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1/100.000 seconds after the 
big bang quarks and gluons
recombine to hadrons

the temperature at this time was
about 100.000 times that of the 
interior of the sun

the confinement of quarks and 
gluons happened  ''suddenly'', i.e.
“almost in a phase” transition 

The “phase” transition from the
quark - gluon plasma to 
hadronic matter

1/100000 seconds after the big 
bang quarks and gluons 
recombine to hadrons  

Nature of the phase transition ??

The “phase” transition from the 
quark-gluon plasma to hadronic 
matter 

In HIC experiments, QGP  is 
formed and cool back 

to hadronic matter at low 
temperature.

The temperature at this time was 
about 100000 times that of the 
interior of the sun 

Prelude
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“A remark on chiral phase transition in QCD”
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‣ For physical values of quark masses, , the 
transition is smooth analytic crossover.

‣ At,  the transition becomes second order  .

‣ For physical values of quark masses the pseudo-critical 
temperature of QCD transition :

mu = md ≠ 0

mu = md = 0 O(4)

QCD Lagrangian is symmetric under ,  , for 
.

SU(2)L × SU(2)R × U(1)A × U(1)V
mu = md = 0

  

36F. Karsch, CRC-TR retreat  2021 F. Karsch, CRC-TR retreat  2021 

Pseudo-critical (Pseudo-critical (crossovercrossover) temperature) temperature

A. Bazavov et al [HotQCD],
arXiv:1812.08235

A. Andronic et al.,
Nature 561 (2018)
321

S. Borsanyi et al.,
arXiv:2002.02821

hadrons freeze-outhadrons freeze-out
on the pseudo-criticalon the pseudo-critical
line of the QCD line of the QCD 
phase transitionphase transition

A. Bazavov et al [HotQCD], 
arXiv:1812.08235 

S. Borsanyi et al., 
arXiv:2002.02821 

‣ Success on comparison of LQCD with experiments: Hadrons freeze out 
temperature from ALICE :  MeV i.e. close to the QCD crossover.Tf = 156.5

A. Andronic et al., Nature 561 
(2018) 321

Aoki et al, Nature 443, 675-678. (2006)



Outline
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Bigger Picture : Understand the thermodynamics at the QCD 
crossover, Study the QCD phase diagram, Indication of the location of 

the critical point…..



QCD Phase diagram
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Conjectured QCD phase diagram, our aim is to study the top left corner 

where, !∕ T≲ 1

Can be studied using reweighting, Taylor expansion[A04] and 

imaginary chemical potential

!4
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Tc=156MeV 156.5(1.5) MeV

Q2.  Possible location of the 
critical point on the QCD phase 

diagram? 
     Examining the cumulants at 

non zero chemical potential.

Q1. Degrees of freedom close to the 
QCD transition temperature (  )?? 
         Detailed Comparison of Lattice 
QCD calculations with HRG models 

at finite chemical potentials. 

Tpc



Chemical potential on the lattice
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𝒵QCD = ∫ 𝒟U [det M]e−SG(U), Where, M = D + m

‣ The prescription for introducing chemical potential on the lattice,  

                          


                          

U0 → exp(aμ)U0

U†
0 → exp(−aμ)U†

0
P. Hasenfratz, F. Karsch , Phys.Lett.B 125 (1983) 308-310

𝒵QCD = ∫ 𝒟U det[M(mu, μu)]1/4det[M(md, μd)]1/4 det[M(ms, μs)]1/4 e−SG(U)

Complex determinant !!

Standard Monte Carlo methods fails !!



Chemical potential on the lattice
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𝒵QCD = ∫ 𝒟U det[M(mu, μu)]1/4det[M(md, μd)]1/4 det[M(ms, μs)]1/4 e−SG(U)

Complex determinant !!

Standard Monte Carlo methods fails !!

Direct Method 
Taylor expansion : HotQCD collaboration, Gavai and 

Gupta, Bielefeld-Swansea collaboration  
Analytic continuation from Imaginary chemical 

potential : M. D’Elia and M. P. Lombardo , Wuppertal 
Budapest collaboration 

Resummation Method 
Padé approximant : Gavai and Gupta, Bielefeld 
Parma collaboration, HotQCD collaboration 

There is more, 
arXiv:2202.05574 ,  2106.03165 



‣ The Taylor series of the QCD pressure at finite temperature and 
density:  

‣ Cumulants at vanishing chemical potential, 

P(T, ⃗μ )
T4

=
1

VT3
ln𝒵QCD =

∞

∑
i, j,k=0

1
i!j!k!

χBQS
ijk ̂μi

B ̂μj
Q ̂μk

S , ̂μ = μ/T

χBQS
ijk (T,0) =

∂i+j+kP/T4

∂ ̂μi, j,k
X μX=0

, X = B, Q, S

9

𝒵QCD = ∫ 𝒟U det[M(mu, μu)]1/4det[M(md, μd)]1/4 det[M(ms, μs)]1/4 e−SG(U)

Calculations at μ = 0

The partition function of QCD:

Thermodynamics using Lattice QCD

3

and their scaling properties are understood in terms of universal properties of the QCD partition function and its
derivatives in the vicinity of the QCD chiral phase transition [7, 20]. To make use of this knowledge in a quantitative
comparison with experimental results, lattice QCD calculations close to the continuum are needed.
In this paper we present an analysis of fluctuations in, and correlations among, conserved charges using numerical

calculations in (2+1)-flavor QCD at three values of the lattice cut-off 1. For these calculations we exploit an O(a2)
improved action consisting of a tree-level improved gauge action combined with the highly improved staggered fermion
action (HISQ/tree) [26, 27]. We discuss the cut-off dependence of our results in different temperature intervals
and consider two different zero-temperature observables for the determination of the temperature scale used for
extrapolations to the continuum limit. This allows us to quantify systematic errors in our calculation. In an appendix,
we discuss the relation between temperature scales deduced from different zero-temperature observables and the
propagation of their cut-off dependence into the cut-off dependence of thermodynamic observables.

II. FLUCTUATIONS OF CONSERVED CHARGES FROM LATTICE QCD; THE HADRON
RESONANCE GAS AND THE IDEAL GAS LIMIT

To calculate fluctuations of baryon number (B), electric charge (Q) and strangeness (S) from (lattice) QCD we
start from the QCD partition function with non-zero light (µu, µd) and strange quark (µs) chemical potentials. The
quark chemical potentials can be expressed in terms of chemical potentials for baryon number (µB), strangeness (µS)
and electric charge (µQ),

µu =
1

3
µB +

2

3
µQ ,

µd =
1

3
µB −

1

3
µQ ,

µs =
1

3
µB −

1

3
µQ − µS . (1)

The starting point of the analysis is the pressure p given by the logarithm of the QCD partition function,

p

T 4
≡

1

V T 3
lnZ(V, T, µB, µS , µQ) . (2)

Fluctuations of the conserved charges and their correlations in a thermalized medium are then obtained from its
derivatives evaluated at !µ = (µB, µQ, µS) = 0,

χ̂X
2 ≡

χX
2

T 2
=

∂2p/T 4

∂µ̂2
X

∣

∣

∣

∣

!µ=0

, (3)

χ̂XY
11 ≡

χXY
11

T 2
=

∂2p/T 4

∂µ̂X∂µ̂Y

∣

∣

∣

∣

!µ=0

, (4)

with µ̂X ≡ µX/T and X, Y = B, Q, S. Explicit expressions for the calculation of these susceptibilities in terms of
generalized light and strange quark number susceptibilities are given in [20].
As all these derivatives are evaluated at !µ = 0, the expectation values of all net charge numbers δNX ≡ NX −NX̄ ,

with NX (NX̄), denoting the number of particles (anti-particles), vanish, i.e., 〈δNX〉 = 0. The susceptibilities, i.e.,
the quadratic fluctuations of the charges, are then given by

χ̂X
2 = 〈(δNX)2〉/V T 3 . (5)

A. The hadron resonance gas

We will compare results for fluctuations and correlations defined by Eqs. (3) and (4) with hadron resonance gas
model calculations. The partition function of the HRG model can be split into mesonic and baryonic contributions,

pHRG

T 4
=

1

V T 3

∑

i∈ mesons

lnZM
Mi

(T, V, µQ, µS)

1 Preliminary results of this work had been presented at Quark Matter 2011 [24] and PANIC 2011 [25].



Vanishing Chemical potential



Introduction
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‣QCD (Lattice) describes the dynamics of the strongly interacting matter 
both in the high and low temperature regime. 

‣ An approximate model of QCD can be used to identify various hadronic 
species in the low temperature phase to extract the freeze out parameters 
from experiment at small and vanishing . 

‣ Hadron resonance gas (HRG) models are in good agreement with the lowest 
order cumulants (  ) calculated in Lattice QCD at  (  ), 
however agreement starts to deteriorate as  approaches  (  ) .

μB

χX
n T < Tpc Tf

T Tpc Tf

Cumulants 

LQCD for small values of chemical potential 

Accesible to HIC experiments

Easily obtained from HRG models

11



Scale setting and continuum extrapolations
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Continuum extrapolation based on  (color) and  (black) scaleTfK Tr1
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lattices with 
temporal extent 

.  
‘ ’ symbols are 
the corresponding 
HRG value.

Nτ = 8, 12, 16
+

TfK

Tr1
= ( 1

afK

a
r1 ) r1 fK , r1 fK = 0.1734(9)

r1 = 0.3106(8)(14) fm

fK = 155.7/ 2 MeV

‣ We used  and  to set the scale for the lattice 
spacing at finite values of the gauge coupling 

.  

‣  is solely determined through a lattice 
calculation. 

‣ The physical value of  is needed, it requires 
input from experiment.

r1 fK

β = 10/g2

r1 fK

r1

Two different temperature scales 
produce consistent continuum 
extrapolation!!
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‣ The pressure of a non-interacting hadron resonance gas model:     
,P/T4 = ∑

H

g
2π2

(mH /T )2
∞

∑
k=1

(±1)k+1

k2
K2( kmH

T )exp[k ⃗C H . ⃗μ /T ] K2(mH /T ) ∼ exp(−mH /T )

For ex.  could be all baryons and mesons listed in the PDG.H

χBQS
lmn /T3 = ∑

H

Bl
HQm

HSn
HPH /T4 , ⃗C H = (B, Q, S) , ⃗μ = (μB, μQ, μS)

Hadron Resonance Gas (HRG)



LQCD vs HRG
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D. Bollweg et al ,arXiv:2107.10011 ;  J. Goswami et al, arXiv:2109.00268, SQM2021

‣PDGHRG : Established resonances (3 and 4-star) from PDG 
‣QMHRG2020 : Additional resonances from PDG (1 and 2 star) and 

from Quark Model calculations. 
‣Uniqueness: Identification of 1 and 2-star resonances with QM 

prediction states.

<latexit sha1_base64="M0a6XTFE70xgTtE9ZqjRJ/rWtTs="></latexit>

�S
2 = 2�QS

11 � �BS
11

�B
2 = 2�BQ

11 � �BS
11

 order cumulants 
satisfy (  ),

2nd

mu = md

14



Electric charge fluctuations and their correlations with  
baryon-number fluctuations

15
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interacting HRG models 

work at . 
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for  as temperature 
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T ∼ 155 MeV
Need for interacting 
HRG at  : EVHRG , 
virial expansions ?? 
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Excluded Volume HRG
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Pressure of a HRG model which introduces additional repulsive interactions 
through excluded volume:

,                                                  ,  is baryon pressure

     

P = PM + PM̄ + Pint
B + Pint

B̄

Pint
B =

T
b

W [∑
i∈B

b
T

ϕB(T, μ)] ϕB

= ϕB − (b/T )ϕ2
B(T ) + (3b2/2T2)ϕ3

B(T ) + . . . . .

, at high temperature only 
linear term will survive
ϕB ∼ e−mB/T

ϕB = ϕnon−strange + ϕstrange

7

• Exponentially increasing: lattice QCD and HRG  model calculations start to deviate 
close to  using only non-interacting hadronic resonances because of the 
exponentially rising nature of HRG, indicating that this approximation does not 
correctly reflect repulsive/attractive interactions in a strongly interacting medium.  

• Repulsive Interactions: Natural attempt to improve the comparison is taking care of 
additional repulsive interactions through so-called Excluded volume HRG models 
(EVHRG). Where, b is introduced as an excluded volume parameter, which can be 
tuned to match the lattice data. 

• Note : relative  change in second order cumulants involving net baryon-number  
fluctuations, calculated in HRG and EVHRG models, respectively, is identical. 

T ∼ Tpc

Interacting Hadron Resonance Gas

<latexit sha1_base64="efCbcomNbgLcABr0t55FHL+kOxw="></latexit>

REV

B
=

(�BQ

11 )EVHRG

(�BQ

11 )HRG

=
(�BS

11 )EVHRG

(�BS

11 )HRG

=
(�B

2 )EVHRG

(�B

2 )HRG

= 1 − 4bPHRG
B (T ) + #(b2)

V. Vovchenko et al, Phys. Lett.B 775, 71 (2017), K. Taradiy et al PRC 100, 065202, 
P. Huovinen et al Phys.Lett.B 777 (2018) 125-130

 is the total pressure of 
baryon and anti-baryon.

PHRG
B

 , where r is hard sphere 
radius of the hadron.

b = 16/3πr3

16



Excluded volume HRG
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Excluded volume HRG model calculations 
(EVHRG) involving net baryon-number  
fluctuations may indeed improve the 
comparison to QCD.  However,  in the case 
of  one needs  and  
for .

χBQ
11 b > 1 fm3 b < 1 fm3

χBS
11

Differences  in second order cumulants of net 
baryon-number fluctuations and correlations are 
seen when comparing QCD results to EVHRG 
model calculations. It is evident that these 
differences cannot solely be taken care of in 
HRG model calculations that introduce a non-
vanishing common size for all hadrons.

χB
2 = 2χBQ

11 − χBS
11

No single b will describe     and      
simultaneously.

χB
2 , χBQ

11 χBS
11

8

Compare EVHRG models with QCD

Proper treatment of attractive interactions  
in different quantum channels are needed!!  
 Ex. Virial Expansions
Pok Man Lo et al, Phys. Rev. C 96, 015207

It is evident that the differences in the HRG/
QCD cannot solely be taken care of in HRG 
models that use the same size for all baryons. 

Improvement from  
non-interacting HRG, 
For   one needs  and  

For   one needs 

χBQ
11 b > 1.5 fm3

χBS
11 b < 0.5 fm3

17



Two particle interactions (virial expansion)
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Schematic Diagram to illustrate the importance of 
 , while ignoring contributions of other 

Baryons,
N*, Δ++

• Fate of the  in a hot hadron gas close to  will determine 
the agreement of QCD and HRG. 

• Currently, viral expansion based calculations consider 
interaction between pion and nucleon.
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P. M. Lo, et al, Phys. Lett. B 778, 454 (2018)
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Higher order (virial expansion) using LQCD 
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We update the value of  in the 
temperature range 

, 

λ3

T ∈ [135 : 156] λ3 ∼ 3 − 1.5 MeV−2

Higher order contributions currently 
modelled using Lattice QCD. A  

parameter has been used to specify the 
strength of an effective 

 interaction

λ3

′ ππN + higher order′ 

LO virial expansion falls below the 
LQCD data.

A. Andronic, et al. Phys. Lett. B 792, 304  
(2019) , P.M LO, K. Redlich CPOD 2020

19



Virial expansion  Missing strange particles+
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9

• Comparison of LO virial expansion with QCD 
results; Using only two particle interactions is not 
su!cient. 

• Mimic higher order contributions through 
matching with lattice QCD (Andronic et al, 
Phys.Lett.B 778 (2018) 454-458) improves 
agreement.

• Virial expansion for BS channel works 
quite well.(Ramírez et al, Phys. Rev. C 98, 
044910 (2018)) 

• Multi-channel PWA by using the 
approximation of intermediate quasi two-
body states.  

• Contributions from |S|=2,3 are still needed for 
agreement with QCD.
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S-matrix based calculations of Kaons [ ]K*0

21

‣  is not included in our QMHRG2020 list. 

‣At  MeV, the contribution of ground 
state kaon and its P-wave excitation  to 

 is more than . 

‣Contribution of  as a point like non-
interacting resonances would change the HRG 
model result by almost . 

‣But the contribution is largely reduced in a virial 
expansion that makes use of information on 
scattering amplitudes in the S-wave  
channel. 

K*0

T ∼ 130
K*(892)

χQS
11 80 %

K*0 (700)

10 %

K − π
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χQS
1n ∼ ∑

n

QHSn
HPH

PH ∼ exp(−mH /T )

K*0 = 824 MeV

 does not contribute to the 
QCD thermodynamics as a point 
like non-interacting particle.

K*0

B. Friman et al, Phys. Rev. D 92, 074003 (2015) 
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Close to pseudo-critical temperature  
the hadronic description fails.

T = 156.5(1.5) MeV



Finite Chemical potential



‣ The Taylor series of the QCD pressure at finite temperature and 
density:  

‣ Cumulants at vanishing chemical potential, 

P(T, ⃗μ )
T4

=
1

VT3
ln𝒵QCD =

∞

∑
i, j,k=0

1
i!j!k!

χBQS
ijk ̂μi

B ̂μj
Q ̂μk

S , ̂μ = μ/T

χBQS
ijk (T,0) =

∂i+j+kP/T4

∂ ̂μi, j,k
X μX=0

, X = B, Q, S

24

𝒵QCD = ∫ 𝒟U det[M(mu, μu)]1/4det[M(md, μd)]1/4 det[M(ms, μs)]1/4 e−SG(U)

Calculations at μ = 0

The partition function of QCD:

Thermodynamics using Lattice QCD

3

and their scaling properties are understood in terms of universal properties of the QCD partition function and its
derivatives in the vicinity of the QCD chiral phase transition [7, 20]. To make use of this knowledge in a quantitative
comparison with experimental results, lattice QCD calculations close to the continuum are needed.
In this paper we present an analysis of fluctuations in, and correlations among, conserved charges using numerical

calculations in (2+1)-flavor QCD at three values of the lattice cut-off 1. For these calculations we exploit an O(a2)
improved action consisting of a tree-level improved gauge action combined with the highly improved staggered fermion
action (HISQ/tree) [26, 27]. We discuss the cut-off dependence of our results in different temperature intervals
and consider two different zero-temperature observables for the determination of the temperature scale used for
extrapolations to the continuum limit. This allows us to quantify systematic errors in our calculation. In an appendix,
we discuss the relation between temperature scales deduced from different zero-temperature observables and the
propagation of their cut-off dependence into the cut-off dependence of thermodynamic observables.

II. FLUCTUATIONS OF CONSERVED CHARGES FROM LATTICE QCD; THE HADRON
RESONANCE GAS AND THE IDEAL GAS LIMIT

To calculate fluctuations of baryon number (B), electric charge (Q) and strangeness (S) from (lattice) QCD we
start from the QCD partition function with non-zero light (µu, µd) and strange quark (µs) chemical potentials. The
quark chemical potentials can be expressed in terms of chemical potentials for baryon number (µB), strangeness (µS)
and electric charge (µQ),

µu =
1

3
µB +

2

3
µQ ,

µd =
1

3
µB −

1

3
µQ ,

µs =
1

3
µB −

1

3
µQ − µS . (1)

The starting point of the analysis is the pressure p given by the logarithm of the QCD partition function,

p

T 4
≡

1

V T 3
lnZ(V, T, µB, µS , µQ) . (2)

Fluctuations of the conserved charges and their correlations in a thermalized medium are then obtained from its
derivatives evaluated at !µ = (µB, µQ, µS) = 0,

χ̂X
2 ≡

χX
2

T 2
=

∂2p/T 4

∂µ̂2
X

∣

∣

∣

∣

!µ=0

, (3)

χ̂XY
11 ≡

χXY
11

T 2
=

∂2p/T 4

∂µ̂X∂µ̂Y

∣

∣

∣

∣

!µ=0

, (4)

with µ̂X ≡ µX/T and X, Y = B, Q, S. Explicit expressions for the calculation of these susceptibilities in terms of
generalized light and strange quark number susceptibilities are given in [20].
As all these derivatives are evaluated at !µ = 0, the expectation values of all net charge numbers δNX ≡ NX −NX̄ ,

with NX (NX̄), denoting the number of particles (anti-particles), vanish, i.e., 〈δNX〉 = 0. The susceptibilities, i.e.,
the quadratic fluctuations of the charges, are then given by

χ̂X
2 = 〈(δNX)2〉/V T 3 . (5)

A. The hadron resonance gas

We will compare results for fluctuations and correlations defined by Eqs. (3) and (4) with hadron resonance gas
model calculations. The partition function of the HRG model can be split into mesonic and baryonic contributions,

pHRG

T 4
=

1

V T 3

∑

i∈ mesons

lnZM
Mi

(T, V, µQ, µS)

1 Preliminary results of this work had been presented at Quark Matter 2011 [24] and PANIC 2011 [25].
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Expansion coefficients of the Taylor series
For simplicity we will consider the case, 

μB ≠ 0, μQ = μS = 0

‣ We show the continuum extrapolated results based on  lattices 
respectively for the first two leading order coefficients. 

‣ For the sixth and the eighth order expansion coefficients we have only used the  dataset, where 
we have generated   gauge configurations per T. 

‣ Temperature dependence of the expansion coefficients depicts that deviations from the 
thermodynamics of a non interacting HRG rapidly become large for higher order cumulants at non-
zero .

Nτ ∈ {6,8,12,16} and{6,8,12}

Nτ = 8
∼ 1.5 million

μB

Strictly positive for all temperatures.

 is strictly negative for temperature 
range, .

χB
8

T ∈ [135 : 165] MeV
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χB
1 (T, ̂μB) ≡

nB(T, μB)
T3

=
4

∑
k=1

NB
2k−1(T ) ̂μ2k−1

B , where, NB
2k−1 =

χB
2k

(2k − 1)!

χB
0 (T, μB) ≡

P(T, μB) − P(T,0)
T4

=
4

∑
k=1

P2k(T ) ̂μ2k
B , where, P2k =

χB
2k

2k!

Radius of convergence of Taylor series upto ̂μ8
B

Taylor series can be constructed from the expansion co-efficients,

‣ The convergence will slow down for higher order cumulant as the highest 
expansion coefficient (  ) will be divide by smaller factorial. 

‣ Range of reliability of the Taylor expansion will be smaller for the number 
density than the pressure series. 

‣ The usual ratio estimator of radius of convergence can be described as, 
 and  for pressure and 

number density respectively.

χB
8

rP
2k = |P2k−2/P2k |1/2 rnB

2k = |NB
2k−3/NB

2k−1 |1/2
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χB
1 (T, ̂μB) ≡

nB(T, μB)
T3

=
4

∑
k=1

NB
2k−1(T ) ̂μ2k−1

B , Where, NB
2k−1 =

χB
2k

(2k − 1)!

χB
0 (T, μB) ≡

P(T, μB) − P(T,0)
T4

=
4

∑
k=1

P2k(T ) ̂μ2k
B , Where, P2k =

χB
2k

2k!

Radius of convergence of Taylor series upto ̂μ8
B

Taylor series can be constructed from the expansion co-efficients,

‣ The true radius of convergence can be written as , 
 . 

‣ The usual ratio estimator of radius of convergence can be described as, 
 and  for pressure and 

number density respectively.

rTrue
c = lim

k→∞
rP
2k = lim

k→∞
rnB
2k

rP
2k = |P2k−2/P2k |1/2 rnB

2k = |NB
2k−3/NB

2k−1 |1/2

<latexit sha1_base64="v3vLNifbw8rZhHEThOAZjSej/iI="> wdsgYzi+CHrLd3PHei1w==</latexit>

r
P
2k/r

nB
2k =

p
[2k/(2k � 2)] = 1 + 1/2k +O(k�2)
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Radius of convergence and reliability of the expansion

‣ Taylor expansion of the pressure, net baryon-number 
density and the second order cumulant of net baryon-
number fluctuations are shown for different orders. 

‣ Agreement between subsequent orders shifted to 
smaller values of the chemical potential for higher 
order cumulants. 

‣ The deviations from the thermodynamics of non 
interacting HRG also increase rapidly for higher order 
cumulants.

Reminder :  is strictly negative for 
temperature range, 

.

χB
8

T ∈ [135 : 165] MeV



Searching for CEP using Padé approximants
f(x) =

n

∑
i=0

cixiIn practice we work with finite 
number of coefficients!!

29

‣ Lee Yang : Phase transitions are related to singularities of the Taylor series on the 
real axis. 

‣ If all the expansion coefficients are of same sign, could be an indication that the 
singularity of the series is on the real axis and hence is an indication of a critical 
point. 

‣ Alternatively, one could construct Padé approximants which are rational 

functions of the form,  , and evaluate its singularities. 

‣ Furthermore, singularities in the complex plane can show some universal scaling 
behaviour related to LYEs close to a critical point (this will not be discussed here).

f (x) =

a
∑
i=0

cixi

1 +
b

∑
j=0

djx j



ΔP/T4 =
4

∑
k=1

P2k(T ) ̂μ2k
B = (x̄2 + x̄4 + c6,2x̄6 + c8,2x̄8)P2/P4, x̄ =

P4

P2
̂μB

Padé approximants from  Taylor serieŝμ8
B

30

‣ One can construct various  Padé’s from the above series.
[ ]  

‣ The convergence of Padé approximants will be unaffected by a singularity in the 
complex plane contrary to the Taylor series. 

‣ The poles of the Padé approximants closest to the origin determine the radius 
of convergence. 

‣ The poles of a general  Padé’s are the usual ratio estimator 
(  ) and Mercer Roberts estimator (  ) of radius of convergence of the 
Taylor series.

[m,2] and [n,4]
m ∈ {2,4,6} and n ∈ {2,4}

[m,2] and [n,4]
rn
c rMR

c

Reminder :  are strictly positive for all temperatures.P2 and P4

rMR
c =

cn+2 cn−2 − c2
n

cn+4 cn − c2
n+2

, n even



z± =
c8,2 − c6,2 ± (c8,2 − c+

8,2)(c8,2 − c−
8,2)

2(c8,2 − c2
6,2)

; c±
8,2 = − 2 + 3c6,2 ± 2(1 − c6,2)3/2

Constraints for a real pole of  Padé[4,4]
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P[4,4] =
(1 − c6,2)x̄2 + (1 − 2c6,2 + c8,2) x̄4

(1 − c6,2) + (c8,2 − c6,2)x̄2 + (c2
6,2 − c8,2)x̄4

Reminder : Critical points are related to the singularities on the real axis

Values(including sign) of  
which are related to  are crucial 

to have a pole in the real axis.

c6,2 and c8,2

χB
6 and χB

8

z ≡ x̄

Poles can be written as,

-4
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-1
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 Location of the poles from  Padé approximants for QCD[4,4]
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Poles are complex for the temperature range, 
. 

The possibility of occurrence of a real pole cannot be 
ruled out for 

T ∈ [135 : 165] MeV

T < 135 MeV

Only complex poles are shown. 
The poles show a tendency to move to real axis 

for T < 135 MeV

✦ Hence, the bound for CEP is,  
 < 135 MeV. 

✦ Consistent with 
TCEP

TCEP < Tchiral
c ( ∼ 130 MeV)
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Radius of convergence from diagonal Padé approximants

rc,2 = 12χ̄B
2 /χ̄B

4

rc,4 = rc,2 |z+z− |1/4 =
12χ̄B,2

0

χ̄B,4
0

1 − c6,2

c2
6,2 − c8,2

1/4

2

2.5

3

3.5

4

4.5

5

5.5

6

135 140 145 150 155 160 165

rc,n

T [MeV]

n=2
n=4

The radius of convergence of 
 Padé in the temperature 

range  obtained as, 
. 

This is also the current updated estimate 
for the radius of convergence from a  

Taylor series.

[2,2] and [4,4]
T ∈ [135 : 165] MeV

μc
B ∼ [2.5 : 4.5]

μ8
B

✦ Hence, the bound for CEP is,  
. ̂μCEP

B > 2.5
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Padé approximant and 
Taylor series show good 

agreement  for , 
̂μB ≤ 2.5

Padé approximant and 
Taylor series show good 
agreement  for , ̂μB ≤ 2

★ The current range of reliability of the expansions are different for different observables. 
Which is ,  for pressure, net-baryon number density and second 
order baryon number fluctuations close to the pseudo-critical temperature. 

★ All the observables have same “true” radius of convergence. The current updated 
estimate is , close to the pseudo-critical temperature.

̂μB /T ∼ 2.5, 2 and 1.5

̂μc
B ∼ 3

Similar qualitative results can be obtained for  , the condition that is met in the 
relativistic Heavy Ion collision experiments 

nS = 0,nQ /nB = 0.4

Radius of convergence and reliability of expansion
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Pseudo-critical line from LQCD and Freeze out from RHIC
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Thermal conditions at HIC : 
1. Strangeness Neutrality :  

2.   

⟨NS⟩ = 0 = χS
1

⟨NQ⟩
⟨NB⟩

= 0.4 =
χQ

1

χB
1

Modification in Taylor series, 
<latexit sha1_base64="izL6N9Tk6OGG9yKIdwFNY2TF/Bg="></latexit>

µS = s1µB + s3µ
3
B + .....

µQ = q1µB + q3µ
3
B + .....



Comparison of LQCD with experiments
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μQ = μS = 0, for simiplicity

<latexit sha1_base64="Z1cWoQZm9o1yysPj/LyC1fHOFGY="></latexit>

MB

�2
B

=
�1(T, µB)

�2(T, µB)
,

SB�3
B

MB
=

�3(T, µB)

�1(T, µB)
, B�

2
B =

�4(T, µB)

�2(T, µB)

<latexit sha1_base64="0Sc3T4oGdgjRj7g30F6VifbWEPU="></latexit>

P (T, µB)� P (T, 0) = �B
2 µ

2
B/2! + �B

4 µ
4
B/4! + �B

6 µ
6
B/6! + �B

8 µ
8
B/8!

Mean : �B
1 (T, µB) = �B

2 µB + �B
4 µ

3
B/3! + �B

6 µ
5
B/5! + �B

8 µ
7
B/7! =

1

V T 3
MB

Variance : �B
2 (T, µB) = �B

2 + �B
4 µ

2
B/2! + �B

6 µ
4
B/4! + �B

8 µ
6
B/6! =

1

V T 3
�2
B

Volume independent ratio of susceptibility, 

36



37

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 1.2

R12B (Tc(µB)) [nQ / nB = 0.4, nS = 0]

µB / T

QCD
QMHRG2020

A. Bazavov et al, Phys.Rev.D 101 (2020) 7, 074502

Ratio of Mean and Variance in the pseudo-critical line



STAR  update2021

38

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 0  0.2  0.4  0.6  0.8  1

200 62.4 39 27 19.6 14.511.5

dashed lines: 

joint fit to 

STAR data for 

RP
31, RP

42

RB
12(Tpc)

RB
nm(Tpc)

s1/2
NN[GeV]:

NNLO, RB
31(Tpc)

RB
42(Tpc)

-10

-5

 0

 5

 10

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8

200 62.4 39 27

RB
nm(Tpc)

RB
12(Tpc)

s1/2
NN[GeV]:

NLO, RB
51(Tpc)

RB
62(Tpc)

STAR 2021: RP
62, stat.

sys.

HotQCD Preliminary and STAR 2021!!

Indication on critical point ??



 Constraint on CEP ,  
̂μCEP
B > 2.5TCEP

c < 135


