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UA(1) symmetry & Chiral phase transition

The nature of chiral phase transition depends on 
how axial anomaly manifest itself at T~Tc?

Pisarski, Wilczek PRD 29 (1984) 338

Butti et. al., JHEP 08 (2003) 029

Pelissetto & Vicari,  PRD 88 (2013) 105018

Grahl, PRD 90 (2014) 117904 4

Strength of the UA(1) anomaly at the Nf = 2 chiral phase transition Bastian B. Brandt
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Figure 1: The two possible scenarios for the phase structure of QCD at zero chemical potential.

implies the degeneracy of the associated correlation functions. Of particular relevance for the UA(1)

symmetry are correlation functions in scalar and pseudoscalar channels. Including the iso-singlet
operators (opening up new channels for the investigation of the effective symmetry restoration, see
Ref. [9], for instance), they are related by SUA(2) and UA(1) transformations as shown in Fig. 2.
The iso-vector operators Pi and Si are comparably easy to compute on the lattice, due to the ab-
sence of disconnected diagrams, so that they have become the standard channels to look at to test
for UA(1) symmetry restoration. Since we are considering an effective restoration of the symmetry,
we expect the renormalised correlation functions to become degenerate.

A number of studies have looked at the effective restoration of the UA(1) symmetry in lattice
QCD, mostly focussing on the low mode spectrum of the Dirac operator or chiral susceptibili-
ties [10, 11, 12, 13, 14]. In contrast, we pursue a complementary approach, using the correlation
functions, in particular, the screening masses. Screening masses probe the long distance properties
of the correlation functions and are free of contact terms, which contaminate chiral susceptibilities,
for instance. Apart from screening masses, the correlation functions include additional information
in terms of matrix elements. The details of our strategy are explained in [7], where the iso-vector
screening masses obtained from 16⇥323 lattices have been published. Here we extend this study
to larger volumes, the matrix elements of the correlation functions and present first results for
iso-singlet screening masses, which provide additional information about the symmetry restoration
pattern. Earlier accounts of our study have been reported in [15, 16, 17, 18].
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Figure 2: Transformation relations between iso-vector and iso-singlet operators in P and S channels.
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Signatures of symmetry restorations
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 Susceptibilities defined as integrated two point correlation functions of 
the local operators, e.g. )χπ = ∫ d4x⟨πi(x)πi(0)⟩

(
�⇡ = ��

�� = �⌘

<latexit sha1_base64="NQY5AvKrJtK5gPrtC8LzrIoJR1U="></latexit>

(
�⇡ = ��

�� = �⌘

<latexit sha1_base64="tvKxIxSElPHQfSDNRQ15k6da+E8="></latexit>

SUL(2)⇥ SUR(2)

<latexit sha1_base64="WsOEUYizOqd9urwms5FHorATDNU="></latexit>

UA(1)

<latexit sha1_base64="29xwICvzCswLyUbKmQymvrSlMto="></latexit>

�⇡ � �� = �disc = 0

<latexit sha1_base64="UWxQzEMDFecoByoXXEcK79pemIc="></latexit>

�⇡ � �� = �disc

<latexit sha1_base64="i2ptRp+4gsmjuvinGFGtVL2FNNI="></latexit>

⇡ : q̄�5
⌧

2
q

<latexit sha1_base64="uEWsAqbAZ45l5jsQplIfKy6Q/0Y="></latexit>

� : q̄
⌧

2
q

<latexit sha1_base64="E4+St7dtnzEDWE88fwHs7O45rMU="></latexit>

� : q̄q

<latexit sha1_base64="CuZzXb7FLUU8ASUe5dOpfxTMyIk="></latexit>

�5,con � �5,disc

<latexit sha1_base64="8Ab2DggT3z0YxsTNk1cBOPxdWoY="></latexit>

�con + �disc

<latexit sha1_base64="QXG3t44Cj5WVBBc6R0d1FjL8160="></latexit>

�con

<latexit sha1_base64="an/kin5i94scwqkcem/mqxuEzVc="></latexit>

�5,con

<latexit sha1_base64="+ahY9qJRbJwjJ/IabzkcHkMYu88="></latexit>

UA(1)

<latexit sha1_base64="T4YiPwpqTrylzjdq9EDcQEKRuqE="></latexit>

UA(1)

<latexit sha1_base64="T4YiPwpqTrylzjdq9EDcQEKRuqE="></latexit>

SUL(2)⇥ SUR(2)

<latexit sha1_base64="96OgLTGlBHX6UYdFTTtO2D/EbVk="></latexit>

SUL(2)⇥ SUR(2)

<latexit sha1_base64="96OgLTGlBHX6UYdFTTtO2D/EbVk="></latexit>

⌘ : q̄�5q

<latexit sha1_base64="QUUBVvCZkBdxoofs+QNNtNpakPE="></latexit>

HotQCD PRD 86 (2012) 094503



Status of lattice studies on axial anomaly

/33

Status of  lattice studies on axial anomaly

11

HotQCD, Phys.Rev.D 100 (2019) 094510
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m⇡ = 140 MeV

Highly Improved Staggered fermions
Nf=2+1 QCD

See similar conclusions obtained using chiral fermions: 
HotQCD, PRL 113(2014)082001, PRD 89 (2014)054514

JLQCD, arXiv: 2011.01499, …

At physical pion mass at T ≤ Tpc axial 
anomaly remains manifested in χπ - χδ 

How about the case in the chiral limit ?

 At T  Tpc for physical pion mass axial
anomaly remains manifested in 

 What happens in the chiral limit?

≤
χπ − χδ

See similar conclusions obtained using chiral fermions:
HotQCD, PRL 113(2014) 082001, PRD 89 (2014) 054514
JLQCD, arXiv:2011.01499,…

HotQCD, Phys.Rev.D 100 (2019) 094510
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The fate of UA(1) still unsettled due to 

the lack of continuum and chiral extrapolations   

7

Status of lattice studies on axial anomaly

JLQCD, PRD 103 (2021) 074506

Seems to disappear at T 220 MeV≥
See similar conclusions from

  Chiu et al., PoS Lattice 2013 (2014) 165,

  Tomiya et al.,[JLQCD] PRD 96 (2017) 034509,…


Remains manifested for 
mπ=110 MeV at T<1.1Tc

L. Mazur et al., arXiv:1811.08222 

See similar conclusions from 

  Ohno et al.,  PoS Lattice 2012 (2012) 095,

  Dick et al., PRD 91(2015) 094504,… 

  Overlap 

  Nf=2+1 

Nτ=8, a=0.15 fm

a=0.0074 fm
One quark mass below the physical point

Chiral fermion

 Nf=2 



 Signatures of symmetry restorations in ρ

h ̄ i =
Z 1

0
d�

4ml⇢

�2 +m2
l

<latexit sha1_base64="KKel8NMEOnKfunZhsitp9B18eu0="></latexit>

�⇡ � �� =

Z 1

0
d�

8m2
l ⇢

(�2 +m2
l )

2

<latexit sha1_base64="g3JaD/H5xtP9nALG07Tor2Ob9tU="></latexit>

 Restoration of SUL(2)×SUR(2) symmetry : 

Banks and Casher,

 NPB 169 (1980) 103

✤  A sizable gap in the near-zero modes, i.e.  

✤ If ρ is analytic in  and , UA(1) breaking is absent in up to 6 point 

correlation functions of  and 

ρ(λ < λc) = 0

𝑚2
𝑙 λ

π δ

Cohen, nucl-th/980106 

✤   as from Banks-casher relation:

✤Partition function is an even function in  due to the Z(2) subgroup

ρ(0) = 0 lim
ml→0

⟨ψ̄ ψ⟩ = πρ(0)

ml

 Effective restoration of UA(1) symmetry :

Aoki, Fukaya and Taniguchi, PRD 86 (2012) 114512
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Possible behaviors of ρ making  
SUL(2)×SUR(2) restored but not UA(1)

Gross, Yaffe & Pisarski, RMP 81’

 See a recent review, Lombardo & Trunin, 
IJMPA 35 (2020) 2030010
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 Dilute instanton gas approximation  will lead to UA(1) breaking 

even in the chiral limit 


 LQCD: At high T for the physical , the T dependence of  follows dilute 
instanton gas approximation prediction 


    Due to ? what happens for  ? 


     

ρ ∼ m2δ(λ)

𝑚𝑙  𝜒𝑡

ρ ∼ m2δ(λ) 𝑚𝑙 → 0



   Microscopic origin in ρ

JLQCD, PRD 103 (2021) 074506

 No clear gap
 As  gets smaller, the infrared enhancement seems disappeared, 
at  mass dependence can be hardly seen

ml
ml < 0.01

10
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FIG. 1: Dirac eigenvalue density at T = 220 MeV. Solid symbols are the reweighted overlap

results and dashed symbols are those of the Möbius domain-wall. Horizontal line shows the chiral

limit at T = 0 [59].
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Novel relation: quark mass derivative of ρ & Cn+1
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 Kanazawa & Yamamoto, 
JHEP 01 (2016) 141 

Toublan and Verbaarschot, NPB603 (2001) 343
HotQCD PRD 86 (2012) 094503

Kanazawa & Yamamoto, JHEP 01 (2016) 141 
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 Signatures of symmetry restorations in ρ
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Lattice Setup

 At temperature T=205 MeV (1.6 Tc)    
 HISQ/tree action
 Nf = 2+1:  

   Nτ=8, 12, 16 (a=0.12,0.08,0.06 fm)

    = 20, 27, 40, 80, 160 
             (mπ =160, 140, 110, 80, 55 MeV)

    

mphy
s /ml

4 ≤ Ns/Nt ≤ 9

1st

order

2nd oder
O(4)

N
f=2

1st

order

2nd oder
Z(2)

physical point

This study cross over

mu,d → ∞mu,d,s → 0

ms → ∞

mtri
s Nf=1Nf=3

H.-T. Ding, S.-T. Li, A. Tomiya, S. Mukherjee, X.-D. Wang, Y. Zhang*
  PRL 126 (2021) 082001 
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Mode number and Complete ρ

Utilize the Chebyshev filtering technique combined with 
a stochastic estimate of the mode number

Converges to the exact count Mass dependence can be 
hardly observed from ρ directly
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1st and 2nd mass derivative of ρ on Nτ =8 lattices

 

Quark mass independent 

Peaked structure develops 
  at  and drops rapidly 
  towards zero for 

m−1
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   2nd and 3rd mass derivative of ρ:  
volume and a dependences
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Quark mass derivatives of ρ
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𝑙

18



Non-Poisson correlations

Repulsive non-Poisson correlation at small  range gives rise to the 
 peak

 𝜆
𝜌(𝜆 → 0)

�Po
n = mn�2

l [@n⇢/@mn
l � (@n⇢/@mn

l )
Po]
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Quantities related to  ρ
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 be reproduced very well from ρ⟨�̄�𝜓⟩
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1st and 2nd mass derivative of ρ can successfully reproduce directly 
measured  and 𝜒𝑑𝑖𝑠𝑐 𝜒2

Quantities related to 1st and 2nd mass derivative of ρ
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UV divergence of chiral condensate 

Full ρ is needed for reproduction of chiral condensate
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Infrared contribution to two UA(1)  measures 

Only infrared part of  and  are needed for the reproductionρ  𝜕𝜌/𝜕𝑚𝑙
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       SUL(2)xSUR(2) symmetry restoration

Due to the restoration of Z(2) 
subgroup of SUL(2)×SUR(2) 
symmetry, partition function is 
even function of  

 

𝑚𝑙

Dashed line: linear fit
Dot-Dashed: quadratic 

     as ⟨ψ̄ ψ⟩ ∝ ml ml → 0

 as χdisc ∝ m2
l ml → 0

   Nτ Linear fits Quadratic fits
8 0.43 13972.7

12 4.4 1504.0
16 0.1 198.5

χ2/dof
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Two UA (1) measures 

 Linear in  at  m2
l 𝑚𝜋 ≲ 140 MeV /33

Difference between π and δ 
susceptibilities
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 Linear behavior in quark mass 
squared at mπ ≤ 140 MeV 
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Two U(1)A measures
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Values in the chiral limit
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�⇡ � �� should equal to �disc in chiral symmetric QCD
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 Linear fits for  data at each Nτ yield values at ml=0: 𝑚𝜋 ≲ 140 MeV

Continuum extrapolations are crucial!

  Nτ
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In the chiral symmetric 
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χπ − χδ
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Sequential fit:  first continuum and then 
                                 chiral extrapolations
     Continuum: quadratic in 1/Nτ with Nτ=12&16

       Chiral: quadratic in quark mass
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Continuum and chiral extrapolations
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Continuum and chiral extrapolations
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 Axial anomaly remains manifested in the two UA(1) measures    
even in the chiral limit at 2-3 sigma level for T~1.6Tc 27



 We established novel relations between  & 𝜕𝑛𝜌/𝜕𝑛𝑚𝑙 Cn+1

In Nf=2+1 QCD at T~1.6Tc

Summary & Conclusions

28
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At T≥1.6Tc the microscopic origin of axial anomaly is driven by the weakly 
interacting instanton gas motivated  

Nf=2+1 QCD:  2nd order chiral phase transition belongs to 3-d O(4)

ρ(λ → 0,ml → 0) ∝ m2
l δ(λ)

Summary & Conclusions

Our study suggests: 

Outlook: 

The methodology would be useful for other discretization schemes 
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Backup
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Calculation of eigenvalue spectrum

• Here we utilized the Chebyshev filtering technique combined with a 
stochastic estimate of the mode number 

• Commonly used method: Lanczos algorithm to calculate the individual low-
lying eigenvalues  

YuZhang, Lattice19',arXiv:2001.05217
Giusti and Luscher, arXiv:0812.3638 
 A.Patela, arXiv:1204.432  
DiNapoli et al.,arXiv: 1308.4275
Itou et al, arXiv:1411.1155   
Fodor et al.,arXiv:1605.08091  
Cossu et al.,arXiv:1601.074

   :  Chebyshev polynomial
    :    coefficient
         p:  polynomial order

    𝑇𝑗
   𝛾𝑗

mode
number:

Spectrum:
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2nd mass derivative of ρ
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Time history of the topological charge
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Poisson distribution
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h ̄ i =
Z 1
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h|Qtop|i /
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Zero mode contribution vanishes in the thermodynamical limit
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Volume dependence of two UA(1) measures

Volume dependences is very small

 = 80 MeV𝑚𝜋 = 80 MeV𝑚𝜋
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Aoki et al., [JLQCD], arXiv:2011.01499
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Quark mass dependence of  
 

𝑚𝑙−1(𝜕𝜌/𝜕𝑚𝑙)
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Quark mass dependence of 𝜕2𝜌/𝜕𝑚2
𝑙
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