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JLQCD’s finite T project (2012~)

1. Nf=2 QCD w

ith overlap fermions at fixed topology |

G. Cossu ] 2012-2013, on IBM BG/L, Hitachi SR11000

2. Nf=2 QCD w

ith Mobius domain-wall fermions [G.

Cossu, A.Tomiya ] 2013-2015, on IBM BG/Q.

3. Nf=2 QCD wi

K. Suzuki, C.

th MDW, finer and larger lattices [Y. Aok,

Rohrhofer] 2016-2020, on IBM BG/Q and

Oakforest-PACS [today’'s topic]
4. Nf=2+1 QCD with MDW started ! [Il. Kanamorl, Y.
Nakamura joined.] 2020- Oakforest-PACS, Fugaku?




Results 2016-2019 (phase 3)

Symanzik gauge action

Nf=2 Mobius domain-wall fermion action

m = [1-10] Mphys

1/a=0.0/5Tm (O.1fm in phase 2)
Lt =8,10,12,14 [T=190-330MeV]
L=24,32,40,48 [1.8-3.6fm]
15000-30000tr.

Checking overlap/domain-wall consistency with
reweighting.



Results 2016-2019 (phase 3)

Target observables are

- Dirac spectrum

. Topological charge,

. axial U(1) susceptibility,

. meson/baryon correlators,

. chiral susceptibility.



Special focus = axial U(1) anomaly

Anomalous WTI looks non-zero:

(0uJs (2)O(2)) fermion — (040(T)) fermiond(x — ')

1 14 O
= 253 Cuvpe FEP7(2){O(27)) sermion

but the real question is It
{OuJ5 (2)O(2")) fermion — (040(2)) fermiond(T — ")) 1100

1
— < oo PP FP7 (2)(O(2))) fermi0n> — (777

2
32T gluons

to which only lattice QCD can answer.
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Simulation setup

Nf=2 flavor QCD

1/a =2.6 GeV (0.075fm)
Symanzik gauge action

| =24,32,40,48 [1.8-3.6fm]

Quark mass from 3MeV

(< phys. pt. ~4MeV) to 30MeV.

T=190, 220, 260, 330 MeV and higher.
(Lt=8,10,12,14)

Tc 1s estimated to be around 1/5MeV.



Overlap vs. Mobius domain-wall

14+m 1 —m / perfect chiral sym.

Dov(m) = | —— + ——75sgn(Hum)

numerically mres ~ 1TkeV + good chiral sym

D _I4+m  1-m 1 — (T(Hp))te _
Dpyy (m) = 9 | 9 751—|—(T(HM))LS with L5:]6.

. 2D
numerically mres ~ TMeV ~ Hu=%5p-

OV Is obtained by exactly computing
the sgn function for low-modes of Hw.



Violation of chiral symmetry
enhanced at finite T

Checking chiral sym. for EACH eigenmode

9i = (U

v Dys + 75D — aRD%Dv)
2 )\Z 1

Bad modes appear above Tc for a~0.1tfm.

Note: residual mass
Is (weighted) average

02

of them. 08
g,

For T=0, gi are 04 -

consistent with

residual mass.

1 -

06

[JLQCD (Cossu et al.) 2015, JLQCD(Tomiya et al.) 2016]
Domain-wall, L xL,=32"x8, T= 217MeV ([=4.10)

0
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Overlap/domain-wall reweighting
- [dAO[det Doy (m)|?e "¢

evertar = 4 A[det Doy (m)]2e—Sc
- [dAOR][det Dy, (m)]?e>¢
[ dAR[det D2 (m)]2e—5¢ det[DOV(m)]2

(O)

OR omain—wa R =
N <<R>ijainwallll det[D]%]:\)N(m)]2

Essential for a > O.1fm. [our previous work]
DW and OV are consistent for a~0.08fm.

(for Meson/Baryon study, we use DW)
[this work].



Bonus = topology tunnelings

For dynamical overlap tfermion,
we needed to fix the topology.
But DW + OV reweighting, we do not.
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The use of overlap only In
valence sector is dangerous !

In our work, reweighted OV and DW are
consistent. But partially guenched OV
Is NOT. Fake chiral zero modes appear.

0.003

m=0.001 — -

m=0.0025
0.0025 +

0.002 +
0.0015 *

0.001 -

density of zero modes
p(A=0) (GeV")
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0 ﬁ \ !
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Dirac spectrum

Zero eigenvalues are related to SU(2)xSU(2)
breaking, through the Banks-Casher relation,

lim lim (gq) = 7p(0) P(A):lz<5()‘_)\i(f4))>

m—0V —o00 |4

Ai(A) : i-th eigenvalue of Dirac op. with gauge background A.
and axial U(1) anomaly through the index

theorem, .

4
Ny —n_ = 39 /d T €ppott MY EPC




Dirac spectrum at T=220MeV

=4.30, 7=220MeV, L=32(2.4fm)
0.06

overlap, m=001 + +
0.05 - overlap, m=0.005 |
overlap, m=0.00375

< 0.04 - overlap, m=0.0025 :
o overlap, m=0.001 —=—

S 003 - domain-wall -+ ]
< <qq>/m at T=0, m=0 —— e
= 002 ¢

001 £ =
0 Lottt ol
0 50 100 150 200
MMeV)

* A remarkable peak at zero but disappears as m—0. U(1)A?
* Strong supression of non-zero near zero modes. SU(2)7?
*DW and OV are consistent.



Different volumes

=430, T=220MeV

0.00018 . .
L=24 (1.8fm), m=0.01 =
0.00016 L=32 (2.4fm), m=0.01 —=—
0.00014 - 740 (3.0fm), m=0.01 - =
+— 000012 | m=0.005
> 0.0001 | m=0.00375 e
& 2x107 | m=0.0025 s R gl ST
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0 . : ' I |
0 20 40 60 30 100

AMMeV)
* 3 different volumes show consistent results

* except for L=24 m=0.01 (heaviest data, L/Lt=2)



The larger T, the larger the pseudo-gap.

p(M) (GeV")

p(L) (GeV?)
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(Near)zero mode peaks

0.04 | | |
T=195 MeV (B=4.24)
0.035 - . T=190 MeV (p=4.30)
1=220 MeV +—=—
3y T=260 MeV o
m> 0.025 - 17=330 MeV
L
% 0.02 |
T
< 0015 |
oN
0.01 -
0.005
0 Le ! : | | |
0 20 40 60 30 100 120

m (MeV)

Consistent with zero BEFORE the chiral Iimit.
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Topological susceptibility

(@)
Xt = v
Q=ny —n_= 32171_2 /d4$TI‘6“Vp0F“VFp0
Overlap Dirac index Gluonic definition

(w/ OV/DW reweghting) (using clover term)

We try both definitions.



Topological susceptibility at T=220MeV

2x108

OV index, T=220MeV L=24 (1 8fm) —a—s
OV index, T=220MeV L=32 (2 4fm) +—e—s
[ 5c108 | OV index, T=220MeV L=40 (3.0fm)
OV index, 7=220MeV L=48 (3.6fm)
Gluonic on DW e

1x108 |

%, [MeV*]

-
-
PR -
P
-

5x107 |

P e
.-
PR
......
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* Strong supression around m=10MeV.

* Data for L=1.8-3.6 Tm are consistent.
* Gluonic def. on DW and reweighted OV index agree.



Different temperatures

3.5x10° | | |
OV index, T=195MeV

3x10% L OV index, T=190MeV ]

OV index, 7=220MeV +—A—
2.5x10° | OV index, T=260MeV -

_ q % OV index, T=330MeV —E—
T 2x107 ¢ OV index, T=330MeV (L=3.6fm) —¢— -

Gluonic on DW -

=
O
=, 15x108
>3
1X108

5x10’

0

120

m [MeV]

* Sharp drop at FINITE quark mass
* Gluonic def. on DW and reweighted OV index agree.




Taking 4th root

OV index, T=195MeV
4 OV index, T=190MeV

0.6 - -
OV index, 7=220MeV +—A—
05 - OV index, 7T=260MeV
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= 04+ Gluonic on DW .

h
"X 03
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* Topology fluctuation is suppressed to ~ m4.
* goes down to a few MeV, at most.
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Axial U(1) susceptibility

Definition: Difference between S and PS

triplet correlator We try 2ways:
A(m) = > [(w(z)x(0)) — (6(x)5(0))], — DW
T w/ noise method

Spectral decomposition (with overlap D)

B 1 2m?(1 — A2 )? N
A = VA ey <Z A > OV

w/ reweighting

m

Am : eigenvalues of H,,(m) = v5((1 — m) Dy, + m]



Chiral zero-mode subtraction

_ (1<) | 1 2m>(1 — A7)
Alm) = m2V (1 —m?2)2 V(1 —m?)2 < Z A+ > ’

Ay 20

We find chiral zero modes are noisy.

_ A () — 2(1Q1)

> _su_btl_”act_ Ic.>y ha.nd. A(m) = A(m) T S
This Is justified since,

51 m=0.005 ——

1O o V2 (o L3/2) o wii ] {l ’

S m=0.001 —e—

<IQI>/(mL)
—_ O = N W N

0.1 0.2 0.3 0.4 0.5 0.6
1/(TL)

-



UV subtraction

In the expansion in valence quark mass,

A(my,) = 776;2 -b+mic+ O(m})

c has a UV divergence, while we are
Interested In the IR part, a and b.

-> et us remove c, so that

AUVsubt.(m) _ 7;52 | b—l—O(m4)

by linear combinations w/ 3 my’s.



UV subtraction

More concretely,

AUVsubt.(m) _ T%mg _ [A(mlg — Ag”nZ) B A(mlg — Agm:B)]
mg —mg3 my — My my — i3
(mi +m3)(mf + m3) [m%(ml) —m3A(m2)  miA(mi) — m3A(ms)
m3 — mj my — m; mi — my

where we choose

mi1 =m, mo = 0.99m m3 = 1.0om.



Low-mode saturation

700

~ ltlooks O.K. for lower T
§~.400 - —4
A, (MeV) 20
_ 70
But for higher _ e
O i ././-
T, we need 27
higher modes 2%
. . < 20
contribution ol T=260MeV, m=0.015 —e— |

7=330MeV, m=0.04

using stochastic

0 100 200

300 400 500

method. Ay, (MeV)




Axial U(1) susceptibility at T=220MeV

T=220MeV, L=1.8fm —=—
 T=220MeV, L=2 .4fm —e—
" 1=220MeV, L=3.0fm
-T=220MeV, L=3.6fm

l_' :

15 20 25 30

m (MeV)

* Different volumes s

except for L=24 at

*

Now consistent results,

neavier masses (L/Lt=2)

anomaly goes down to a few MeV, at most.



Different temperatures

T=190MeV
1=220MeV —a—
T=260MeV +—e—
T=330MeV

20 40 60 80 100 120

m (MeV)

* Axial U(1) anomaly goes down to a1

* Results

‘ew MeV, at most.

nere are with low-modes on

y. K. Suzuki is

(re)analyzing the stochastic measurements.
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“Meson” correlator

We consider spacial correlator in z direction,

Cr(z) = — Z (ul'd(x,y, z,t)d['u(0,0,0,0)),

x,y,t

where

[' = 5(PS), 1(S), 71,2(V), v571,2(A), vay3(T;) and v5y473(Xe).

* We find that the chiral symmetry is good enough with MDW.
* Rotationally symmetric average taken.
* Low-mode averaging is performed for noisy ensembles.



Tensor channels

We find that comparison
qTq(z)qT*q(0) <> a7 v59(x)qT*v59(0)

too noisy.

Is difficult. Instead, we Investigate
qT"v43q(2)qTv4773q(0) < qTY5747v3q(2) T V574734(0)

For the reference, we also study SU(2).xSU(2)r
pair in vector channel,

g v1q(x)qTv19(0) <> g%y 1v5719(2) g7 v5719(0)



Is it really “meson”?

In general form (of bosonic correlator),

dp, 2MeiP=*

Cr() = [ aMpr(yn) [ oo = [ antpr(ane

It depends on the details of spacial spectral
function pr(M) | If it has
I. an isolated pole « §(M —my) = Cp(z) ~ e ™97
2. a cut (like 2-quark states) from mun,
pr(M) =0(M —myp) (co+ 1M +--+)
= Cp(z) ~e ™" (124 0(1/2%))



Meyf

Pole vs. cut

Effective mass plots favor 2-quark picture.
1=220MeV

3000 T T T T T T T o T 3000 T T T T T T B B S S S E—
{32 x 12 8 =4.30 myuq = 0.001 C © 14 1132 x 12 ﬂ =4.30 myq = 0.001 L © |
PS I J Ay 3
2700 - E 2700
2400 2400
2100 |~ 2100 -
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1500 [~ - ;5 1500 [~ l_
1200 1200
900 900
600 - 600
300 || cosh: 701 & 31 MeV i 300 L[ cosh: 1349 £ 18 MeV i
2-q LO: 409 + 27 MeV 2-q LO: 1035 + 15 MeV
ol I I I I I I I oL I I I I I I I
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16




Screening mass difference

We fit our data to Ae_mz/izg&ovl see their
difference. o

50 |
= ¢
= h ®
\é 0 = ® @ -
2 il
3 i
< 50 L _
U(DHA —3—
SUR2)xSU2) —o—
-100 | |

0 5 10 15 20 25 30
m (MeV)

Anomaly effect disappears to a few MeV
(~1% of temperature), at most.
Note: Mscreen 1tself ~ 1GeV ~ 21 T.



Volume dependence

150

100 -

(MeV)

0

Am screen
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-150

T=220MeV

50 -

—
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-50 -

each other,

he data are
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EE}) 0
... | €Xxcept for
! L=32 —o— - :
W W s noisy L=24.
10 15 20 25 30 T=220MeV
m (MeV) 150 x x x
SU(2)xSU(2)
> 50| b -
gg 0 wr =mr O m |
§ -50 + EP i
< L=24 —F—
-100 L=32 —o— 1
L=48
-150 l l l | l
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Higher temperatures

T=260MeV
30 ‘ ‘ ‘ ‘
+ . Suppression
Z 10} " : .
= o= ’ IS stronger
5 | . for higher T.
20 L U(DA —B8— 1
30 | | | SU(2)XSU(2) —O—
0 10 20 30 40 50
m (MeV) 4 T=330MeV ‘
No big difference - |
from SU(2)xSU(2) =, . . = ol
restoration. e
C. Rohrhofer is now working 4 » » » SU(Z)XSUSQ) o ;

hard on baryons.
m (MeV)
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What is chiral susceptibility?

Partition function

Z(m) = / QA det(D(A) 4 m)Nre-Se(A) / TTOAA) - ) Se

chiral condensate

~ 1 0, 1 1
—{99) = NV Om In Z(m) = 1% <; iA(A) + m>

chiral susceptibility
1 92 .
In Z(m) = ij”‘(m) X" (m),

NfV (9m2
empirically small

x(m) =



What is chiral susceptibility?

Broken phase Symmetric phase

N L,

A—/ A
g (qq)(m) >
v




SU(2) or U(1)?

Chiral condensate and chiral susceptibility
IS used for the probe of SU(2)xSU(2)
chiral symmetry breaking.

But they also break axial U(1).

In this work we show that chiral
susceptibility 1s dominated by axial U(1)
anomaly, rather than SU(2)xSU(2).



Dirac eigenmode decomposition

Z(m) = / (dA] det(D(A) + m)Nre55(4) — / dA] TTGA(A) +m)Nre=Se

) 19 1 1
—99) = g g 1AM = 3 <Z/\: ix(A) —I—m> ’

1 62 con 18
con. L 0 _
X (m) B amvalence <qq> Mewalenee ="M
- 0
dis. _
X“(m) = R (qq) o




Connected part

con. L 1 1
) ==y <Z\: (iN(A) + m)2>

™m

] Im2 1|1
TV <Z (A(A)2 + m2)2> = v <; A(A)

A

:—A(m) | _<QQ>

T

)

Namely, connected part includes
poure U(1) anomaly effect.

2_|_m2

)

axial U(1) susceptiblility!




Disconnected part

-
Ny

~

(NG) — (No)*

m?2

v
.

J

2m
T\

A>0

? 2m
) ><§A<A>2+m2

2 2m 2m
+ - <<NOZ )\(A)Q _|_m2> o <NO> <Z )\(A)Q _|_m2

A>0

)|

No = ny + n_ : number of zero modes

It Is Interesting to compare with
topological susceptibllity
Ny Ny (Q%) — (Q)°

—5 Xt —
m? m?

7

Q:n+—n_

)



UV divergence

The chiral condensate has quadratic
divergence at most. A cut off
(@q) = sgn(m) (X + a|m|A® + Blm[*A 4 ~y|m|* + - - )

d

~dm

qguadratic divergence appears only In
connected part.

Disconnected part Is logarighmically
divergent.

(@g) = X" (m) + x“'* (m) = 26(m)% — aA* — 28|m|A — 3ym* + - -



Lattice formulas

With the overlap Dirac operator, we have
>lat

con.la a _qq
9 () = — At () 4 LT

lat L 1 2m2(1 o )\7277,)2
st = g 35 25 )
0 = | 5

Xdis.lat(m) _ ]‘\;f (1 _1Tnz)2 <<Z m(l)\; Am)) > o ’<qq>lat’2v2 .

all\,, m

where An = eigenvalues of H,,, = v5[(1 —m)Dy, +m)



Low mode approximation
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Disconnected part

0.1

0.08 -

0.06 -

0.04 -

0.02 -

2 2]
. N m m
dis. L _f o
xm) = <(; )\(A)2+m2) > <; A(A)2+m2>
ONp(NG) = (No)? Ny (Q7F) — (@)° “umber of
V m2 V m2 NO :
zero modes
beta=4.30(T=220MeV) threshold=0.07
| | Q: topological
w/ nonzeromodes, L=24 —3—
w/ nonzeromodes, L=32 —&— Charge
w/ nonzeromodes, L=40 =—A— ]
zeromodesonly —@—~ | dJominated by
? topological
__ + éf susceptibility.
% % (vol. dependence
0 - O.(I)OZ “ O.(I)O4 O.(I)OG O.(I)O8 O.IO1 0.012iS Sma”)

m



Disconnected part at different T

disconnected)

chiral SUSCGpthI|Ity1/2 (

1200 l l
) T=200 MeV +—a—
| T=220 MeV —e—
3 1000 ¢ . T=260 MeV 1
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.é., T
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o /
n
> 400
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S 200 | T
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The topological susceptibility (or U(1) anomaly)
dominance iIs seen at 4 different temperatures.
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- Dirac spectrum has a peak but vanishes in the m—0 limit.

- Topology fluctuation is suppressed by ~m+4.

- U(1) susceptibility goes down to (a few MeV)2.

- Meson 2quark correlators show a good U(1)A symmetry.
- Chiral susceptibility is dominated by axial U(1) anomaly.

4. Summary



Summary

We study Nf=2 QCD with Mobius domain-wall and

rewegihting overlap fermions at T=190-330MeV
near physical m~4MeV. We observe

disappearance of axial U(1) anomaly (~ a few MeV)

- Dirac spectrum has a peak but vanishes in the
m—0 limit.

- Topology fluctuation is suppressed by ~m+.

- U(1) susceptibility goes down to (a few MeV)2.

- Meson 2quark correlators show a good U(1)A
symmetry (mscreen difference ~ a few MeV).

- Chiral susceptibility is dominated by axial U(1)
anomaly (anomaly controls the phase transition?).



Outlook

Enhancement of symmetry to SU(4)7

Polyakov loop
Comparison with pQCD + instantons

Axion dark matter

Nf=2+1 QCD started!

beta=4.17, L=32, Lt=12, T=204MeV
m=0.002(almost physical),0.0035,0.007,0.012
ms =0.04(almost physical)



