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Introduction to lattice QCD

Quantum ChromoDynamics (QCD): Theory of strong interaction which governs interaction
between quarks and gluons.
In contrast to Quantum Electrodynamics (QED), The effective coupling of QCD decreases in
high energy, hence is calculable by hand, but not in low energy. → Nonperturbative techniques
such as lattice QCD is needed for ab initio calculations.

Ψ yU

xU

(ψ(x),Aµ(x))→ (ψ(n),Uµ(n) = exp(−iAµ))

Z =

∫
[dU]det(6D + m)e−(Sg )

=

∫
[dU][dψ̄][dψ] exp[−(Sg + Sf )]

Sf =ψ̄(D†D)−1ψ, Seff = Sg + Sf

Sg =β
∑[

(Uµ(x)Uν(x + µ̂)U†µ(x + ν̂)U†ν(x)
]

Current ”typical” calculation: V = 643 × 128, rank(D) ∼ 1010, nonzero element per row
=∼ 102
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Configuration generation, measurements

(Hybrid → Hamiltonian) Monte Carlo first devsied for LQCD (Duane,Kennedy,Pendleton/Gottlieb,Toussaint, ....)

Importance sampling using exp(−(S = (Sg + Sf ))) as the probability distribution, requires Sf

to be real & nonnegative. Introduce fictitious momenta H to evaluate the path integral.
Sf = det(6D + m) is evaluated by Pseudofermions.

Numerical integrators does not preserve h = ( 1
2H

2 + S)
exactly. Calculate h at each end of trajectory and accept
or reject according to max [1, exp[−(h′−h)]. This process
achieves π(U) ∝ exp(−S) if reversible and π(U1)P(U1 →
U2) = π(U2)P(U2 → U1) (detailed balance).

{U}

H
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Z =

∫
[dU][dψ̄][dψ][dH] exp(−(

1

2
H2 + S2)),

dUµ(x)

dt
=iHµ(x)Uµ(x),

d( 1
2H

2 + S1)

dt
= 0

< O >=

∫
O exp(−S3)∫

exp(−S3)
=

∑
i Oiwi∑

i wi
wi = e−(S3−S2)

Different Hamiltonians used in Monte Carlo simulations:
S1: Guiding Hamiltonian during MD (Shadow Hamiltonian)
S2: Hamiltonian for Accept/reject step
S3: Hamiltonian for ensemble averaging
Reweighting: (S3 − S2) 6= 0. In principle, S1.S2, S3 don’t have to be the same, but it is hard to
find S2,3 which the acceptance/reweighting factor e−∆S is close enough to 1 while gives
significant benefit (Overlap problem). Many ML based approaches aim to find S2 which is
numerically cheap with tolerable ∆S .
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LQCD workflow and characteristics

1 Configuration generation: generate Ui according to exp(−S) evaluation of det (6D + m)
requires inversion of spase matrix M, a discretized version of ( 6D + m) for evolving gauge
configurations.

2 Measurements: often requires multiple inversions, but on the same gauge configurations
→ allows for effective use of algorithms and techniques for multiple RHS

M from typical LGT simulations exhibits a separation of scales:

Larger eigenvalues (> ms): Dense. Usually straight inversion.

Small eigenvalue (∼< ms): relatively small, slowly evolving in MD , affects the condition
number , can be separated by deflation, Low-mode/All-mode averaging (LMA/AMA),
multi-timescale integration algorithm, etc...
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RBC/UKQCD Domain Wall Fermion program

RBC/UKQCD has chosen DWF discretization of Dirac operators, which realizes 4d fermion as
boundary modes of 5d fermion.

Good chrial symmetry: Remnant symmetry breaking (residual mass) can be controlled
separately from lattice spacing by increasing the extent of the 5th dimension (Ls) and the
coupling between 4d slices ((z)Möbius, Möbius Accelerated DWF (MADWF)..)

Protected zero mode: In contrast to Wilson fermions where the discretized Dirac operator
can have poles near the valence mass (exceptional configurations), DWF formalism
guarantees safety as long as valence mass is positive. Allowing simulation at physical
point for moderate lattice spacing without the need for chrial extrapolation or link
smearing for fermions, etc. → Focus on physical point. Avoid relying on ChPT.

Focus on generating one longest possible Markov chain (vs. ’farming’) : While evolving
multiple chain can give practical advantages, this needs additional thermalization and
potentially obscures autocorrelation, ergodicity issues.
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RBC/UKQCD 2+1f ensembles
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RBC/UKQCD 2+1f DWF/Mobius ensembles
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RBC/UKQCD 2+1f DWF/Mobius ensembles (near physical)

DWF+I: Iwasaki gauge action
DWF+ID: Iwasaki + Dislocation Suppressing Determinant Ratio : Supresses the chiral

symmetry breaking on larger lattice spacing
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Performance optimization and algorithmic advances has brought computaitional cost for
finer(smaller a) and lighter (near physical ml ) per trajectory somewhat manageable,
despite challenges from computing environement (severe inter-node bandwidth decrease
compared to compute capabilities)

Mass preconditioning (Hasenbusch), N-th root trick: decrease the condition number and
force for each pseudofermions, which allows to use larger step size and reduce the number of
light quark inversions per each trajectory.

∣∣∣∣D(mf )

D(1)

∣∣∣∣ =

∣∣∣∣D(m1)

D(1)

∣∣∣∣ ∣∣∣∣D(m2)

D(m1)

∣∣∣∣ · · · ∣∣∣∣ D(mf )

D(mn−1)

∣∣∣∣ =

[∣∣∣∣D(mf )

D(1)

∣∣∣∣1/N
]N

Exact One flavor algorithm (T.W. Chiu, D. Murphy,..): Especially useful on GPU, as it
significantly reduces the memory traffic. ∼ 40% reduction in time per MD.
Multisplitting preconditioned CG (J. Tu): Utilizes Tensor core. ∼ 10− 20% gain over CG

Various deflation techniques, mostly built on efficient generation of exact eigenvectors
(All-to-All (A2A), All mode averaging (AMA)), achieves significant reduction in numerical
cost for generation of necessary propagators ( Disconnected HVP, etc....)
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OLCF SUmmit (https://www.olcf.ornl.gov/summit/)

(6 Nvidia V100 2 Power9 CPU, 512GB DDR4 + 96GB HBM2 ) × 4608 nodes
Infiniband EDR
2+1 flavor physical , 963 × 192× 12, a−1 ∼2.77Gev, L ∼ 6.8fm
16× 123 × 12 on (1× 8× 8× 16 = 1024) ndoes × 6 GPUs
Software: CPS(https://github.com/RBC-UKQCD/CPS),
QUDA(https://github.com/lattice/quda), Grid (https://github.com/paboyle/Grid),
GPT(https://github.com/lehner/gpt)

Tuning with (currently 7) Hasenbusch masses, Force Gradient...

Started from a thermalized 323 × 64 lattice duplicated in all directions

QUDA inverter (CG+Multimass) interface (re)checked against CPS/BFM. Exact One
Flavor Algorithm(EOFA) added.

Previously only had interface to asymmetric preconditioner. Symmetric added for
Multisplitting-preconditioned CG (MSPCG: arXiv:1804.08593).
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QUDA Möbius inverter performance on Summit at the INCITE submission
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Performance limited by network bandwidth.
Not-so-great weak scaling: weak scaling QUDA inverter performance drops by factor of ∼ 4
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Exact one-flavor(EOFA) TWQCD, D. Murphy, J. Tu,et al. arXiv:1403.1683, 1611.00298, 1706.05843

DMob(m) = (Dw )xx′ [(c + d)δss′ + (c − d)Lss′ ] + δxx′ (1− L)ss′ = DEOFA · D̃ (1)

D̃ = d(1− L) + c(1 + L) =



c + d (c − d)P− −m(c − d)P+

(c − d)P+ c + d (c − d)P−

(c − d)P+ c + d
. . .

. . .
. . .

. . .

−m(c − d)P− (c − d)P+ c + d


DEOFA(m) = (Dw )xx′δss′ + δxx′ (P+M+)ss′ + δxx′ (P−M−)ss′ ,HEOFA(m) = γ5R5DEOFA(m),

1 flavor Mobius fermion action with PV (det
∣∣∣DEOFA(m1)

DEOFA(m2)

∣∣∣ ) can be simulated by

Spf =
(

0 φ†1

)[
I − kΩT

−
1

HT (m1)
Ω−

](
0
φ1

)
+(

φ†2 0
)[

I + kΩT
+

1

HT (m2)−∆+(m1,m2)P+
Ω+

](
φ2

0

)
, (2)
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Advantages:
Allow mixed precision, etc to reduce time on inversion
Less memory footprint: improve overall arithmetic intensity, especially significant on GPUs
Eq. (1) suggests D̃ can be used as a preconditioner, to allow using D−1

MOB instead of D−1
EOFA

with dense 5D matrix.
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Reference: RHMC Multishift

No Preconditioning

Even-Odd Preconditioning

Even-Odd Preconditioning +
 Cayley Preconditioning

Even-Odd Preconditioning +
 Cayley Preconditioning +
 Mixed Precision CG

Factor of ∼ 4 savings overall for 323 × 64 G-parity ensemble (32ID-G).
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Multisplitting-preconditiond Conjugate Gradient(MSPCG) arXiv:1811.08488

Additive Schwarz ’done right’ for Möbius CGNE (D†Dφ = D†χ).
Fixed iteration preconditioner per outer iteration.
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from J. Tu, arXiv:1811.08488
Up to factor of 3 reduction in outer iteration.
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QUDA Dslash rewrite (K. Clark,..),

5D part fused to achieve better overlap with communication (J. Tu) + Tensor core for 5D
part

Time in CG < 10% 25-35% > 60%

643 × 128× 12 Double Half Precon min/traj.

(4×)42 × 8 = 128 160 570 3230 86
(4×)42 × 16 = 256 260 861 6230 53

(4×)4× 8× 16 = 512 360 1165 11630 36

963 × 192× 12

(6×)42 × 16 = 256 420 1340 9400
(6×)4× 8 = 512 770 2300 18810 79

(6×)82 × 16 = 1024 1140 3700 36300 47

Table 1: Aggregate QUDA Möbius performance on summit, in TFLOPS/s
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96I evolution on Summit
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While Multimass solver does not take
much time, fermion force term calcula-
tion becomes time consuming. Arith-
metic intensity low (no smearing).
EOFA with the Cayley preconditioner
allows effective use of mixed preci-
sion solvers, efficient mass precondi-
tioning, and reduce the number of
pseudofermions significantly.
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Eigenvector generation & deflation
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From coarse grid Lanczos(arXiv:1710.06884) implemented in Grid. Factor of ∼1000 reduction
in condition number turning to ∼ 30 reduction in iteration count for each inversion. Coarse

grid also reduces memory footprint by a factor of × ∼ 30 over normal eigenvectors.
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All mode averaging (AMA):

〈
O(imp)

〉
=

〈
1

NE

(
O −O(appx)

)〉
+

〈
1

NG

∑
g∈G

O(appx),g

〉
.NE � NG

O(appx) : O with ’sloppy’ propagators, often much relaxed stopping condition with
deflation

All-to-all(A2A): A2A approximates an arbitrary component of the M−1 as a sum of the
outer product of pre-calculated vectors

M−1 '
Nl∑
i

|λi 〉
1

λi
〈λi |+

Nh∑
i ′

(
M−1 −

Nl∑
i

|λi 〉
1

λi
〈λi |
)
|ηi ′〉 〈ηi ′ |

=

Nl +Nh∑
i=Nl +1

|vi 〉 〈wi |
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Pion, Kaon effective masses on 96I ensemble (preliminary)
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Wilson flow scale on 96I ensemble
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Global topology on 96I ensemble
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Discussion & future plans

963 × 192 DWF+Iwasaki ensemble (96I) will provide RBC/UKQCD with the physical
mass at 3rd lattice spacing.

Current lattice spacing was chosen to achieve reasonable topology tunneling. Going
further requires a significant increase in the computing resource required to generate
similar number of independent configurations (cost) ∼ a−10 (Critical slowing down).

DWF ensemble generation on new and upcoming machines are likely to continue to be
limited by the memory and internode bandwidth. While EOFA and MSPCG has helped
mitigating these issues, evolution is more vulnerable compared to measurements, where
various techniques (exact deflation, AMA, A2A, Split Grid...) are already devloped to
mitigate, if not overcome, bandwidth issues.

Algorithmic improvements for reducing autocorrelation time and numerical cost for
evolution are critical.
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Thank you!
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Local coherence: Eigenvector compression and Multi-Grid Lanczos

LQCD operator has relatively low number of near-nullspace,
which allows for efficient deflation via multigrid or exact defla-
tion with Chebyshef-accelerated Lanczos. 1-2000 low modes can
result in factor of 10-100 reduction in subsequent measurements.
Storing and retrieving these eigenvectors pose a signifiant
challenge for exact deflation approach.

Local coherence (’smoothness’) of the low modes suggests the
bases formed from spatially blocked eigevectors effectively spans
eigenspace just above already generated ones → necessary to
only save coefficients. (https://github.com/lehner/eigen-comp)

483×96→ 43×3, 2000 evecs : 9.3→ 1.5 TB (84% compression)
643 × 128→ 44, 2000 evecs : 36 → 3.5 TB (90% compression)
963 × 192→ 44, 5000 evecs : 500 → 15 TB (97% compression)
Multi-Grid Lanczos(arXiv:1710.06884):
Using the same blocking procedure to generate eigenvectors re-
duces memory usage significantly. Allows more efficient eigen-
vector generation

Deflated CG residual from Multi-Grid Lanczos

Multi-Grid Lanczos
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Introduction

In recent years RBC/UKQCD has benefited sig-
nificantly from the generation of the 2000 low-
est eigenvectors of the preconditioned normal
(z)Mobius Domain Wall Fermion Dirac operator
for the light quarks on the 483 (a�1 = 1.7 GeV)
and 643 (a�1 = 2.3 GeV) ensembles at near phys-
ical pion mass. These eigenvectors were used for
deflation and volume averages over the low-mode
space and were a key ingredient in the on-going
g � 2 projects [1, 2, 3]; they have also found
additional use in the calculation of �MK [4].

The storage cost for these vectors is substantial
with 9.3 TB and 36 TB per configuration for the
483 and 643 ensembles respectively. These high
storage requirements both on disk and in RAM
are addressed in this contribution allowing for us-
age of these methods at even larger volumes. Our
approach makes deflation much more applicable
to architectures with limited amounts of high-
bandwidth memory such as GPUs and allows for
running on small-scale clusters.

Eigenvector compression

We first explore the compression of existing eigen-
vectors computed with a Chebyshev-accelerated
implicitly restarted Lanczos (IRL) on the original
lattice.

To this end, we create a spatially-blocked basis
out of the lowest N modes and write all eigen-
modes in this basis [5]. For the figures shown be-
low, we have used N = 400 for the 483 ensemble
and N = 250 for the 643 ensemble. The blocking
allows us to create a coarse-grid representation
of the eigenmodes. Figs. 1 and 2 illustrate the
e�cacy of this blocking for the eigenvector com-
pression. In all cases shown here, we only have a
single block in the fifth dimension.

We furthermore reduce storage cost by express-
ing the eigenvectors in terms of a two-byte fixed-
precision representation where all spin-color ele-
ments for a given five-dimensional position share
a common two-byte exponent. We use a single-
precision representation for the first 100 ba-
sis vectors and this two-byte representation for
101, . . . , N to reduce precision loss, see Fig. 3.
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Fig. 1: Squared relative error of eigenvector n + 1 when

reconstructed from blocked eigenvectors 1, . . . , n.
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Fig. 2: Squared relative error of eigenvector n when

reconstructed from blocked eigenvectors 1, . . . , 400.
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Fig. 3: E↵ect of keeping the first 100 basis vectors in

single precision instead of keeping all vectors in two-byte

fixed-point precision.

In the following, we show that the precision loss
from this compression technique is minimal. The
e↵ects on a sloppy CG solve and on a full low-
mode volume average are negligible, see Figs. 4
and 5. In case of a single point source the ef-
fects become visible at long distances, see Fig. 6,
however, are su�ciently small that the statisti-
cal advantage of a low-mode subtraction is not
reduced.
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Fig. 4: Squared CG residual for point source on 483

ensemble.
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Fig. 5: �0 – �0 correlator C (t) times t4 on 483 ensemble

for the full low-mode average on a single configuration.
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Fig. 6: �0 – �0 correlator C (t) times t4 on 483 ensemble

and its low-mode approximation for a single point source

on a single configuration.

The numerical experiments presented here were
performed with an open-source stand-alone com-
pression tool that is available at Ref. [6].

Multi-Grid Lanczos

In this section we demonstrate the we can also
generate the eigenvector data directly in its com-
pressed representation. To this end, we have de-
veloped a Multi-Grid Lanczos method that is now
publicly available at Ref. [7].

The basic steps are as follows:

1. Compute the N basis vectors with a first
round of Chebyshev-accelerated IRL. We
have found significant precision benefits by
creating a precise basis through the Lanczos
algorithm compared to the use of an
imprecise basis. The use of other methods
such as the Jacobi-Davidson iteration to
create the basis is currently being
investigated.

2. For a given blocking, create a locally
orthogonal basis using the results of step 1.
This defines the mapping between coarse
and fine grid.

3. Solve a second round of
Chebyshev-accelerated IRL on the coarse
Grid to obtain the full set of eigenvectors.

4. Reconstruct an approximation of the
eigenvalues by locally inverting the
Chebyshev polynomial of the Lanczos
eigenvalues.

5. The first eigenvalues outside of the basis
N +1,N +2,. . . may lack su�cient precision
which we correct by smoothening the
corresponding eigenvectors (currently with
low-iteration CG) and then determining the
precise fine-grid eigenvalues.

The importance of precise fine-grid eigenvalues is
illustrated in Fig. 7.
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Fig. 7: Squared CG residual for volume source on 643

ensemble using Multi-Grid Lanczos.

Summary

By using both local coherence of eigenvectors [5]
and a two-byte fixed-precision representation of
eigenvectors we are able to reduce the memory
footprint of the 483 eigenvectors by 85%, from
9.3 TB to 1.4 TB, and of the 643 eigenvectors by
90%, from 36 TB to 3.5 TB. Both a stand-alone
compression tool [6] and a Multi-Grid Lanczos
implementation [7] are available.

Acknowledgments. CL acknowledges support

through a DOE Early Career Award and we thank our col-

leagues in RBC/UKQCD for helpful discussions.

[1] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin and C. Lehner, Phys. Rev. D93
(2016), no. 1, 014503.

[2] T. Blum, P. A. Boyle, T. Izubuchi, L. Jin, A. Jttner, C. Lehner, K. Maltman,
M. Marinkovic, A. Portelli and M. Spraggs, Phys. Rev. Lett. 116 (2016), no. 23, 232002.

[3] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin, C. Jung and C. Lehner, Phys. Rev.
Lett. 118 (2017), no. 2, 022005.

[4] Z. Bai, N. H. Christ, T. Izubuchi, C. T. Sachrajda, A. Soni and J. Yu, Phys. Rev. Lett. 113
(2014) 112003.

[5] M. Luscher, JHEP 07 (2007) 081.

[6] https://github.com/lehner/eigen-comp/.

[7] The Multi-Grid code is available at https://github.com/lehner/Grid/ which adds this
feature to Peter Boyle’s Grid library https://github.com/paboyle/Grid/.

+ presenter

Chulwoo Jung, for RBC/UKQCD collaborations David Murphy, Jiqun Tu, Robert Mawhinney, Christoph Lehner, Peter Boyle, ...Large scale Domain Wall Fermion simulations on GPUs: Techniques and Properties Feb. 3, 2021 26 / 1



Split Grid/Domain

Most time consuming LQCD operations has flops/byte ∼ 1, L =
10 - 20 → Maximum performance per node is often limited by
internode bandwidth.
Most available ”communication avoiding” algorithms focus more
on minimizing number of global operation or overhead from them,
rather than minimizing the amount of communication.
For some applications, there are multiple, duplicate routines
needed (Dirac operator inversion on multiple sources, etc).
Within single binary, switch between 1 domain (MPI/QMP Com-
municator) and multiple small domains → improve the sur-
face/volume.
Split CG: Inversion on multiple sources done on split grid.
∼4X gain on 256-node Cori at NERSC.
∼2X gain on 16-split Summit at ORNL.
Eigenvector generation (Y. Jang, C. Jung): Lanczos with block
size 8 converge with a similar numerical cost as IRL (Lehoucq
and Sorensen). Split domain implementation in Grid done.
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