBQ81nlrpGY505EbiSSE="></latexit>

�gµ⌫(x) := g0µ⌫(x
0)� gµ⌫(x) = �⇠↵,µ(x)g↵⌫(x)� ⇠↵,⌫(x)gµ↵(x)

Invariance
<latexit sha1_base64="dFNMDi7aDkflAEwDiMcvLQidxAg="></latexit>

�S⌦ =

Z

⌦
ddx ⇠↵ [2@µ(E

µ⌫
G g⌫↵)� Eµ⌫

G gµ⌫,↵ � E�@↵�] +

Z

⌦
ddx @µJ

µ[⇠] = 0

<latexit sha1_base64="OGdYSTF+BbaiBbRcJZhUxWhSKGg="></latexit>

⇠µ(x) = ⇠µ,↵(x) = ⇠µ,↵�(x) = 0
<latexit sha1_base64="d2GhmWlcv2uDfFM145ofi9TlM20="></latexit>

x 2 @⌦
<latexit sha1_base64="wedGS4qcrvawb0CWG5fs592H3qg="></latexit>

(1) boundary of ⌦

<latexit sha1_base64="WHSjQ1T1wyGLuLcwi2t8l6F+FbA="></latexit>

arbitrary choice of ⌦

<latexit sha1_base64="lZTPvdE9Rv7HIlGbzaiBpbbnp38="></latexit>

[2@µ(E
µ⌫
G g⌫↵)� Eµ⌫

G gµ⌫,↵ � E�@↵�] = 0
<latexit sha1_base64="dvK0PsZc1/F3afVa5OiOqyTH/7Y="></latexit>

d constraints

<latexit sha1_base64="wVu4Bo+awuPycQ6WGxc1TY7xxNo=">AAACiXichVG7ThtBFD1sEjAmgEkapDSr2CDTWLMuwHJlyU262BADEibW7HowI/al2bEVx+IH+AEKKiIhFKVJCy0NP0DBJ6CUREqTItfrlRBBwF3tzLln7rlzZsYOXRlpxq7HjBcvX41PpCbTU6+nZ2Yzc2/Wo6CrHNFwAjdQmzaPhCt90dBSu2IzVIJ7tis27L3qcH2jJ1QkA/+T7odi2+MdX+5Ih2uiWplcvrhkcmVLrbjqm7 nmF/m56XVzJvfblH30RIfnWpksK7A4zIfASkAWSdSCzCmaaCOAgy48CPjQhF1wRPRtwQJDSNw2BsQpQjJeF9hHmrRdqhJUwYndo7FD2VbC+pQPe0ax2qFdXPoVKU0ssCv2nd2yS/aD3bC/j/YaxD2GXvo02yOtCFuzB/Nrf55VeTRr7N6pnvSssYNS7FWS9zBmhqdwRvre18PbtfLqwmCRfWO/yP8xu2YXdAK/99s5qYvVI6TpAaz/r/shWC8WrOVCsV7MVkrJU6TwDu+Rp/teQQUfUEOD9j3AT5zh3JgyLKNklEelxliieYt7YVT/AbzMlb8=</latexit>

(2) arbitrary ⇠µ and ⌦

<latexit sha1_base64="6YK5PQB9vsxYfxfYKFsYXvZcnBg="></latexit>

@µJ
µ[⇠] = 0 conserved



conserved current from Noether’s 2nd theorem

<latexit sha1_base64="6YK5PQB9vsxYfxfYKFsYXvZcnBg="></latexit>

@µJ
µ[⇠] = 0

<latexit sha1_base64="/Eik/qtizNP55mON0foMm0Qx3Fs="></latexit>

Jµ[⇠] =
1

2

p
�gr⌫

h
r[µ⇠⌫]

i
<latexit sha1_base64="ZycAE42eTCf+TR5Ob5rdF3f1lWM="></latexit>

= Aµ
⌫⇠

⌫ +Bµ
⌫
↵⇠⌫ ,↵ + Cµ

⌫
↵�⇠⌫ ,↵�

<latexit sha1_base64="JqoDw4iWVzRYSd1EK3COiaLYKzA="></latexit>

@µA
µ
⌫ = 0

<latexit sha1_base64="zm1V+faRrvH54o3+iqJVEotMD7g="></latexit>

Aµ
⌫ + @↵B

↵
⌫
µ = 0

<latexit sha1_base64="o76gPREgnFPYalkiuIILDh4Y8SY="></latexit>

Bµ
⌫
↵ +B↵

⌫
µ + 2@�C

�
⌫
µ↵ = 0

<latexit sha1_base64="ecwjIC9HrGwSVzSwGE6sf9wtX1E="></latexit>

Cµ
⌫
↵� + C�

⌫
µ↵ + C↵

⌫
�µ = 0

These conservation equations hold for arbitrary off-shell  

without using EOM.

gμν, ϕ

conserved

<latexit sha1_base64="+AIIKfD0yxJOZqge+z0SppygHYE="></latexit>

Aµ
⌫ = �@↵B̃

↵
⌫
µ, B̃↵

⌫
µ :=

1

2
B[↵

⌫
µ] � 1

3
@�C

[↵
⌫
µ]� total derivative

arbitrary ξν



II.2. Non-covariant conserved charge: 
pseudo-tensor  

S. Aoki and T. Onogi,  “Conserved non-Noether charge in general relativity:  
Physical definition vs. Noether’s 2nd theorem”, 
arXiv:2201.09557[hep-th]..



non-covariant off-shell conserved current density
<latexit sha1_base64="RoLZYxQje0LVW9qcvoHvuTO9rU0="></latexit>

Aµ
⌫ =

p
�g

2

h
2Rµ

⌫ + gµ↵��
�⌫,↵ � g↵��µ

↵�,⌫

i

M @Ms

⌃t2

⌃t1

@M = @Ms � ⌃t2  ⌃t1 boundaries

<latexit sha1_base64="9sWB7G4HLv1tMdFHTgcNF28YODg="></latexit>

0 =

Z

M
ddx @µA

µ
⌫ =

Z

⌃t2

(dd�1x)µA
µ
⌫ �

Z

⌃t1

(dd�1x)µA
µ
⌫ +

Z

@Ms

(dd�1x)µA
µ
⌫

<latexit sha1_base64="+0lqkosOJmKVsMEHZn+w4afum0w="></latexit>

= 0 on @Ms

<latexit sha1_base64="3IVnOBn7+XpjdzTSFk/3NfHC1ZQ="></latexit>

Qpseudo,⌫(t) :=

Z

⌃t

(dd�1x)µA
µ
⌫ conserved



conserved energy from pseudo-tensor

EOM
<latexit sha1_base64="L0gx3UlKtw/0Gp7oMzq5DVJn4hY="></latexit>

Eµ⌫
G = 0

<latexit sha1_base64="fXljBUvOID0Fj2AMeBJAHTJNb1s="></latexit>

Aµ
⌫ =

p
�g (Tµ

⌫ + tµ⌫)

<latexit sha1_base64="mnEBOzi+zcM3vetEXHpBP1UdNLU="></latexit>

tµ⌫ :=
1

2


Rµ

⌫ +
�µ⌫
2
(R� 2⇤) + gµ↵��

�⌫,↵ � g↵��µ
↵�,⌫

�

Einstein’s pseudo-tensor

energy of gravitational field ?

<latexit sha1_base64="6UaOYqo7IimviodZZkr9WVoShHQ="></latexit>

Epseudo = �
Z

⌃
[dd�1x]0

p
�g

�
T 0

0 + t00
�
=

Z

@⌃
[dd�2x]0kB̃

k
0
0

quasi-local expression
<latexit sha1_base64="lNP0SBEGRVuZhYysubvJiRzo5B8="></latexit>

Aµ
⌫ = �@↵B̃

↵
⌫
µ



II.3. Covariant conserved charge: 
Komar integral  

S. Aoki and T. Onogi,  “Conserved non-Noether charge in general relativity:  
Physical definition vs. Noether’s 2nd theorem”, 
arXiv:2201.09557[hep-th]..



Covariant off-shell conserved current density

<latexit sha1_base64="/Eik/qtizNP55mON0foMm0Qx3Fs="></latexit>

Jµ[⇠] =
1

2

p
�gr⌫

h
r[µ⇠⌫]

i
<latexit sha1_base64="6YK5PQB9vsxYfxfYKFsYXvZcnBg="></latexit>

@µJ
µ[⇠] = 0

Conserved charge (Komar integral)

<latexit sha1_base64="S8CmXDtlZVNyZuyJgYYnNe5qb3w="></latexit>

QKomar[⇠] =

Z

⌃
[dd�1x]µJ

µ[⇠] =
1

2

Z

@⌃
[dd�2x]µ⌫

p
�gr[µ⇠⌫]

quasi-local expression

A different choice of   gives a different conserved charge.ξ

Komar, PR113(1959)934



II.3.1 Komar energy

  : Killing vectorξμ <latexit sha1_base64="O7g+BhqyDykteJndzdS/iTRyIUM="></latexit>

rµ⇠⌫ +r⌫⇠µ = 0

isometry: metric is invariant under the general coordinate transformation by ξμ

<latexit sha1_base64="ZfUtAydAmkkMgha6BL+tZrxksh0="></latexit>

EKomar =
1



Z

⌃
[dd�1x]µ

p
�gRµ

⌫⇠
⌫ =

Z

⌃
[dd�1x]µ

p
�g


2Tµ

⌫⇠
⌫ � 2

d� 2
T ⇠µ +

2

(d� 2)
⇤⇠µ

�

<latexit sha1_base64="vr6DsbYZPujKnns0XJS4jCik0uE="></latexit>

r⌫r[µ⇠⌫] = 2gµ↵r⌫r↵⇠
⌫ = 2gµ↵[r⌫ ,r↵]⇠

⌫ = 2Rµ
⌫⇠

⌫

Einstein equation
<latexit sha1_base64="gtZ+52CjuVp6n9ho7gUw66upt8k="></latexit>

Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 2Tµ⌫

Killing vector

<latexit sha1_base64="GT/CI7rW0aCTR7iBtk3UyaiVWFU="></latexit>

lim
!0

EKomar 6= Eflat

<latexit sha1_base64="S5kNH+JEo6G33bHU2GggbQiHtDQ="></latexit>

T := Tµ
µ

<latexit sha1_base64="/Eik/qtizNP55mON0foMm0Qx3Fs="></latexit>

Jµ[⇠] =
1

2

p
�gr⌫

h
r[µ⇠⌫]

i



II.3.2 Wald entropy Wald, PRD48 (1993)R3427
<latexit sha1_base64="ALQPszEKxy6dH3U4A0Z335h9ZJw="></latexit>

SWald = QKomar[⇠ = t+ ⌦H']

 : stationary Killing vectortμ  : axial Killing vectorφμ  : angular velocityΩH

II.3.3 Energy from asymptotic symmetry
<latexit sha1_base64="WurpjzkWoqmAUlVoU+07q9jmSbc="></latexit>

Easym = QKomar[⌘]

 : asymptotic time-like Killing vector(  at spacial infinity).ην ∇μην + ∇νημ = 0

asymptotically flat: Poincare group ADM energy

asymptotically de Sitter: SO(d,1)

asymptotically Anti de Sitter: SO(d,2)



II.4 Cautions on charges  
from Noether’s 2nd theorem  



The current associated with local symmetries always conserved without using  
equations of motion.  
Thus conservations of “energy” are merely identities and do not reflect dynamical 
properties of the system.

In addition, these charges from the Noether’s 2nd theorem are easily modified by 
an arbitrary total derivative, which can be added without changing  equations of 
motion. 

L ! L+ @µ(
p
�gKµ) Jµ[⇠] ! Jµ[⇠] +

p
�g

h
⇠[µr⌫K

⌫] �K [µr⌫⇠
⌫]
i

pseudo-tensor

Komar integral

non-covariant, ambiguity by total derivative

covariant, ambiguity by total derivative and ξμ

In  limit, they DON’T reduce to energy in the flat spacetime.κ → 0



III. Our physical definition  
vs.  

Noether’s 2nd theorem 
 in general relativity 

S. Aoki and T. Onogi,  “Conserved non-Noether charge in general relativity:  
Physical definition vs. Noether’s 2nd theorem”, 
arXiv:2201.09557[hep-th]..



III.1 Our proposal for  
conserved non-Noether charge  

S. Aoki, T. Onogi and S. Yokoyama, 
“Charge conservation, Entropy, and Gravitation”,  
Int. J. Mod. Phys. A36 (2021)2150201, arXiv:2010.07660[gr-qc].



construct covariantly conserved current from EMT Jμ := Tμ
νζν

condition ∇μJμ = Tμ
ν ∇μζν = 0

<latexit sha1_base64="7xgcJ5273OeVEFNC+885xh/5G24="></latexit>

rµT
µ
⌫ = 0

conserved charge

∵

rµJ
µ = (rµT

µ
⌫)⇣

⌫ + Tµ
⌫rµ⇣

⌫

Q[⇣] =

Z

⌃
[dxd�1]µ

p
�gTµ

⌫⇣
⌫

covariant

∵

@µ(
p
�gTµ

⌫⇣
⌫) =

p
�grµ(T

µ
⌫⇣

⌫) = 0

rµJ
µ =

1p
�g

@µ(
p
�gJµ) holds for an arbitrary vector

= 0

solution  always existsζν



III.2. Energy conservation by symmetry  

S. Aoki, T. Onogi and S. Yokoyama, 
“Conserved charge in general relativity”,  
Int. J. Mod. Phys. A36 (2021) 2150098, arXiv:2005.13233[gr-qc].



Killing vector
<latexit sha1_base64="Cfj2IjyCLl4NJarzq5cDPohSaCE="></latexit>

rµ⇠⌫ +r⌫⇠µ = 0

<latexit sha1_base64="Wf//H/Dglglzb+XCkJttmW22Yaw="></latexit>

⇣µ = ⇠µ

Symmetry (isometry) in GR

take Tμ
ν ∇μζν =

1
2

Tμν(∇μξν + ∇νξμ) = 0

ℒξgμν = ∇μξν + ∇νξμLie derivative with vector  ξμ

E =

Z

⌃
[dxd�1]µ

p
�gTµ

⌫⇠
⌫energy  : “time-like” Killing vectorξν

This energy is conserved as a charge from Noether’s 1st theorem for a symmetry 
generated by  acting on a fixed background metric ξν gμν

This gives a covariant and universal definition of a total energy. 
 In  , it reduces to the standard one in the flat spacetime. κ → 0



This definition has been found in some literature:

1. V. Fock, TheTheory of Space, Time and Gravitation (Pergamon Press, New York 1959)

2. A. Tautman, Kings Collage lecture notes on general relativity, 

mimeographed note (unpublished), May-June 1958; Gen. Res. Grav. 34 (2002), 721-762,  
Fock’s book was cited.

3. A. Tautman’s lecture notes was cited by Komar in  PRD127(1962)1411.

However, this definition was forgotten in major textbooks (e.g. Landau-Lifshitz) 
except a few.

4. R. Wald, General Relativity (The University of Chicago Press, Chicago, 1984), 

p.286, footnote 3.

See also Hawking Ellis, lecture notes by Blau; Shiromizu, Sekiguchi (Japanese).

Conserved energy with a Killing vector 

No applications. Let’s try using this.

E =

Z

⌃
[dxd�1]µ

p
�gTµ

⌫⇠
⌫



III.2.1 Vacuum energy

ds2 = �f(r)(dx0)2 +
1

f(r)
dr2 + r2d⌦2

d�2 f(r) = 1� 2⇤r2

(d� 2)(d� 1)

Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 0

“time-like” Killing vector ξν = − δν
0

by definition Evac
our = 0

on the other hand

Evac
pseudo = Evac

Komar = � 2⇤⌦d�2

(d� 2)

Z 1

0
dr rd�2

⇢
= 0 ⇤ = 0
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Metric
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II.3. Energy conservation without symmetry  

S. Aoki, T. Onogi and S. Yokoyama, 
“Charge conservation, Entropy, and Gravitation”,  
Int. J. Mod. Phys. A36 (2021)2150201, arXiv:2010.07660[gr-qc].
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Gravitational collapse for thick light shell

which exactly gives a mass of the black hole. While we here use the first expression, ∂rθ(r),

for the EMT, the second distributional expression, δ(r), leads to the same result, showing

a correctness of the distributional approach.

2.3 Energy conservation without symmetry

We next consider a case without Killing vector for the time translation. Even in such a

case, the energy defined by (2.5) is time independent if the EMT satisfies

Tµ
ν∇µξ

ν = −Tµ
νΓ

ν
µ0 = 0, ξµ := −δµ0 (2.16)

in addition to the conservation. In this case the energy E is conserved but is NOT a

Noether charge associated with time translation invariance.

Let us consider a simple model of gravitational collapses for thick light shell[12], whose

metric in the Eddington-Finkelstein coordinate is given by

gµνdx
µdxν = −(1 + u)dτ2 − 2udτdr + (1− u)dr2 + r2ḡijdx

idxj , (2.17)

where x0 = τ , ḡij is the d− 2 metric for a sphere, and
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(
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∆

)
, 0 ≤ τ + r ≥ ∆, II

0, τ + r < ∆, III

, (2.18)

where a monotonically increasing function F (x) satisfies F (0) = 0 and F (1) = 1. The

vector ξµ = −δµτ is NOT a Killing vector due to an existence of the light shell region

(II), while it becomes the Killing vector in Schwarzschild (I) and Minkovski (III) regions.

See Fig. 2 (Left), where solid lines represent infalling lights which reach the origin at

τ = 0, τ0,∆.
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Figure 2. (Left) Gravitational collapse of thick light shells in the Eddington-Finkelstein coordinate.
Solids lines represent infalling lights which reach the origin at τ = 0, τ0,∆. (Right) The local energy
density ε(r) as a function of r at various τ . Here we consider F (x) = x case as a simplest example,
and ε(r) has δ function contribution at r = 0, represented by a thick vertical line.

where ḡ is the determinant of ḡij .

At τ < 0 (before the collapse without a black hole), (2.21) is evaluated as

E(τ) = =
(d− 2)MVd−2

16πG

∫ ∆−τ

−τ
dr ∂r(θF ) =

(d− 2)MVd−2

16πG
:= Etot. (2.22)

At 0 ≥ τ ≥ ∆ (during the collapse with a growing black hole), we obtain

E(τ) = Etot

∫ ∆−τ

0
dr ∂r(θF ) = Etot

[
1− θ(0)F

( τ

∆

)]
= Etot, (2.23)

which can be evaluated differently using ∂r(θF ) = δ(r)F + ∂rF as

E(τ) = Etot

[
F
( τ

∆

)
+
{
F (1)− F

( τ

∆

)}]
= Etot, (2.24)

where the first term represents a mass of a growing black hole while the second one is a

total energy of remaining light shells.
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Figure 2. (Left) Gravitational collapse of thick light shells in the Eddington-Finkelstein coordinate.
Solids lines represent infalling lights which reach the origin at τ = 0, τ0,∆. (Right) The local energy
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Figure 2. (Left) Gravitational collapse of thick light shells in the Eddington-Finkelstein coordinate.
Solids lines represent infalling lights which reach the origin at τ = 0, τ0,∆. (Right) The local energy
density ε(r) as a function of r at various τ . Here we consider F (x) = x case as a simplest example,
and ε(r) has δ function contribution at r = 0, represented by a thick vertical line.

where ḡ is the determinant of ḡij .

At τ < 0 (before the collapse without a black hole), (2.21) is evaluated as

E(τ) = =
(d− 2)MVd−2

16πG

∫ ∆−τ

−τ
dr ∂r(θF ) =

(d− 2)MVd−2

16πG
:= Etot. (2.22)

At 0 ≥ τ ≥ ∆ (during the collapse with a growing black hole), we obtain

E(τ) = Etot

∫ ∆−τ

0
dr ∂r(θF ) = Etot

[
1− θ(0)F

( τ

∆

)]
= Etot, (2.23)

which can be evaluated differently using ∂r(θF ) = δ(r)F + ∂rF as

E(τ) = Etot

[
F
( τ

∆

)
+
{
F (1)− F

( τ

∆

)}]
= Etot, (2.24)

where the first term represents a mass of a growing black hole while the second one is a

total energy of remaining light shells.
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Finally at τ > ∆ (after the collapse with the final black hole), we evaluate the total

energy as

E(τ) = Etot

∫ ∞

0
drδ(r) = Etot, (2.25)

which agrees with the mass of the final black hole.

The total energy is conserved as E(τ) = Etot, and we plot typical distributions of the

local energy density in Fig. 2 (Right).

Other examples have been also discussed in [8], and gravitational collapses for more

general energy-momentum tensors have been investigated recently in [13].

2.4 Conserved charge in the absence of energy conservation

We finally consider the most general cases, where the Killing vector for time translation is

absent and (2.16) is not satisfied. Such an example we take is a model of homogeneous and

isotropic expanding universe in Einstein gravity with a cosmological constant Λ, described

by the d-dimensional Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric[14–17],

ds2 = −(dx0)2 + a2(x0)g̃ijdx
idxj , (2.26)

where a(x0) is the scale factor dependent only on time x0, and the d− 1-dimensional Ricci

tensor for g̃ij becomes R̃ij = (d−2)kg̃ij with k = 1 (sphere), 0 (flat space), −1 (hyperbolic

space).

The EMT is given by the perfect fluid as

T 0
0 = −ρ, T i

j = P δij , T 0
j = T i

0 = 0, (2.27)

where ∇µTµ
ν = 0 implies

ρ̇+ (d− 1)(ρ+ P )
ȧ

a
= 0, ρ̇ := ∂0ρ, ȧ := ∂0a, (2.28)

while the Einstein equation leads to

8πGρ =
(d− 1)(d− 2)

2

(k + ȧ2)

a2
− Λ, 8πGP = (2− d)

[
ä

a
+

(d− 3)

2

(k + ȧ2)

a2

]
+ Λ. (2.29)

In this case, the energy is given by

E(x0) := −
∫

dd−1x
√
−gT 0

0 = ρ(x0) = Vd−1a
d−1ρ, Vd−1 :=

∫
dd−1x

√
g̃, (2.30)

whose is NOT conserved unless P = 0 as

Ė

E
= −(d− 1)

ȧ

a

P

ρ
$= 0. (2.31)

To define a conserved charge as a generalization of energy, we take ζµ = −β(x0)δµ0 to

satisfy (2.4), which leads to[8]

−T 0
0β̇ − T i

jΓ
j
i0β = ρβ̇ − (d− 1)P

ȧ

a
β = 0, (2.32)
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which exactly gives a mass of the black hole. While we here use the first expression, ∂rθ(r),

for the EMT, the second distributional expression, δ(r), leads to the same result, showing

a correctness of the distributional approach.

2.3 Energy conservation without symmetry

We next consider a case without Killing vector for the time translation. Even in such a

case, the energy defined by (2.5) is time independent if the EMT satisfies

Tµ
ν∇µξ

ν = −Tµ
νΓ

ν
µ0 = 0, ξµ := −δµ0 (2.16)

in addition to the conservation. In this case the energy E is conserved but is NOT a

Noether charge associated with time translation invariance.

Let us consider a simple model of gravitational collapses for thick light shell[12], whose

metric in the Eddington-Finkelstein coordinate is given by

gµνdx
µdxν = −(1 + u)dτ2 − 2udτdr + (1− u)dr2 + r2ḡijdx

idxj , (2.17)

where x0 = τ , ḡij is the d− 2 metric for a sphere, and

u(r, τ) := −m(r, τ)

rd−3
, m(r, τ) :=






Mθ(r), τ + r > ∆, I

Mθ(r)F

(
τ + r

∆

)
, 0 ≤ τ + r ≥ ∆, II

0, τ + r < ∆, III

, (2.18)

where a monotonically increasing function F (x) satisfies F (0) = 0 and F (1) = 1. The

vector ξµ = −δµτ is NOT a Killing vector due to an existence of the light shell region

(II), while it becomes the Killing vector in Schwarzschild (I) and Minkovski (III) regions.

See Fig. 2 (Left), where solid lines represent infalling lights which reach the origin at

τ = 0, τ0,∆.

Since

Γ0
00 =

1 + u

2
uτ −

u

2
ur = −Γr

r0, Γ0
r0 =

u

2
uτ +

1− u

2
ur, Γr

00 = −2 + u

2
uτ +

1 + u

2
ur,

and relevant components of the EMT are given by[8]

T 0
0 =

(d− 2)

16πG

(
rd−3u

)
r

rd−2
, T r

r =
(d− 2)

16πG

[(
rd−3u

)
r

rd−2
− 2(u)τ

r

]
,

T 0
r =

(d− 2)

16πG

(u)τ
r

= −T r
0, (2.19)

(2.16) is satisfied as

Tµ
νΓ

ν
µ0 = (T 0

0 − T r
r)Γ

0
00 + T 0

r(Γ
r
00 − Γ0

r0) = 0. (2.20)

In this system, the energy (2.5) is calculated as

E(τ) = −
∫

dd−1x
√
−gT 0

0 =
(d− 2)Vd−2

16πG

∫ ∞

0
dr [m(r, τ)]r , Vd−2 :=

∫
dd−2x

√
ḡ, (2.21)
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cf. energy from Noether’s 2nd theorem
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II.4. Conservation charge  
in the absence of energy conservation  

S. Aoki, T. Onogi and S. Yokoyama, 
“Charge conservation, Entropy, and Gravitation”,  
Int. J. Mod. Phys. A36 (2021)2150201, arXiv:2010.07660[gr-qc].



A solution  to ζν Tμ
ν ∇μζν = 0

For a spherically symmetric system, a solution is known as a Kodama vector.
Kodama’80

Take ζν = βvν

1st order linear PDE

If an initial value  is given at some  β(x0, ∀ ⃗x ) x0

A solution exists (unless  identically vanishes).A0(x)

There exists a generalized conserved charge without symmetry in GR.

Introduce a parameter  to define a time direction as  .η vμ :=
dxμ(η)

dη

A0(x)@0�(x) +
X

µ 6=0

Aµ(x)@µ�(x) +B(x)�(x) = 0.

Aµ(x) := Tµ
⌫(x)v

⌫(x), B(x) := Tµ
⌫(x)@µv

⌫(x) + Tµ
⌫(x)�

⌫
µ↵v

↵(x)



Homogeneous and Isotropic expanding Universe 

not conserved

ds2 = �(dx0)2 + a2(x0)g̃ijdx
idxj

R̃ij = (d� 2)kg̃ij k = 1(sphere), 0(flat), -1(hyperbolic)

EMT (perfect fluid)

conservation rµT
µ
⌫ = 0

T0
0 = − ρ(x0), Ti

j = P(x0)δi
j , T0

j = Ti
0 = 0

·ρ + (d − 1)(ρ + P)
·a
a

= 0

Energy E(x0) := − ∫ dd−1x −gT0
0 = Vd−1ad−1ρ, Vd−1 := ∫ dd−1x g̃

·E
E

= − (d − 1)
·a
a

P
ρ

≠ 0

Freedman-Lemaitre-Robertson-Walker metric

<latexit sha1_base64="z7UXU1yRauOh6EveY0mzPMKnWaY="></latexit>

Tµ
⌫rµ⇣

⌫ = 0 ζμ = − β(x0)δμ
0 −T0

0
·β − Ti

jΓj
i0β = ρ ·β − (d − 1)P

·a
a

β = 0

charge S(x0) := ∫ dd−1x −g(−T0
0)β = Vd−1ad−1ρβ

·S
S

=
·E

E
+

·β
β

= − (d − 1)
·a
a

P
ρ

+ (d − 1)
P
ρ

·a
a

= 0 conserved !



energy density

Physical interpretation of the generalized energy

Entropy of the Universe is conserved during its expansion.

e(x0) = ρ(x0)v(x0)s(x0) = e(x0)β(x0)

charge density
v(x0) = a(x0)d−1

volume density

ds
dx0

=
de
dx0

β + e
dβ
dx0

= ( de
dx0

+ P
dv
dx0 ) β Tds = de + Pdv

1st law of thermodynamics

S entropy β =
1
T

inverse temperature

·β
β

= (d − 1)
P
ρ

·a
a

> 0 Temperature of the Universe decreases as it expands, 
so as to conserve the total entropy.

Jacobson’95, Verlinde’11c.f. Gravity is an entropic force (emergent gravity)



Noether charge from 2nd theorem

pseudo-tensor
<latexit sha1_base64="9yNy9KyvhxtIzpnVUHVCycaMslE="></latexit>
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2

h
2R0
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EFLRW
pseudo = 0

Komar integral
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Jµ[⇠] =
1



p
�gr⌫ [r[µ⇠⌫]]
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⇠µ = �(x0, r)�µ0

boundary condition at  (spatial infinity/boundary)r = r∞
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lim
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p

1� kr2@r�(x
0, r) = 0
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EFLRW
Komar =

Z
dd�1xJ0(x) = �⌦d�2

2
ad�3(x0)rd�2

p
1� kr2@r�(x

0, r)

����
r=r1

r=0

= 0

Both are conserved but physically trivial !



IV. Summary and discussion 



Summary

Conserved charges from Noether’s 2nd theorem are unphysical.

pseudo-tensor

Komar integral
non-covariant, ambiguity by total derivative
covariant, ambiguity by total derivative and ξμ

We have proposed a conserved charge without symmetry (non-Noether charge), 
in general relativity, which can be identified as entropy.

Thus, entropy is a source of gravity. c.f. Jacobson’95, Verlinde’11, “ gravity is an entropic force”.

A total entropy in the whole system is always conserved, as nothing can escape 
from a censorship of gravity. 天網恢恢疎にして漏らさず。

At the same time, (local) temperature can be defined so as to conserve entropy 
in a gravitational system.

In  limit, they DON’T reduce to energy in the flat spacetime.κ → 0



Discussions (my personal view)
Since our entropy is defined from EMT,  gravitational fields with  can not 
carry entropy. Thus entropy is a quantity associated with matters.

Tμν = 0

If  in a system at an initial , it remains so at late  .Tμν = 0 x0 x0

Further studies

initial temperature of matter How can we determine it from EMT ? 

binary stars How do they loose “energy”  to merge ?

colliding gravitational waves How do they become BH  ?
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Quantum gravity

Option 1

Gravitational fields classically carry no energy/entropy.  
No exchange of energy/entropy between matters and gravitational fields.

⟨pure gravity |Tμν |pure gravity⟩ = 0condition ?

Quantum matters and classical gravity.No quantum gravity.

Option 2

Quantum gravity: graviton without observed )on-shell) energy/entropy.


