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Introduction

Muon Anomalous Magnetic Moment a,—¢ ,, -

@ Dirac Eq. with B:
L0y , 2
IBE = [a . (—/th — eA) + Becm; + er}z,/) ,
@ Nonlelativistic Limit, Pauli Eq.:
2 0¢ _ [(—ihcV — eA)?
Ihc?t_{ 2mgc _MZ'B+eAO]¢’

@ Magnetic Moment: M, = g, -2 2=

2myc 2
@ In Dirac Theory:
=2, aa=(9—2)/2=0, weye = Wprec-
@ In QFT (with Loops) for Electron (M.Knecht
,NPPP2015):
a" =1 159 652 180.07(6)(4)(77) x 1072 (O(a®)),
a2® = 1159 652 180.73(0.28) x 1072 [0.24ppb] .
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exp. SM
ar’ vs. aj

a

LO-HVP
1

SM contribution

au)nmh X 1010

Ref.

QED [5 loops]
LO-HVP(O(a?)) by pheno.

NLO-HVP(O(a?)) by pheno.

NNLO-HVP(O(a*
HLbyL(O(a?))
Weak (2 loops)

)) by pheno.

11658471. 8951 =+ 0.0080
692.8 +2.4

694.0 + 4.0

687.1 +£3.0

688.1 £ 4.1

—9.84 £ 0.07

—9.83 £ 0.04
1.24 +£0.01
105+2.6
15.36 +0.10

[Aoyama et al '12]
[Keshavarzi et al '19]
[Davier et al '19]
[Benayoun et al '19]
[Jegerlehner '17]
[Hagiwara et al '11]
[Kurz et al '11]
[KNT19]

[Kurz et al '14]
[Prades et al '09]
[Gnendiger et al '13]

SM tot [0.42 ppm]

11659180.2 +4.9

[Davier et al '11]

[0.43 ppm] 11659182.8 5.0 [Hagiwara et al '11]

[0.51 ppm] 11659184.0 £ 5.9 [Aoyama et al '12]

Exp [0.54 ppm] 11659208.9 + 6.3 [Bennett et al '06]
Exp — SM 28.7 £ 8.0 [Davier et al '11]
26.1+7.8 [Hagiwara et al '11]

249 + 8.7 [Aoyama et al '12]

eX. QED (N)NLO-HVP HLbLY)
NoNewPhys = &y — (8n~ + a,, + a,, +a, )~

(720+7) x 107,



Introduction
a; in QFT
@ QFT Def. for a;:

q; 1t

%\ = (7"l () = aP)r (e pulp) (1)
» o Ma=p-p)=7"FRE@)+ ,(;m;?u @+ @
F2(0) = a. = (9. —2)/2. 3)

@ Standard Model, Loop Corr.:
a=a/@r)+---.

"had |

@ BSM = MSSM (Padley et.al.15) or TC (Kurachi et.al. *13) etc.:
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Whitepaper (WP): Lattice QCD Consensus
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No New Physics

600

@ Muon g-2 Theory Initiative Whitepaper, arXiv:2006.04822.

@ LQCD Concensus: &> = 711.6(18.4) - 10~ %, BMW-2020 Not Yet Included.
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Hadronic Light-by-Light (HLbL)

@ O(ca®) Contributions.
@ Need investigate M,.x,(q1, @2, Gs, k).

@ Not full related to experimental observables.

@ LQCD: g™ = 7.87(3.06)stat(1.77sys) x 107'°. [RBC/UKQCD PRL2020.]

@ Pheno.: & = 9.2(1.9) x 10~ '%. [Whitepaper 2006.04822.]

@ LQCD and Phenomenology are consistent. HLbL seems not to be a
source of the muon g-2 discrepancy.




Introduction
Motivation

o Really a7 # a3'? '\/@v\,
o More specifically, & # (720 £7) x 1072

o Impact for A"a(Q?) at EW scale?
[c.f. Crivellin et.al.(2003.04886), Keshavarzi et.al.(2006.12666).]

New Experiments

@ a°“: FNAL-E989 0.14ppm (soon 0.5ppm), J-PARC-E34 0.1ppm (2024).
@ A" (@?): MUonE, ILC.

<

THIS TALK

@ Investigate a°>""" by Lattice QCD (BMW-2020, arXiv:2002.12347).
1

@ Discuss A™a(Q?) by Lattice QCD (Manz/CLS) compared with
Data-Driven Dispersion (Jegerlehner et.al.).
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Lattice QCD for HVP and Muon g-2
Lattice Gauge Theory |

U (x) = 9% 4p(x)

’a

(0) = 1 [ DU, ¢, 9] e~ SelI=0-OUMv Oy, ],

= 1 [ DU e=%eDet [D[U, M]] O[Ulwick ,

=3V, OlUD ik + O(N~'/2)

{U"} created w. P = 56 - Det[D]/Z.
Hybrid Monte Carlo (HMC) <+ Heat-Bath.

@ Regulalization: UV cutoff a, IR cutoff L3 x T.
@ Gauge Fields: U, € SU(N).

@ Action: S; et = Sg[U] — P - D[U, M] - ¢) possesses exact gauge symm.
Formally taking a — 0 reproduces the continuum theory action.

@ Renormalization: p=a— 0 w. M”,\’/,’;"" fixed around the physical values.



Lattice QCD for HVP and Muon g-2
Lattice Gauge Theory |l

(0) = [ DU, ¢, 9] e~ SeI=+2UMv o[y, 4, ],

= % [ DU e~ %eIDet [ D[U, M]] O[Uluick ,

=N, O[UD ik + O(N~'/2)

{U"} created w. P = e~5¢ - Det[D]/Z.
Hybrid Monte Carlo (HMC) <+ Heat-Bath.

Lattice Gauge Theory

@ Non-Perturbative Definition of asymptotic-free gauge theory.
@ Regulalization: UV cutoff a, IR cutoff L3 x T.
@ Renormalization: ;. = a — 0 keeping M“M’;*“‘
© Withamassgap A ~ Fr,M,, ..., aA — 0 and LA — oo under controlled.

@ First-Principle Calculations, i.e., No Approximation.




Lattice QCD for HVP and Muon g-2

LQCD Meas. of HVP and a>""

{UM}: HMC
il
D¢[U] = D[U, my]: Dirac Op.



Lattice QCD for HVP and Muon g-2

LQCD Meas. of HVP and a>""

{UM}: HMC
b
D¢[U] = D[U, my]: Dirac Op.
0
1 Dxyoéx = 7}§<r) s 77X,\ZY [Ny =00 = Oxy
1 with Conjugate Gradient Method,

J} Low-Mode Averaging (Lanczos, No ,,S(r)).

D;'[U]: Quark Propagator.



Lattice QCD for HVP and Muon g-2

LQCD Meas. of HVP and a>""

{UD}: HMC
1
D¢[U] = D[U, my]: Dirac Op.
() (0)
I Dxyoéx = 77§<r) Do %lNr%oo = Oxy
s with Conjugate Gradient Method,

J Low-Mode Averaging (Lanczos, No ng(’)).

D;'[U]: Quark Propagator. Y e

1
Vector Current Correlator

GLV(X) = <(7EV;L¢)X(7/}‘/V1/J)}/:0> W
Cl,(x) = —(ReTt[y,D; " (x,0)7,D; (0, x)]) , EA”/Q Q

D}, (x) = (Re[Tr[y. D' (x, X)ITelye D' (v, ¥)ly=o] ) »



Lattice QCD for HVP and Muon g-2

LQCD Meas. of HVP and a>""

{UD}: HMC
1
D¢[U] = D[U, my]: Dirac Op.
() (0)
I Dxyoéx = 77§<r) Do %lNr%oo = Oxy
s with Conjugate Gradient Method,

J Low-Mode Averaging (Lanczos, No ng(’)).

D;'[U]: Quark Propagator.
1
Vector Current Correlator

GLV(X) = <(7EV;L¢)X(7/}‘/V1/J)y:0> W

leuj(x) = 7<RGTI'[’Y“DF1(X, O)PYVDF1(O¢X)]> ’
D}, (x) = (Re[Tr[y. D' (x, X)ITelye D' (v, ¥)ly=o] ) ,

S 3
Ci{t)= Es 3 2 Cl00)
100 I I I up/down’ =+
strange ‘&
102 b g & 1| “charm & [

10®

S,
S

G(t) [lattice units]

Figure: BMW2020 finest lattice ensemble.



Lattice QCD for HVP and Muon g-2

LQCD Meas. of HVP and a>""

{UM}: HMC
0
Dy[U] = D[U, m]: Dirac Op. M, (Q) = (o%s,w - o,,,oy)n(QZ) ,
L Dxyox =) TN n;w Moo = Gxy (@) = N(@?) - N(0) .
I with Conjugate Gradlent Method, o3 Bl T T T T
1 Low-Mode Averaging (Lanczos, No ng(’)). oo | EEEELE —
o B
;[U]:Quark Propagator. :‘g ol o o B |
Vector Current Correlator 002 | i
G0 = (e Brtlyeo) o AN ETEEE
Cl () = ~(ReTily,. D7 ' (x,0)7.D7 ' (@)1} oS e
Df,.,(x) = (Re[Tr[y,. D7 (x, X)]Tr["/uD, . ¥)ly=o]) »
0

Figure: BMW2020 finest lattice ensemble.
HVP: N/ (Q) = F.T.[Gl,(x)] .



Lattice QCD for HVP and Muon g-2

HVP Phenomenology

Im[,\,@,\, ] o< |""N‘C hadrons |2 6

pwb 's T's

@ HVP in Pheno: ‘ : |
N(Q?) = [° @ __Imf(s) (gispersion) JWM
—Jo ss+02 ™ P ? T b
. R, 3 \!l onge T e
= 12”2 JO S s+02 (optical) . el DCrysial Ball
4 CMD2, SND A PLUTO
° R rat|o a +MEA * BESII
4o « § X MD-1
R(S) = U(e e — = had) . g ¥OM2, BABAR ¢ DHHM
471'0[2(5)/(35) L v  DASPII, CLEO, CUSB, MAC, CELLO, MARK J [
g ...k
@ Systematics is challenging to control. T T
Some tension among experiments in IR T R ST BT T A

olete” —» rfn7) F e
’ [Jegerlehner EPJ-Web2016]



Lattice QCD for HVP and Muon g-2

LQCD Meas. of HVP and a>""

{UO}: HMC
\
D¢[U] = D[U, my]: Dirac Op.

(r), (r)
r N, Ny N
I Dxyoéx = ﬂg() s 2t X N oo = Oxy

1 with Conjugate Gradlent Method,
J Low-Mode Averaging (Lanczos, No ng(’)).

W(tm,) C*(t) x 10" [fm "]

~1[U]: Quark Propagator.
\

Vector Current Correlator e
Gl (X) = (D) x (P70 1)y—0) W 2 ef it 1
,ul/(x) 7<RCTI'['Y,UJ (X 0)’71’ (O X)]> E‘i “F mm@qu‘ ]
= 2 F E
D!, (x) = (Re[Tr[v,D; ' (x, x)]Tr["/uD, v, ¥ly=o]) g N ”m%mm@@m
\L ! ! f I
2 25 3 35 4
HVP: rliu/(o) FT[GLV(X)] t[fm]

M _D: glo-HWVP _ (o 2 f
uon g-2: 227" = ()2 32, W(t, )G (1) . Figure: BMW2020 finest lattice ensemble.



Lattice QCD for HVP and Muon g-2

Impact of Low-Mode Averaging (LMA)

650
wo. LMA @
g g ; w. LMA &+

;ougvp % 101°
o 2}
N =3
a S
T T
o —R

L L

a
4]
3
! !
=g
-y |

525 | | |
0 0.005 0.01 0.015 0.02

a2[fm?]

@ Figure: Red: BMW2020 with LMA. Gray: BMW2018 without LMA.

@ LMA drastically reduces statistical error in up/down contributions into
per-mil level.

@ Various systematics from &2, a, (mg — my)/A, finite-volume effect, etc.
must be controlled in per-mil level.
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BMW Highlight for Muon g-2

Budapest-Marseille-Wuppertal Collaboration

Sz. Borsanyi, Z. Fodor, J.N. Guenther, C. Hoelbling, S.D. Katz,
L. Lellouch, T. Lippert, K. Miura, L. Parato, K.K. Szabo, F. Stokes,
B.C. Toth, Cs. Torok, and L. Varnhorst.

References

@ arXiv:2002.12347. Submitted to Nature.
@ Phys. Rev. Lett. 121, no. 2, 022002 (2018).
@ Phys. Rev. D 96, no. 7, 074507 (2017).




BMW Highlight for Muon g-2

BMW Simulation Setup

102 - [a=0.1315 fm] [0.1191 1n3r\ T 1

Z 0l i 1 + 1§ LA | @ 6 lattice spacings, 28

s simulations around phys. pt.

2 osf 2 i e * . N * 1 @ Ny = (2+1+1) staggered
IO I 1. . 1. d | quarks. Isospin Limit.
e[S T T 1 @ Large Volume:

. E3 © .

2wl + 1 I E H (L, T) ~ (6,9 —12)fm

£ 5 . Aoa

T os | . 1 £ 1 N 1

e B ) : @ p(a) = ) <+ a[fm] via

. phys  + lat _ phys
3 1 1 omega +—— | | MG = Mg " a[fm]/(hc).
ST My - T My T My

Input Quark Mass (mZy, ms, mc) Tuning

2 2 2 2 2 2 a2
M1r ~ Mﬂ'o MKerr/2 A~ (MK++MKO M.,‘.O)/2 me __ .11 85
M2 — | M2 I M2 — M2 I ms — . .

Q d lat Q_ 1 phys Q lat Q_ phys




BMW Highlight for Muon g-2

Control of Various Systematics

@ Scale Setting in 0.2% Precision.
MZ&tin 0.1% precision.

lat _ a[fm]
Mg woish = 1672.45(29)[MeV] - %22, . — _
8 e e e
. . 003913026893 [ ---¢ dstato fit - range#! —y—
@ Isospin Breaking. GEVP ft —E
0.040750 : 28.007 %

@ Finite a Effect: 15% correction at each 5
simulation with XPT and window method. UEEHEREE A
c.f. Staggered taste violation. i

0.043194 : 28.500 g
1"~

] Flnlte VO|Ume: 274(34)% COI’reCtion at 0.780 0.785 0.790 0.795 0.800 0.805 0.810 0.815

aMg

continuum. Simulation based estimate

(HEX fermions) as well as NNLO XPT.

e (P2)~" ~ 4fm, Lyor = 6.274fm. Fig: M4t at 3 = 3.8400. We have 4
ensembles. For each, 4 estimates.

@ Fermion choice independence. Additional
simulations with overlap valence quarks.



BMW Highlight for Muon g-2

QED and Strong-Isospin Breaking
Corrections

CXa)~(9<Eh;;EE>fw19600namon.

Naco



BMW Highlight for Muon g-2

Isospin Breaking Perturbatively

@ Iso-symm. LQCD (U) + Stochastic QED (A,, with P « e~ ).

Z = / DU g% / DAe SW ] Det DUE™ m]. (4)

f=u,d,s,c

DetD



BMW Highlight for Muon g-2

Isospin Breaking Perturbatively

@ Iso-symm. LQCD (U) + Stochastic QED (A,, with P « e~ ).

Z = / DU g% / DAe SW ] Det DUE™ m]. (4)
h h f=u,d,s,c
@ QED, [Hayakawa PTP2008] in Coulomb gauge.

e Remove spatial zero-mode, & 3"; A, x = 0. c.f. Gauss’s Law.

e Preserve reflection positivity, i.e. well-defined charged particles.
(no constraint like limg _, o exp[—a* 3=, 3 A x/€2].)

DetD



BMW Highlight for Muon g-2

Isospin Breaking Perturbatively

@ Iso-symm. LQCD (U) + Stochastic QED (A, with P o e=5).
Z = / DU g% / DAe SW ] Det DUE™ m]. (4)
h h f=u,d,s,c
@ QED, [Hayakawa PTP2008] in Coulomb gauge.

e Remove spatial zero-mode, & 3"; A, x = 0. c.f. Gauss’s Law.
e Preserve reflection positivity, i.e. well-defined charged particles.

(no constraint like limg _, o exp[—a* 3=, 3 A x/€2].)
@ Expand w.rt. o = €°/(4r) and m = my — my:
(Olue™, my]) = (O[U, m{]), A
+%€’;<O>’m +€7(O0)z0 + eves(0)7; + €5(0)gp ,

DetD

"o a0 a Det D[Ue®s9* m]
e.g. (O)f; = <<Tev ey—0 D65 [l W>A|es~>0>u

@ Larger num. of stochastic A,, with sea-quarks. for noise control.



BMW Highlight for Muon g-2

Continuum Global Fit

st @ Mass Corrections:
635 e
- 2 _ 1R 2
630 g M= = [Mdd - uu]data
Ty 2 2 2 2

625 5 5 i AM2 — |:Muu+Mdd] _ [Muu+Mdd]

620 5% ™ dat’ 2 phys
615 e AMss = [Mss]garr — [Mss]pnys -

610 |- isospin symm; A e

8 ‘% @ Fit Model:

6 &}@@ PRI

4 , ; aat  [a?,m? 6m, ey s]

L 2 12 w,light

2 |strong ib; [wg°M4 D ~ 2

0 = (Ao + Aad®)(1 + BAMZ -+ CAME)

-1

RIS G SERER S S S

I ﬁ% i ) +(Do + Dad® + DIAME + DsAME)MPw§

-3 qged-val-val; e3E > 12 0 >
0.10 +(Eo + Eaa® + E/AMWX + EsAMg)e;
0.05
(11 ISR S % gy Qe +F eyes
-0.05 2
-0.10 | - ged sea-val, ’F i +G es .

1.0

05 g w2 o .

0.0 : H : @ Correlations among observables are taken account
:?:3 aed sonsda, 626 : in x2 defined with Covariance Matrix.

0.000 0.005 0.010 0.015 0.020

a%[fm?]



BMW Highlight for Muon g-2
Isospin Symmetric Contributions

Isospin symmetric

O O O OO

connected light connected strange connected charm disconnected
658.4(1.5)(4.1) 53.421(58)(80) 14.6(0)(1) -15.42(72)(52)

@ Light quark contribution:

osym

ud = Ao,ud + AFVaM,d
=636.7(1.5)(3.1) + % -19.5(2.0)(1.4) = 658.4(1.5)(4.1) .

@ Greatly suppressed uncertainties from PRL2018 (left) to Present (right),

LO HVP

doHP - 647.6(7.5)(17.7)[3.0%)] — 658.4(1.5)(4.1)[0.7%] .



BMW Highlight for Muon g-2
SIB/QED Corrections

Etc.

QED isospin breaking, valence
bottom; higher order;

@ @ OWNQ @ O perturbative
0.11(4)

connected disconnected
-1.20(32)(29) -0.57(13)(11)

QED isospin breaking, sea

O o000 OO0 000

connected disconnected
0.51(13)(22) -0.034(31)(19)

Strong isospin breaking

QED isospin breaking, mixed
Ol O OO

connected
disconnected

0.0065(60)(42)  gisconnected connected
0.011(23)(12) 6.32(55)(49) 8.57(42)(41)




BMW Highlight for Muon g-2

BMW-2020 Summary

lattice —8—
R-ratio —6—

BMWc'20 -
Mainz'19 —_—
FHM'19 — a5
ETM19 —a
RBC'18 — EE-.
BMWc'17 — g
DHMZ'19 ===
KNT'19 ©  no newiphysics

660 680 700 720 740
1010 x a:O—HVP

Figure: LO-HVP muon g-2 comparison.

c.f. (no new phys.)
= (BNL-E821) — (SM wo. LO-HVP).

BMW-2020
@ a0HP = 712.4(1.9)(4.0), 0.6%
@ wp,. = 0.17180(18)(35)[fm], 0.2%

@ LMA, Simulation-based SIB/QED/FV,
full systematics of O(10°).

@ Consistent with “no new physics”.

@ (3.1/3.9)c tension to DHMZ19/KNT19.
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Discussion: A"3d« (Q?)
0

LO-HVP Correction for Running a(Q?)

Running Coupling: o(s) = +53%5 . @(0) = 1575 -

HVP Corrections with Data-Driven Dispersion:
AMo(M2) = 0.02761(11) [Keshavarzi et.al. PRD2019].

Electroweak Global Fits [Keshavarzi et.al. 2006.12666]:
Ao (M2) = 0.2722(39)(12) and Mhggs = 9425,

Connection to LQCD [Jegerlehner hep-ph/0807.4206] (not yet in this talk):
A o(ME) = AMa(—@B) < 4nl (@)

(AP0 (~M2) — Ao (—QF))

[A"a(M2) — A" o(—MZ)]

+

pqed

+

pged *

EW Physics with A"a(M2) from LQCD estimate for A™a(—Q2)?



EW Gilobal Fits

Discussion: A"3d« (Q?)
oe

80.40

80.39

80.38 experiment

80.37

=
= 80.36 BMWe (Mz)
80.35
80.34
80'3%60 265 270 275 280 285 290
Aa)x10*
Figure:

Quoted from Crivellin et al, 2003.04886. Gray
band is Project 1: 1.028 - A" a(M2)|pneno is
used as a prior in EW global fits.

@ Pheno HVP:
R(s’)

A" o) | pheno = ;3?,5 Jo© ds’ (s —8) -

@ Pheno Muon g-2:
AP ono = (2)2 [ dS'K(s', m2)R(s') .

@ Project 1:
R(s’) — 1.028 - R(s’) so that
ao P heno — @2 MP | Bywzozo. Then,
Ahada(Mg)lpheno — 1.028 - Ahada(MS)‘pheno-



BMW A™a(—Q?)

Aax 10

- Aoyl x 10

KNT184rhad E==1

80 [; lattice incl. bottom —=—
60 |
40 |
20 |
0
2,0 [t VL LA L
[l R R
op g - [Crivellin:2020zul - Proj. 1] - -=--
0.5 = ?- su [Crivellin:2020zul - Proj. 3] - ¥-
00 —o— & " K- -y
05| : 1
0.1 1..10 10..100  100..1000  1000..M2
[GeV?]
@ Upper: From the left,
[AMdq(-1) — AP (0)], [AMda(-10) —

A (-1)], [AMa(-100) —

Discussion: aAhad o, (02)
.

Figure: BMW2020 A"da(—Q?) is
compared with Data-Driven Pheno
(KNT-18 + rhad).

Ao (-10)], - - .

@ Lower: KNT-Central Values (KNT-CV)are subtracted from the upper panel.

[+] = [KNT(1 .028)35M§] — [KNT-CV],

@ Project 1 (+) is shown to be too aggressive.

[] =

[KNT(1.028), ; o42] — [KNT-CV]



Discussion: A"3d« (Q?)
€000

Mainz A"™a(Q?) Collaboration

M. Ce, A. Géradin, H.B. Meyer, K. Miura, Teseo San José, and H. Wittig.

Reference: M. Ce et.al. PoSLattice2019 (2020), arXiv:1910.09525.



mz[MeV]

200

150

B8
3.85 3.7 3.55 3.46 34 3.34
T T T T T T
. N300 @ Opiso U103 °
L 1500 1200 =l 01 'AG53
N202
- o, .L
.. 5400 102
®3501 ®N302 N203  m— g0 Oac54
[ e
®5201 N40L - @y,
L ®0s N200 H105
_— NioL
%100
r ° Cl01
o D200 O,
E300 —
@ physical o
) E250 5
I | | m— ®150 I
0 0.002 0.004 0.006 0.008 0.01
a2[fm?]

CLS Ensembles: [Bruno et al. JHEP2015].

Discussion: aAhad o, (02)

0e00

Nf = (2+1) O(a) Improved
Wilson-Clover Fermions.

O(a?) Improved Lischer-Weisz
Gauge Action.

M.L=41—-6.4.

Mostly Open Boundary Conditions.

B(a) = g2( SR alfm] via

=~

£(fx + =) [Bruno etal. PRD2017].

@ Low-Mode Deflation, Hierarchical

Probe.
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HVP Chiral/Continuum Extrap.
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0.042 1 * 0.086fm
& 0.0404E . 0.076fm
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B oose] B © 0.050fm

Fig: Chiral and Continuum Extrapolations at @* = 1 [GeV?].
n3%/88 — |sovector/Isoscalar plotted against M, [MeV].
Gray-bands shows continuum limits for a given M.
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LQCD vs. Pheno.

@ Fig.: A" a(Q?) Comparison. Mainz/CLS vs. BMW [Borsarnyi et al.
PRL2018] vs. Pheno [Jegerlehner, alphaQED19].

@ Mainz/CLS total (yellow band) with no ISB corrections already larger than
data-driven Pheno. (gray band).
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Summary
Summary

@ BMWc has achieved per-mil level precision science in LQCD approach to
LO-HVP muon g-2 with full systematics: a;>""" = 712.4(1.9)(4.0) , 0.6%.

@ The BMW result is consistent with No New Physics, while it shows
(3.1/3.9)0 tension to data-driven pheno. DHMZ19/KNT19.

@ LQCD-Pheno tension has led to new discussion in EW physics via
Ahada(QQ).

@ Both BMW and Mainz/CLS provide somewhat larger A" a(Q?) than the
data-driven method.

@ Need to update LQCD consensus from whitepaper to per-mil presision.

@ Need to specify a source of the above tensions. Some missing
contributions in the integral of R-ratio? Problem in modeling the region
/s < 0.7GeV? [Keshavarzi et.al.(2006.12666)].

@ Need to investigate connection between A" a(M2) and A" a(—G?) in
detail, where the latter is accessible by LQCD.
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Backups

Maq

@ 4-State Fit:
h(l‘7 A, M) = A()h+(/\ﬂo7 t) + Aq hf(/\/h, t) + A2h+(M2, t) + Aaf'L(/\/le,7 t) 9
hi(M,t) = e M 4 (—1)TeMT-0 h (M, t)=—h,(M, T —1t).

@ GEVP: Construct

Hiyo Hi1 Hizo His

Hiv1 Hiv2 His Higa
H(t) = . 6
&) Hiy2 Hiys  Hiao His ©)

Hiz  Hiya His His

Solve H(ta)V(ta, tr) = M(ta, to) H(ts) V(ta, ).
Project out the ground state: v (ta, t)H(t)v(ta, ty).
Fit the grand state to exp[—Maqt].
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Perturbative SIB/QED

@ (QCD + QED) with strong isospin breaking:
Z= / DU e %Y / DAe W T DetM'*[Ue™" mj. (7)

f=u,d,s,c

@ QED; in Coulomb gauge.
@ Perturbative expansion w.r.t. o = €?/(4n) and 6m = mg — my.

@ Stochastic QED: N is optimised depending on valence O[Ue® %A my] or
sea R[Ue*%* my] = ], DetM'/*[Ue®%* my] / TT, DetMy"*[U, my|sm o).
® (O[Ue™ ", my]) = (Oo)y + S2(O)m + €5(O)z + eves(O)fr + €5(O)s
strong isospin: (O)}, = m,(aém ]5mﬁo>
2
qged valence-valence: (O)% = 1 (( 3e§>A Lo, 50

qed sea-valence: (O)11 = ((Za8e) o, Y

qed sea-sea: (O)g, = (O - ;029> |eﬁo> (O) ({3 %mﬁo%
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SIB/QED in Various Observables

o (Om (O (01 (O
Mo, M= Mk, | — * * *
AMZ, AM? * * * =
Wo — — — *
Ci=ua(t) * * * *
Cs(1) = * * *
D(t) * * * *

strong isospin: (O)in = M 55507,

ged valence-valence: (O)y, = <<620> ley—0

€2
1

ged sea-valence: (O)Y; = (($2 gg} \ev eﬁo>

qed sea-sea: (O)g, = (Oo( - 3 82H> Noemo), = (00) ({3 2Z'§>A}eﬁo>u
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Discretization Corrections

660

640 |,
620

light
W lo

600

[

580

NNLO —&—
560 | NLO —E—
none
SLLGS-win —A—
540 I NNLO-win —o—

0.000 0.005 0.010 0.015 0.020
a’[fm?]

@ Corrections depend on Windows: Win1: t € [0.5,1.3]fm ,Win2: t > 1.3fm.

@ In advance to the continuum extrapolation, we correct data points as:

[2"]o(L, &) — [d"]o(L, &) + (10/9) [aL5iT (6.272fm) — &) o (L, )]

1,wint

+(10/9) [&) iz (6.272fm) — &)z (L, )] -
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Finite Volume (FV) Effect for Isovector

iSO-v

@ FV corrections for a continuum extrapolated iso-vector contribution &,
@ The average spatial extent of main ensembles (4stout): Ls = 6.274fm.

@ 4HEX fermion ensembles: Lyex = 10.752fm, a = 0.112fm with small UV
artefact.

@ FV via HEX and Models combined:

APV = 43V (00) — a5°(6.2741m)

- [aiﬁ'o-v(oo) -4 O,752fm)] NNLO XPT etc.

+ [ai??aﬁex(1 0.752fm) — aﬁf’;s,out(e.274fm)] o
— 1.4+ 18.1(2.0)(1.4) = 19.5(2.0)(1.4) .
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Window Method

o
=
o
S
210 b <+<
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[au,wm]\so
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Left: [a 0w ualiso from the window t € [0.4,1.0]fm.

Right: Comparison of [a " ,4liso from 4stout and overlap valence quarks.
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