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Linear equation sparse matrix for partial differential eqs.

linear equation with sparse matrix A ∈ RN×N and RHS ~b ∈ RN

to find ~x ∈ RN A~x = ~b

from discretization of PDE by finite {element, volume, difference} methods
Laplace equation

−4u = −
(
∂2u

∂x2
+
∂2u

∂y2

)
= f in Ω, u = 0 on ∂Ω

square region Ω = (0, 1)× (0, 1) and its boundary ∂Ω

h

h

discretization with uniform mesh
∆x = ∆y = h with (n+ 1)h = 1

−ui−1,j + 2ui,j − ui+1,j

∆x2
+

−ui,j−1 + 2ui,j − ui,j+1

∆y2
= fi,j

for unknown value ui,j ∼ u(x, y)
at (x, y) = (i∆x, j∆y).
numbering of two dimensional grid by
λ : {1, · · · , n} × {1, · · · , n} → {1, · · · , n2}
with λ(i, j) = i+ n j



sparse matrix with five stencil
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penta-diagonal matrix with
N = n2, nnz = (3n− 2)n+ 2n(n− 1) = 5n2 − 4n

I exploiting five stencil pattern
I storing by general sparse matrix for unstructured pattern



Linear equation and variational problem

A ∈ RN×N : sparse matrix, ~b ∈ RN

find ~x ∈ RN A~x = ~b in RN

variational problem with test vector ~y ∈ RN

find ~x ∈ RN (A~x−~b, ~y) = 0 ∀~y ∈ RN

inner product (~x, ~y) =
∑

1≤i≤N [~x]i[~y]i = ~xT ~y, `2-norm ||~x|| =
√

(~x, ~x)

I A~x−~b = ~0 ⇒ (A~x−~b, ~y) = 0

I (A~x−~b, ~y) = 0 ∀~y ⇒ ~y = ~ei ⇒ [A~x−~b]i = 0 ( 1 ≤ ∀i ≤ N ) ⇒ A~x−~b = ~0

subspace V ⊂ RN

find ~x ∈ V (A~x−~b, ~y) = 0 ∀~y ∈ V

~r = ~b−A~x ⊥ V ⇔ residual is orthogonal to V

questions
I A is invertible in V ? ⇐ A : coercive
I how to generate V ? ⇐ Krylov subspace method with preconditioner

A ∈ RN×N is coercive in subspace V ⇔ ∃α > 0 ∀~x ∈ V (A~x, ~x) ≥ α||~x||2



Linear equation and variational problem

Theorem
A ∈ RN×N : coercive in V ∃α > 0 ∀~x ∈ V (A~x, ~x) ≥ α||~x||2

⇒ ∃!~x satisfying (A~x−~b, ~y) = 0 ∀~y ∈ V

injectivity and surjectivity of A in V are obtained as follows
I injectivity : (A~x, ~y) = 0 ∀~y ∈ V ⇒ ~x = ~0,

putting ~y = ~x, 0 = (A~x, ~x) ≥ α||~x||2 ≥ 0 ⇒ ~x = ~0

I surjectivity : ∀~b|V ∃~x ∈ V A~x = ~b

I The rank-nullity theorem says dimV = rankA|V + dim KerA and
then dim KerA = ~0 from the injectivity leads to dim V = rank A|V

I Another proof is given by the orthogonal decomposition of V as
V = ImA|V ⊕ KerA|V with using Ker A|V = {~0}.

Linear equation with coercive coefficient matrix A is solved by
I iterative method by incrementally generated subspace V1 ⊂ · · · ⊂ Vm
I direct solver without pivoting (by assuming without rounding-off i.e.,

theoretical computation)



LU factorization without pivoting for coercive matrix

iterative process of factorization of A as LU

A =

[
a11 a12
a21 A22

]
=

[
a11 0
a21 S22

] [
1 a−1

11 a12
0 I2

]
S22 = A22 − a21a−1

11 a12 : Schur complement generated by rank-1 update
I a11 6= 0 thanks to A is invertible in V1 = span[~e1]

I S22 is coercive on Vm−1 = span[~e2, ~e3, · · · , ~em]
by putting ~x1 = −a−1

11 a12~x2

0 ≤
(
A

[
−a−1

11 a12~x2
~x2

]
,

[
−a−1

11 a12~x2
~x2

])
=

([
a11(−a−1

11 a12~x2) + a12~x2

a21(−a−1
11 a12~x2) +A22~x2

]
,

[
~x1

~x2

])
=
(
(A22 − a21a−1

11 a12)~x2, ~x2
)

= (S22~x2, ~x2)



coercivity and other property of matrix

I coercive : ∃α > 0 ∀~x (A~x, ~x) ≥ α||~x||2.
I indefinite matrix does not satisfy coercivity, a simple example:([

1 0
0 −1

] [
1
1

]
,

[
1
1

])
= 0

I For non-coercive case, if A is invertible, there is a unique solution
of Ax = b. However, direct solver requires proper pivoting
procedure. There is not yet mathematical proof on convergence
rate of GMRES method for such indefinite matrix system.

I diagonal dominant : |ai i| >
∑
j 6=i |ai j |

I M -matrix : Z-matrix
∧

Reλi > 0 (1 ≤ i ≤ N), λi : i-th eigenvalue
I Z-matrix ai j < 0 i 6= j

M -matrix property is obtained from the maximum principle of the Laplace
operator. Convergence of Gauss-Seidel method is proven by this property.



overview of Krylov subspace methods

A : symmetric
I positive definite : CG (conjugate gradient)
I indefinite : SYMMLQ, MINRES

A : unsymmetric
I coercive : FOM (full orthogonization method)
I general : GMRES (generalized minimum residual),

Orthmin, GCR
BiCG(bi conjugate gradient), CGS , BiCGstab
QMR, TFQMR

~r0 = b−A~x0 : initial residual from initial guess x0
subspaces V and W
find ~x ∈ ~x0 + V (A~x−~b, ~y) = 0 ∀~y ∈ V : CG, FOM

find ~x ∈ ~x0 + V (A~x−~b,A ~y) = 0 ∀~y ∈ V : Orthmin, GCR

find ~x ∈ ~x0 + V ||A~x−~b|| ≤ ||A~y −~b|| ∀~y ∈ ~x0 + V : MINRES, GMRES

find ~x ∈ ~x0 + V (A~x−~b, ~y) = 0 ∀~y ∈W : BiCG

Krylov subspaces

V = Kn(A,~r0) := span[~r0, A~r0, A
2~r0, · · · , An−1~r0]

W = Kn(AT , ~r∗0) := span[~r∗0 , A
T~r∗0 , (A

T )2~r∗0 , · · · , (AT )n−1~r∗0 ]



Krylov subspace and solution of the linear system : 1/2
I A ∈ RN×N , invertible, ~b ∈ RN ,
I ~x0 : initial guess,
I ~r0 := ~b−A~x0 : initial residual.

Krylov subspace
Kn(A,~r0) := span[~r0, A~r0, A

2~r0, · · · , An−1~r0]

Lemma

An~r0 ∈ Kn(A,~r0) ⇒ An+m~r0 ∈ Kn(A,~r0) ∀m > 0

proof by induction, suppose that An+m~r0 ∈ Kn(A,~r0) m ≥ 0

An+m~r0 =
∑n−1
k=0αkA

k~r0

An+m+1~r0 =
∑n−2
k=0αkA

k+1~r0 + αn−1A
n~r0 ∈ Kn(A,~r0)

span[A0, A1, · · · , An−1] Kn(A,~r0)

dimension of the largest Krylov subspace created by A and ~r0.
I n0 := min

n
{Kn(A,~r0) = Kn+1(A,~r0)}

K1(A,~r0) ⊂ K2(A,~r0) ⊂ · · · ⊂ Kn0(A,~r0) = Kn0+1(A,~r0) = Kn0+2(A,~r0) = · · ·

dimKl(A,~r0) = l 1 ≤ l ≤ n0



Krylov subspace and solution of the linear system : 2/2

Theorem
~x : solution of linear system A~x = ~b ⇒ ~x ∈ ~x0 +Kn0(A,~r0).
proof
recalling that ~r0, A~r0, A2~r0, · · · , An0−1~r0 : linearly independent.
α0 6= 0 is ensured, then α0 6= 0 such that An0~r0 =

∑n0−1
k=0 αkA

k~r0.

α0 = 0 ⇒ An0~r0 =
∑n0−1
k=1 αkA

k~r0,

by applying A−1

An0−1~r0 =
∑n0−1
k=1 αkA

k−1~r0,

⇒ ~r0, A~r0, A
2~r0, · · · , An0−1~r0 : linearly dependent⇒⇐

α0~r0 +

n0−1∑
k=1

αkA
k~r0 −An0~r0 = ~0 ⇔ ~r0 +

n0−1∑
k=1

αk
α0
Ak~r0 −

1

α0
An0~r0 = ~0

⇔
(
~b−A~x0

)
+

n0∑
k=1

γkA
k~r0 = ~0 ⇔ A

(
~x0 −

n0∑
k=1

γkA
k−1~r0

)
= ~b.

~x0 −
n0−1∑
k=0

γk+1A
k~r0 ∈ ~x0 +Kn0(A,~r0) + uniqueness of the solution : A~x = ~b.



Krylov subspace and variational solution of the linear system

Theorem
problem (V ) to find ~x ∈ ~x0 +Kn0(A,~r0) (A~x−~b, ~y) = 0 ∀~y ∈ Kn0(A,~r0)

has a unique solution and is equivalent to the problem A~x = ~b.
proof
I ~x∗ ∈ ~x0 +Kn0(A,~r0) : solution of (V ).
I ~x1 ∈ RN : solution of (A~x− b, ~y) = 0 ∀~y ∈ RN ⇒ ~x1 ∈ ~x0 +Kn0(A,~r0).

(A~x1 − b, ~y) = 0 ∀~y ∈ Kn0(A,~r0) ⊂ RN ⇒ ~x1 : solution of (V ).

to verify uniqueness (A(~x1 − ~x∗), ~y) = 0 ∀~y ∈ Kn0(A,~r0)
?⇒ ~x1 − ~x∗ = ~0

injectivity of A on Kn0 is clear when A is coercive.

successive computation of variational problems
do m = 1, 2, · · · , n0

find ~x ∈ ~x0 +Km(A,~r0) (A~x−~b, ~y) = 0 ∀~y ∈ Km(A,~r0)
I Conjugate Gradient (CG) method ⇐ A : symmetric positive definite
I Full Orthogonization Method (FOM)⇐ A : coercive

general case, A : 1 to 1 on Kn0 (A,~r0) is verified as

~z ∈ Kn0 (A,~r0) satisfying (A~z, ~y) = 0 ∀~y ∈ Kn0 (A,~r0)

⇒A~z ∈ (Kn0 (A,~r0))⊥ ∨ ~z ∈ ker A
~z ∈ Kn0 (A,~r0) ⇒ A~z ∈ Kn0 (A,~r0)

∃A−1 ⇒ ker A = {~0}

}
⇒ ~z = ~0.



Arnoldi process

‖~v1‖ = 1,
{~v1, A~v1, A2~v1, · · · , Am−1~v1} → orthonormal basis {~v1, ~v2, · · · , ~vm}

by Gram-Schmidt
Algorithm (Arnoldi process)
do j = 1, 2, · · · ,m
hi,j = (A~vj , ~vi) 1 ≤ i ≤ j

~wj = A~vj −
j∑
i=1

hi,j~vi

hj+1,j = ‖~wj‖2

~vj+1 =
~wj

hj+1,j

from the last line,

hj+1,j~vj+1 = A~vj −
j∑
i=1

hi,j~vi,

A~vj =

j+1∑
i=1

hi,j~vi.

[A~v1, · · · , A~vm] = [~v1, · · · , ~vm, ~vm+1]



h1,1 h1,2 · · · h1,m−1 h1,m

h2,1 h2,2 · · · h2,m−1 h2,m

h3,2 · · · h3,m−1 h3,m

. . .
...

...
hm,m−1 hm,m

hm+1,m


AVm = Vm+1Hm Hm ∈ R(m+1)×m : Hessenberg matrix,

V TmAVm = Hm ⇐ V TmVm = Im ⇔ (~vj , ~vi) = δi j 1 ≤ i, j ≤ m



Full Orthogonizatien Method

I A ∈ RN×N , invertible, ~b ∈ RN ,
I ~x0 : initial guess,
I ~r0 := ~b−A~x0 : initial residual.
I Kn(A,~r0) := span[~r0, A~r0, A

2~r0, · · · , An−1~r0] : Krylov subspace
construction of basis of Krylov subspace by Arnoldi process
starting from ~v1 = ~r0/β, β = ‖~r0‖,

AVm = Vm+1Hm

V TmAVm = Hm

V Tm~r0 = V Tmβ~v1 = β~ε (1)
m , [~ε (1)

m ]i = δi 1 1 ≤ i ≤ m

find ~xm ∈ ~x0 +Km(A,~r0) (A~xm −~b, ~y) = 0 ∀~y ∈ Km(A,~r0)

~xm = ~x0 + Vm~ηm

A~xm −~b = A~x0 −~b+AVm~ηm

= −~r0 +AVm~ηm

V Tm (A~xm −~b) = −V Tm~r0 + V TmAVm~ηm

= −β~ε (1)
m +Hm~ηm,

~ηm = H−1
m (β~ε (1)

m )

Hm : invertible? A is coercive⇒ yes



Generalized Minimal Residual (GMRES) Method : 1/3

I A ∈ RN×N , invertible, ~b ∈ RN ,
I ~x0 : initial guess,
I ~r0 := ~b−A~x0 : initial residual.
I Kn(A,~r0) := span[~r0, A~r0, A

2~r0, · · · , An−1~r0] : Krylov subspace
construction of basis of Krylov subspace by Arnoldi process
starting from ~v1 = ~r0/β, β = ‖~r0‖,

AVm = Vm+1Hm,

~r0 = β~v1 = βVm+1~ε
(1)
m+1, [~ε

(1)
m+1]i = δi 1 1 ≤ i ≤ m+ 1

find ~xm ∈ ~x0 +Km(A,~r0)

‖~b−A~xm‖ ≤ ‖~b−A~y‖ ∀~y ∈ ~x0 +Km(A,~r0)

~y = ~x0 + Vm~ηm

~b−A~y = ~b−A~x0 −AVm~ηm
= ~r0 −AVm~ηm

= Vm+1

(
β~ε

(1)
m+1 −Hm~ηm

)
‖~b−A~y‖ = ‖β~ε (1)

m+1 −Hm~ηm‖ ⇐ V Tm+1Vm+1 = Im+1.

find ~xm = ~x0 + Vm~ηm, ~ηm = argmin
~ηm
‖β~ε (1)

m+1 −Hm~ηm‖ works for any Hm



Generalized Minimal Residual (GMRES) Method : 2/3

a way to solve minimization problem by QR-factorization with Givens rotation
Givens rotation matrices Ωi ∈ R(m+1)×(m+1)

Ω1 :=

[
c1 s1
−s1 c1

Im−1

]
, c1 :=

h1 1√
h2
1 1 + h2

2 1

, s1 :=
h2 1√

h2
1 1 + h2

2 1

.

Ω1Hm=



h
(1)
1,1 h

(1)
1,2 · · · h

(1)
1,m−1 h

(1)
1,m

0 h
(1)
2,2 · · · h

(1)
2,m−1 h

(1)
2,m

h3,2 · · · h3,m−1 h3,m

. . .
...

...
hm,m−1 hm,m

hm+1,m


, βΩ1~ε

(1)
m+1 =βΩ1



1
0
0
...
0
0

 = β



c1
−s1

0
...
0
0


Qm := ΩmΩm−1 · · ·Ω1 ∈ R(m+1)×(m+1) ,

Qm−1Hm=



h
(1)
1,1 h

(1)
1,2 h

(1)
1,3 · · · h

(1)
1,m−1 h

(1)
1,m

0 h
(2)
2,2 h

(2)
2,3 · · · h

(2)
2,m−1 h

(2)
2,m

0 h
(3)
3,3 · · · h

(3)
3,m−1 h

(3)
3,m

. . .
...

...
. . . h

(m−2)
m−1,m−1 h

(m−2)
m,m−1

0 h
(m−1)
m,m

0 hm+1,m


β



c1
−c2s1
c3s2s1

...
γm−2

γm−1

−sm−1γm−1

0





Generalized Minimal Residual (GMRES) Method : 3/3

QmHm=



h
(1)
1,1 h

(1)
1,2 h

(1)
1,3 · · · h

(1)
1,m−1 h

(1)
1,m

0 h
(2)
2,2 h

(2)
2,3 · · · h

(2)
2,m−1 h

(2)
2,m

0 h
(3)
3,3 · · · h

(3)
3,m−1 h

(3)
3,m

0
. . .

...
...

. . . h
(m−1)
m−1,m−1 h

(m−1)
m,m−1

0 h
(m)
m,m

0 0


, βQm~ε

(1)
m+1 = β



c1
−c2s1
c3s2s1

...
γm−1

γm
−smγm



Rm := QmHm: upper triangular,
~γm+1 := βQm~ε

(1)
m+1 = [ γ1, γ2, · · · , γm+1 ]T = [~γTm, γm+1]T ,

min ‖β~ε (1)
m+1 −Hm~η‖ = min ||Qm(~γm+1 −Rm~η)|| = |γm+1| = |s1s2 · · · sm|β .

~ηm = R−1
m ~γm attains the minimum.

I ∃R−1
m (1 ≤ m ≤ n0) for invertible matrix A⇐ hj+1,j > 0 (1 ≤ j < n0)

I residual ‖~rm‖ = ‖~b−A~xm‖ decreases monotonically thanks to sm.

I h
(m−1)
m,m = 0 ⇒ Qm−1Hm : singular, FOM fails

⇒ cm = 0, sm = 1, GMERS stagnates at m-th step.
I ~r GMRES

m = s2m~r
GMRES
m−1 + c2m~r

FOM
m sn0 = 0, cn0 = 1⇐ hn0+1,n0 = 0.



conjugate gradient method : 1/3

I A ∈ RN×N , symmetric positive definite, ~b ∈ RN ,
I ~x0 : initial guess ,
I ~r0 := ~b−A~x0 : initial residual ,
I Kn(A,~r0) := span[~r0, A~r0, A

2~r0, · · · , An−1~r0] : Krylov subspace .
Algorithm(CG)
~p0 = ~r0.
do m = 0, 1, . . .
αn = ‖~rm‖2/(A~pm, ~pm),
~xm+1 = ~xm + αm~pm,
~rm+1 = ~rm − αmA~pm,
if ‖~rm+1‖ < ε exit loop.
βm = ‖~rm+1‖2/‖~rm‖2,
~pm+1 = ~rm+1 + βm~pm.

Lemma for 1 ≤ m ≤ n0

I (~rm, ~z) = 0 ∀~z ∈ Km(A,~r0)

I (A~pm, ~z) = 0 ∀~z ∈ Km(A,~r0)

I span[~r0, ~r1, · · · , ~rm] = span[~p0, ~p1, · · · , ~pm] = Km+1(A,~r0)

successive computation of variational problems
do m = 1, 2, · · · , n0

find ~x ∈ ~x0 +Km(A,~r0) (A~x−~b, ~y) = 0 ∀~y ∈ Km(A,~r0)



conjugate gradient method : 2/3

proof of Lemma by induction
for m = 1
(1) (~r1, ~r0) = (~r0 − α0A~p0, ~r0) = (~r0, ~r0)− ‖~r0‖

(A~p0, ~p0)
(A~p0, ~p0) = 0

(2) (A~p1, ~r0) = (~r1 + β0~p0, A~p0) by symmetry of A

= (~r1 + β0~p0,
1

α0
(~r0 − ~r1)) = − 1

α0
(~r1, ~r1) +

β0
α0

(~p0, ~r0) = 0

(3) span[~r0, ~r1] = span[~p0, ~p1] = K2(A,~r0) ⇐ α0 6= 0

for m = k, ~z ∈ Kk+1(A,~r0) : decomposed as ~z = ~z0 + γk~pk, ~z0 ∈ Kk(A,~r0)

(1) (~rk+1, ~z0) = (~rk − α0A~pk, ~z0) = (~rk, ~z0)− αk(A~pk, ~z0) = 0

(~rk+1, ~pk) = (~rk, ~pk)− αk(A~pk, ~pk)

= (~rk, ~rk + βk−1~pk−1)− ‖rk‖2 = βk−1(~rk, ~pk−1) = 0

(2) (A~pk+1, ~z0) = (A(~rk+1 + βk~pk), ~z0) = (~rk+1, A~z0) + βk(A~pk, ~z0) = 0

(A~pk+1, ~pk) = (~rk+1, A~pk) + βk(A~pk, ~pk)

= (~rk+1,
1

αk
(~rk − ~rk+1)) + βk(A~pk, ~pk)

= − 1

αk+1
‖~rk+1‖2 + ‖~rk+1‖2

(A~pk, ~pk)

‖~rk‖2
= 0

(3) span[~r0, · · · , ~rk, ~rk+1] = span[~r0, · · · , ~rk, ~rk − αkA~pk] = Kk+2(A,~r0)



conjugate gradient method : 3/3

relation with Lanczos process
A = AT : symmetric

[A~v1, · · · , A~vm] = [~v1, · · · , ~vm, ~vm+1]



h1,1 h1,2

h2,1 h2,2

. . .

h3,2

. . .

. . .
. . . hm,m−1

hm,m−1 hm,m
hm+1,m


AVm = Vm+1Tm Tm ∈ R(m+1)×m : tri-diagonal matrix, Tm : symmetric

V TmAVm = Tm ⇐ V TmVm = Im ⇔ (~vj , ~vi) = 0 1 ≤ i, j ≤ m

find ~xm ∈ ~x0 +Km(A,~r0) (A~xm −~b, ~y) = 0 ∀~y ∈ Km(A,~r0)

~xm = ~x0 + Vm~ηm

0 = V Tm (A~xm −~b) = −V Tm~r0 + V TmAVm~ηm

= −β~ε (1)
m + Tm~ηm,

I A : symmetric positive definite⇒ Tm can be factorized without
permutation

I Conjugate Gradient method computes ~xm without explicit tridiagonal
factorization



bi-conjugate gradient method : 1/3

I A ∈ RN×N : invertible, ~b ∈ RN ,
I ~x0 : initial guess,
I ~r0 := ~b−A~x0 : initial residual, ~r ∗0 : shadow residual
I Kn(A,~r0) := span[~r0, A~r0, A

2~r0, · · · , An−1~r0], Kn(AT , ~r∗0)

Algorithm(Bi-CG)
~p0 = ~r0, ~p0 = ~r0.
do m = 0, 1, . . .
αn = (~rm, ~r

∗
m)/(A~pm, ~p

∗
m),

~xm+1 = ~xm + αm~pm,
~rm+1 = ~rm − αmA~pm, ~r ∗m+1 = ~r ∗m − αmAT ~p ∗m,
if ‖~rm+1‖ < ε exit loop.
βm = (~rm+1, ~r

∗
m+1)/(~rm, ~r

∗
m),

~pm+1 = ~rm+1 + βm~pm, ~p ∗m+1 = ~r ∗m+1 + βm~p
∗
m,

Lemma if without breakdown for 1 ≤ m ≤ n0

I (~rm, ~z) = 0 ∀~z ∈ Km(AT , ~r ∗0 )

I (A~pm, ~z) = 0 ∀~z ∈ Km(AT , ~r ∗0 )
I span[~r0, ~r1, · · · , ~rm] = span[~p0, ~p1, · · · , ~pm] = Km+1(A,~r0)

I span[~r ∗0 , ~r
∗
1 , · · · , ~r ∗m] = span[~p ∗0 , ~p

∗
1 , · · · , ~p ∗m] = Km+1(AT , ~r∗0)

successive computation of variational problems
do m = 1, 2, · · · , n0

find ~x ∈ ~x0 +Km(A,~r0) (A~x−~b, ~y) = 0 ∀~y ∈ Km(AT , ~r ∗0 )



bi-conjugate gradient method : 2/3

Lanczos biorthogonalization process

[A~v1, · · · , A~vm] = [~v1, · · · , ~vm, ~vm+1]



α1 β2

δ2 α2

. . .

δ3
. . .
. . .

. . . βm
δm αm

δm+1


AVm =VmTm + δm+1~vm+1~ε

(m) T
m

ATWm =WmT
T
m + βm+1 ~wm+1~ε

(m) T
m

WT
mAVm =Tm ⇐WT

mVm = Im : bi-orthogonality

two-sided Lanczos algorithm
variational problem with Petrov-Galerkin type

find ~x ∈ ~x0 +Km(A,~r0) (A~x−~b, ~y) = 0 ∀~y ∈ Km(AT , ~r ∗0 )

find ~xm = ~x0 + Vm~ηm, by solving Tm~ηm = β~ε
(1)
m

Two possibilities of break down
I (A~pm, ~p

∗
m) = 0 ⇒ Tm becomes singular

I (~rm, ~r
∗
m) = 0 ⇒ breakdown of Lanczos biorthogonalization process



bi-conjugate gradient method : 3/3

Composite step biconjugate gradient method Bank-Chan 1993
stable factorization of Tm with 2× 2 block pivots

Quasi-Minimal Residual (QMR) method Freund-Nachtigal 1991
Vm generated by look-ahead Lanczos process Parlett-Taylor-Liu 1985

~xm = ~x0 + Vm~ηm

~b−A~xm = ~r0 −AVm~ηm
= Vm+1(β~ε

(1)
m+1 − Tm~ηm).

V Tm+1Vm+1 6= Im+1 in general.
find ~ηm ∈ Rm ‖β~ε (1)

m+1 − Tm~ηm‖ ≤ ‖β~ε
(1)
m+1 − Tm~η‖ ∀~η ∈ Rm

to avoid transposed matrix-vector operation
Conjugate Gradient Squared (CGS) method Sonnenveld 1989
in BiCG with polynomial of degree m, ~rm = φm(A)~r0, ~r ∗m = φm(AT )~r ∗0 ,

αm =
(φm(A)~r0, φm(AT )~r ∗0 )

(A~pm, ~p ∗m)
=

(φm(A)2~r0, ~r
∗
0 )

(A~pm, ~p ∗m)

new residual ~rm′ = φm(A)2~r0 is computed without multiplication of AT .
to stabilize / smooth convergence
Bi-Conjugate Gradient Stabilized (BiCGSTAB) van der Vorst 1992
residual ~rm′ = ψm(A)φm(A)~r0 with smoothing polynomial of degree m,
ψm(t) = (1− ωmt)ψm−1(t) : polynomial with variable t.



convergence analysis of CG
I A : symmetric positive definite, ∃α > 0 (A~x, ~x) ≥ α‖~x‖2 ∀~x ∈ RN .
I A = V ΛV T , Λ : eigenvalues, V : eigenvectors V TV = IN
I ~x∗ : solution of A~x = ~b, ~xm : approximate solution by CG
I Pm : polynomial of degree m.

~ym − ~x∗ = ~x0 + qm−1(A)~r0 − ~x∗ qm−1 ∈ Pm−1

= ~x0 + qm−1(A)(~b−A~x0)− ~x∗ = (~x0 − ~x∗) + qm−1(A)A(~x∗ − ~x0)

= (I − qm−1(A)A)(~x0 − ~x∗) = rm(A)(~x0 − ~x∗) rm ∈ Pm, r(0) = 1.

Galerkin orthogonality (~b−A~xm, ~xm − ~ym) = 0 ∀~ym ∈ ~x0 +Km(A,~r0)

α‖~xm − ~x∗‖2 ≤ (A(~x∗ − ~xm), ~x∗ − ~xm) ≤ ‖A‖‖~xm − ~x∗‖‖~x∗ − ~ym‖
‖~ym − ~x∗‖ = ‖rm(A)(~x0 − ~x∗)‖ = ‖V rm(Λ)V T (~x0 − ~x∗)‖ ≤ ‖rm(Λ)‖‖~x0 − ~x∗‖

min
rm∈Pm,rm(0)=1

‖rm(A)(~x0 − ~x∗)‖ ≤ min
rm∈Pm,rm(0)=1

max
λ∈[λmin,λmax]

|rm(λ)|‖~x0 − ~x∗‖

≤ Cm(
λmax + λmin

λmax − λmin
)−1‖~x0 − ~x∗‖

Cm(k) = cosh(k cosh−1(t)) |t| ≥ 1 : Chebyshev polynomial of the first kind
κ = λmax/λmin : condition number

‖~xm − ~x∗‖ ≤ 2
||A||
α

(√
κ− 1√
κ+ 1

)m
‖~x0 − ~x∗‖



short summary on Krylov subspace method

I CG, FOM, and GMRES are direct method ? yes and no
if exact arithmetic is possible, CG and FOM for a positive matrix
(symmetric positive definite or coercive) can find the exact solution after
n0 iterations

I Due to numerical round of error, orthogonality of Lanczos process is
rapidly lost in practice

I Since we need approximate solution normally, Krylov subspace method
is useful with termination of iteration by certain criteria before n0

iterations
I FOM and GMRES require to store Arnoldi basis vector and

computational complexity of Arnoldi process is large, but by short
iterations realized by good preconditioner, these methods are robust and
practical.

I residual of GMRES decreases monotonically but there is still no
convergence estimate for indefinite matrices

I family of BiCG method has no monotonic decreasing in residual and in
the worst case bi-orthogonal Lanczos process breaks, though
look-ahead technique is employed
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