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Poisson equation with mixed B.C. and a weak formulation: 1/2
QCRLIN=TpUlN

—Au=finQ,
u=gonlp,
ou

— =honTy.
on ontn

weak formulation

V : function space, V(g) = {u € V;u=gonTp}. V=042 NC"Q)?
Find u € V(g) s.t.

/fAuvdz:/fvdm Yo € V(0)
Q Q

Gauss-Green’s formula

u,veV,n= {Z;] : outer normal to 02

/(&;u)vd.r: —/ u&;vdz—k/ un;vds.
Q Q 1)
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Poisson equation with mixed B.C. and a weak formulation: 2/2

/(—af — 33)uvdx :/(Blualv—i—aguagv) dx —/ O1uni+02unz)vds
Q Q a0

Z/Vu-Vvd:c—/ Vu-nvds
Q IpUT N

v=0onTp = :/Vu-Vvdx—/ hvds
Q 'y

Find u € V(g) s.t.
/ Vu - Vudr = / fvdz +/ hvds Vv e V(0)
Q Q I'n

» a(-,-): V xV — R :bilinear form
» F(:):V — R :functional

Find u € V(g) s.t.
a(u,v) = F(v) Yv e V(0)
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discretization and matrix formulation : 1/2
finite element basis, span[¢1,...,on] =V, CV
un € Vi = un =3, oy Uit
finite element nodes {P;}1_,, ;(P;) = &;; Lagrange element
Ap Cc A={1,...,N} :index of node on the Dirichlet boundary
Dirichlet data : w(Px) = g(Px) Pr €Tp
Vi(g) = {un € Vi un = Y wipi,ux = g (k € Ap)}

Find up, € Vi,(g) s.t.
a(up,vn) = F(un) Yo, € Vi(0).
Find {u;}, ur = gr(k € Ap) s.t.

a(d usps, y vips) = F(O_vigs) Y{vi}, v = 0(k € Ap)
Find {u;}jeas.t.

Za(w,w)w = F(pi) Vie A\ Ap
’ Uk = gk Vk € Ap
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discretization and matrix formulation : 2/2
Find {“j}jeA\ADs-t-

> alesedus =F(e) = > aler,pi)ge Vi€ A\ Ap
JEAAD keAp

A ={a(pj, i) }ijearn, : Symmetric.
AcRVN e RN, N =#(A\ Ap)

positivity of the matrix from coercivity of the bilinear form
A : (symmetric) positive definite i.e., (A4, @) > 0Vd # 0

poof
(Ad,i) =Y <Z ale;, %’)Ui) u;

i J

=a(d_pus, > piw) = a(u,u) > of |uli
J i

corecivity of blinear form a(-, -) ensures positivity of stiffness matrix A
corecivity is obtained by the Poincare’s inequality |u|f > c||ul[3

a(u,u) = / Vu - Vu = ||Vul|l§ = |ul}
Q

[ul} = (1= B) + Blul} = eBllulf + (1 = Bllul} = il
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P1 finite element and sparse matrix

Tr : triangulation of a domain €2, triangular element K € 7,
piecewise linear element : ;| (z1,22) = ao + a121 + a2z

pilx (Pj) = dij

[A]ij = a(e;, ¢i) = / Vj - Veide= 3 [ Vi, Veide.
Q KeTy K

A : sparse matrix, CRS (Compressed Row Storage) format to store
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penalty method to solve inhomogeneous Dirichlet problem

modification of diagonal entries of A where index k € Ap
penalization parameter 7 = 1/e; tgv

Uk

Usg

[Ali; = alw;, i

TUk + E akju; =
i#k

g

fi

,kEAD

Tgk & uk— gk = e(— Y arjuy),

J#k

Zaijuj:fi VZE{L,N}\AD
J

keeping symmetry of the matrix without changing index numbering.
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abstract framework

V': Hilbert space with inner product (-,-) and norm || - ||
bilinear forma(-,-) : VxV - R

» coercive : 3a >0 a(u,u) > af|ul]* Yu € V.

» continuous : 3y >0 |a(u,v)| < v||u|| ||v]| Yu, v € V.
functional F(-) : V — R.

find u € V st a(u,v) =F(v) YveV

has a unique solution : Lax-Milgram’s theorem
most general case on af(-, -)
» inf-sup conditions

> Jdo; >0 sup a(u, v) > aq||ul| Vu e V
vEV,w#£0 HUH
alu,v)

> Jas >0 sup
u€eV,u#0 ||u||

findu eV st a(u,v) = F(v) Vv eV has a unique solution.

> ag||v]| Vv € V.
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error estimate : theory 1 /2

V : Hilbert space, V; C V : finite element space.
> ueV,alu,v)=F(v) YveV.
> up € Vi, a(uh,vh) = F(vh) Yo, € Vi, C V.
a(u,vn) = F(vy) Yon, € Vi, C V. Galerkin orthogonality
a(u —up,vp) =0 Yop € Vi
assuming coercivity and continuity of a(-, -).
Céaslemma  |ju— | < g inf,, cv, |[u— vall.

proof: [|u— | < [Ju — vil| + |[on — s

allun, — vh||2 < a(up — Vp,un — vp)
= a(un,ur — vy) — a(vh, up — vg)
a(u,up — vr) — a(vn, ur — vp)
= a(u — vn, un — va) < yl|lu — val|l|un — val|.
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error estimate : theory 2 /2

II; : C(Q) — Vh, HhUZZ1§i§N U(Pz)¢z;
span[{¢: }1<i<n] = Sh, P finite element basis.

interpolation error by polynomial K € T5,, Px(K) C H'(K), v € H*"(Q)
=

Je>0 |v—Tpvls,x < chi " |olesr ke (0 < s < min{k + 1,1}).

finite element error w € H**', uy, : finite element solution by P element.
=
Je>0 |lu—unll1o < chlulpsro
proof:
[lu —unll,o <c inf [Jlu—wnl1,0
v EVY

< c|ju — Mpul|1,0
k
< ger, (W +hE ) ulkir i

< Chk|u|k+1,n
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Sobolev space
P1 element element space does not belong to C*(Q).

HY(Q) = {u e L*(Q); ||ull§ = (u,u) < +oo}

(u,v) z/uv+Vu~Vv,
Q

||u|\3:/uv, |u|§:/w-vv
Q Q

Hy ={uec H'(Q); u=0o0n00}.
Poincaré’s inequality 3C(Q) u € Hy = |Jullo < C(Q)|uls.
proof for the case 2 C B = (0, s) x (0, s)

v € C§°(Q),
v(z1,x2) =v(0,z2) / O1v(t, z2)dt
|v(z1,x2)| / 1 dt/ |01v(t, z2) |2dt < s/ |01v(t, x2)| dt

/ lo(z1, 20)|2dey < s2 / |01 (x)|?day
0 0

/ [v]? :/ [v]2dz1dey < 32/ |01u|?dx 1 dao 282/ |O1u?.
Q B B Q
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numerical integration

Numerical quadrature:
{P;}i<i<m : integration points in K, {w; }i<i<m : Weights

lu —unldo = Z / lu — up|*dx ~ Z Z\u—uh ) P ws
KeTh KET, i=1

formula : degree 5, 7 points,
P.C. Hammer, O.J. Marlowe, A.H. Stroud [1956]

area coordinates {\;}5_,; weight

(%,é 3) 10 K] x1
(67 5 6— \/? 9+2W) 15?20‘(\K| %3
(6 15 +F 9— 2f) 15§;0\SE|K| %3
Remark

it is not good idea to use interpolation of continuous function to finite element
space, for verification of convergence order.
IIIru — un|1,0 May be smaller (in extreme cases, super convergence)
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P2 finite element

Tr : triangulation of a domain €2, triangular element K € 7,
piecewise quadratic element : 6 DOF on element K.

il (1, 22) = ao + a1x1 + azw2 + azxi + asxiz2 + asa3
wilk (Pj) = &5 1 P1

2 % ot
by using area coordinates {1, A2, Az}, A1+ A2+ A3 = 1.

o1 1 -1 -1 Af A1(201 — 1)
02 1 -1 -1 A3 A2(2X2 — 1)
w3 | _ 1 -1 -1 A | As(2As - 1)
©4 - 4 )\2A3 - 4)\2)\3
¥s 4 )\3)\1 4)\3)\1
©e 4 A1 A2 41 A2

40N /NN



treatment of Neumann data around mixed boundary

Neumann data is evaluated by line integral with FEM basis ;.

/ h i ds
'n

Dirichlet "~ =~
Neumann
Q

For given discrete Neumann data, h is interpolated in FEM space,

h =3, higilry,
> h / @jpids.
i

I'n

On the node Q € T'p N 'y, both Dirichlet and Neumann are necessary.
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advantages of finite element formulation

>

>

weak formulation is obtained by integration by part with clear
description on the boundary

Dirichlet boundary condition is embedded in a functional space, called
as essential boundary condition

Neumann boundary condition is treated with surface/line integral by
Gauss-Green’s formula, called as natural boundary condition

solvability of linear system is inherited from solvability of continuous
weak formulation

error of finite element solution is evaluated by approximation property of
finite element space

d- /0N



linear and nonlinear solid mechanics : 1/2

a problem with the second Piola-Kirchhoff stress tensor &
inQwithoQ =TI'pUTlyN

—div ((I + Vu)X(u(z))) = f(z) inQ,
u=0 onl'p,
(I + Vu)E(u(z))n =g(z) onTnw.
Green-St. Venant tensor E(u)
1
B(u) = 5 ((Vu)T + Vu+ (Vu)T(Vu)) = Er(u) + Env(u)
Piola-Kirchhoff stress tensor with Lamé constants A and u
Y(u) = 2(E(uw) = A(tr(E(w))) I + 2u E(u)
variational problem with test function v, v =0 onT'p

/dle+Vu) v—/fv

& /Q(I—l—Vu)E(E(u)):Vv:/Qf~11—|—/FNUFD(I—|—Vu)E(E(u))n-U

e[ o

Dirchlet data is treated as the essential boundary condition P



linear and nonlinear solid mechanics : 2/2

The variational equation is re-written as

/QE(E(U)):dE(u)[u]:/Qf-er/FNg-u.

symmetry of 3(E) leads to
(E(u)) : (I 4+ Vu)'Vo
(E(u)) : ((1 + V) Vo + Vo' (I + vu))

(I 4+ Vu)E(E(u)) : Vo

Mol = o)~ M
M

M«

(E(u)) : (w + (V) Vo + VT + wTvU)
(E(u)) : dE(u)[v]

tensors A, B,C = AB:C =DB:ATC

> (Z[A]ik[B}k;) [Cli; = [Blk; (Z[AT]M[C]m)

ij k kj i

» nonlinear solver by Newton iteration (linearization for iterative solver)

» linearization of the Green-St. Venant tensor E(u) by Er(u)
4=7 /N



linearized elasticity
Piola-Kirchhoff stress tensor with Lamé constants A and u

S(u) = S(E(w) = A (r(E(w)) I + 20 E(u)
linearization of Green-St. Venant tensor E(u)

E(u) = % (V)" + Vut (V)T (V) =~ % (V)" + Vu) = Bu(u) = e(w)

Br(utv) — Fr(w) = 3 ((V(+0)7 + Vut0) - 5 (V) + Vu)

_ % (Vo) +9v) = dBp (u)[o]
S(E(u)) : dEr(u)[v] = X (Ir(E(w)) I : Er(v) + 2p Er(u) : dEL(v)
=AV-uV- v+ 2uFEL(u): EL(v)
variational problem of the linear elasticity with test function v, v =0 onT'p

_/522},L6(U)) : e(v)+)\V.uv.vz./ng.v+-/l“.‘\fg‘v

Korn’s inequality u € H{ (Q)?

= Ja () /Q e(u) : e(u) > a(2) /Q u-u+Vu:Vu

A:ternsor = I : A =1tr(A), tr(e(u)) = drur + Oauz + dsuzs =V - u
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linear elasticity problem in 3D : 4/4

2D beam : displacement on the left wall is fixed

3D beam : displacement on the left wall is fixed

NRASARAS
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solution of nonlinear problem by Newton iteration
nonlinear problem: F : RY — RY, # ¢ RY
find Z F(Z) =0

Fréchet derivative of F : F(Z + 6z) — F(Z) ~ VF(Z)5%
Jacobian matrix VF(z) € RV*Y
Algorithm : Newton iteration

Zo € RY : initial guess
loopn=0,1,2,---
VF(&n-1)0% = F(&n-1)

Tn = Tn_1 — 0

nonlinear variational problem f(-,-) : V x V — R
findz € V(g) F(z,y) =0Vy € V(0)

Fréchet derivative of F'(-,-) :
F(z +dz,y) — F(z,y) ~ (VF(x)dz,y) Vy € V(0)
Algorithm : Newton iteration
xo € V(g) : initial guess
loopn=0,1,2,---

find 6z € V(0) (VF(zn-1)0z,y) = F(xn-1,y) Vy € V(0)

Ty = Tp—1 — OX
o TaWEals)



nonlinear elasticity : 1/3
derivatives of Green-St. Venant tensor
» first order derivative dE(u)[v]
dBw)[e] = 5 (Vo) +0) + 2 ((Va) Vo + (Vo) V)
2 2

= Er(v) + dENL(u)[v]
calculated from variation as
E(u+v)— E(u)=Er(u+v)+ Enc(u+v) — ((Er(u) + Enc(u))

= FL(0) + 3 (V(u+ ) V(u+ ) ~ Enz(w)

= BL(0) + 5 (V) Vo + (Vo) "V + (V0)T9)
» second order derivative d*E(u)[v, w]
d*E(u)[v,w] = dEnL(w)[v]
calculated from variation as
dE(u +w)[v] — dE(w)[v] = Er(v) + dExr(u+ w)[o] - (Br(v) + dExz(u)[o])

= % ((V(u +w)) Vo4 (Vo) 'V (u + w)

— (Vu)"'Vo + (VU)TVu)
= 5 (Vo) "vo + (Vo) V)
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nonlinear elasticity : 2/3

The variational equation

/QE(E(u)):dE(u)[v]:/wa-i-/FNg-v.

Newton iteration of the nonlinear system v : given
loopn=0,1,2,---
solve linear system to find update w,

/QXV)(dE(un)[w]) CdE(u™) ] + 2(Eu™)) dQE(u")[v,w]

:/QE(E(u"));dE(u")[v]—/Qf-v—/FNg.v Vo

update " = u" —w

Jacobian of the variational problem is calculated as

/Qi)(E(u"+w)) dBE(u" + w)[v] — /2 w™)[o]

Q
~ /Q 5 (B(u™) + dBu™)[w])) : (dE@™)[v] + d? E(u™)[v, w))
- /Q S(B@™) : dEu™)[]

S/Q SdEW™)[w]) : dE(u™)[v] + 2(EW™)) : d>E(u™)[v, w)]
AN /AN



nonlinear elasticity : 3/3

Jacobian for Newton iteration
/fzi(dE(u")[w]) CdEW™)[v] + Z(E@™)) : d*E(u™)[v,w].

is symmetric, which is shown from
> B, w] = dEx(w)[y] = % (Vw)TVo + (Vo)TVw) is sym.
> by recalling I : A = tr(A) and for symmetric tensors n and ¢
$(n) : ¢ = (Mr(n)I +2un) : ¢ = Mr(ntr(¢) +2un : ¢
= Atr(Otr(n) + 26 :n = 3(¢) : 1

coercivity depends on previous iteration step u"
» the first half part :

/Q S(dEw™)[w]) : dE@)w] > 2 /Q By (w) : Ep(w)

> the second half part : coercivity depends on 2(F(u™))

/mmw»w%wwmw:/iwwww%mwmmw
Q

Q

=/2wwwwmmwwz/iwwwwwfww
Q Q
:AHMWMWNVWMT
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nonlinear iteration by Newton method : 1/2

Jacobian and RHS are calculated from the previous u™ in Newton step

(VFu™)w,v) = /Q S(dE@u™)[w]) : dE(u™)[v] + 2(Eu™)) : dEu™)[v,w] Yo

(F(u"),v) = /sz S(EW™): dE@w™)[v] Vv

initial guess of the Newton iteration by linear elasticity with small load given
by inhomogeneous Dirichlet data g
solution space V(g) := {u € H'(Q)*; u=gonTp}

linear elasticity problem is solved as

to find u” € V(g) /QE(e(uo)) ce(v) =0 Yo e V(0)

and the perform Newton iteration
loopn=0,1,2,---

findw e V(0) (VF@u")w,v)=(F(u"),v) YveW

Wt = —w

The update w in the Newton iteration supposed to have homogeneous

Dirichlet boundary condition, i.e., w € V(0). )
NA /DN



nonlinear iteration by Newton method : 2/2

a method as incremental loading:
sequence of in homogeneous Dirichlet data whose magnitude is increasing

g1l < g™l <=~ < [lg™]], g = g™

The procedure consists of nested loops for increment and Newton iteration.

perform incremental loading::
loopm =0,1,2,--- ,N —1

if m = 0 then solve linear elasticity

to find u® € V(g°) /QE(e(uO)) te(v) =0 VYveV(0)

otherwise set u™° € V(g™ from previous u™ .

perform Newton iteration::
loopn =0,1,2,--
findwe V() (VEW™™w,v)=(F@™"),v) Yve

m,n+1

U =u™" —w
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description of complex geometry

» 2D : bamg embedded in FreeFEM generates isotropic triangulation
of the domain consisting of parameterized segments.
By changing of the metric based on finite element solution,
an-isotropic triangulation is also performed

» 3D : Gmsh can handle parameterized surface segments and/or treat
STEP file by OepnCASCADE geometry engine. Surface mesh
generator and volume mesh generator constructs isotropic
tetrahedral mesh decomposition
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2D geometry definition by FreeFEM

real rb = 1.0; real 1b = 2.0; // .

border cl(t=0,1) {x=-rb + 2xrbx*t; y = 0.0; label = 2;};

border c2(t=0,1) {x=rb; v = 1lb % t; label = 3;};

border c¢3(t=0,1) {x=(rb + (r0O - rb) * t); y = 1lb; label = 4;};
border c4(t=0,1) {x=r0; y = 1lb + 10 * txt; label = 5;};

border c5(t=0,1) {x=r0 + (rc - r0) * t; y = 1lb+10; label = 6;1};
border c6(t=0,1) {x=rc; vy = 1lb + 10 + 1lc * t; label = 7;};
border c7(t=0,1) {x=-rc + 2xrc % t; y = lb+10+1lc; label = 1;};
//

border c¢8(t=0,1) {x=-rb; yv = 1lb % t; label = 3;};

border c9(t=0,1) {x=-(rb + (r0 - rb) * t); y = 1lb; label = 4;};
/] ...

// fiber

border dl(t=0,1) {x=-rd+2xrd * t + re; y = le; label = 8;};
border d2(t=0,1){x = rd+re; y = le + 1d x t; label = 8; };
border d3(t=0,1) {x=rd-2xrd  t + re; y = le+ld; label=8;};
border d4(t=0,1) {x = -rd+re; y = le+ld * t; label = 8; };

int n = 20; int nn = 20; int nnn = 50;

mesh Th = buildmesh(cl(n) + c2(n) + c3(nn) + c4(nn)
+ ¢c5(n) + c6(nn) + c7(-n)
+ c8(-n) + c9(-nn) + clO(-nn) + cll(-n) + cl2(-nn)
+ dl(nn) + d2(nnn) + d3(nn) +d4 (-nnn));
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3D geometry definition by Gmsh : 1/4

pext newp;
Point (pext+0
Point (pext+1

( ) = {0, 0, 0, hBottom};

( )
Point (pext+2)

( )

( )

{RRb, 0, 0, hBottom};
{0, RRb, 0, hBottom};
{-RRb, 0, 0, hBottom};
= {0, -RRb, 0, hBottom};

Point (pext+3
Point (pext+4

lext newl;

Circle (lext+0) = {pext+l, pext+0, pext+2};

Circle(lext+4) = {pext+6, pext+5, pext+7};

Line (lext+8) = {pext+l, pext+6};

Line (lext+9) = {pext+2, pext+7};

llext = newll;

Line Loop(llext+0) = {lext+0, lext+9, - (lext+4), -(lext+8)};
//

sext = news;

Ruled Surface (sext+0) = {llext+0}; Side[0] = sext+0;

/] ..

Physical Surface(SIDE) = {Side[],Neck[]};

/] ..

sl = newsl;

Surface Loop(sl+l)={Neck[],NeckFine[],Side[],Top[],Bottom[]};
vV = newv;

Volume (v+0) = {sl+1l, sl+2};
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3D geometry definition by Gmsh : 2/4

{ points } — { lines, splines } — { loops } ~ { surfaces } — { volumes }

 Modes
» Goomatry
+ own

z
X

A | g
Eoxvze il Mesh dspiay OFF

surface segments and generated mesh can be verified by GUI
command line option can generate mesh readable by FreeFEM

gmsh -3 —format msh2 -o test.msh test.geo

o TeWEals)
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ion by Gmsh :

ini

3D geometry def
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[0,0,0.06] :

u =

4/4

ion by Gmsh :

ini

3D geometry def

(2]
S
) =
o S g
= ©
S ro¥ ..|nIH.
mu mu s)
>
a e} c
2 o
,‘V;J rﬂuﬂtwb .. c
I =
O © g
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LR
I
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SEANEES
el
SSHR SR
i

= 0.0 : fixed at the bottom

> height of the domain is 2.5, radius of the top is 2, bottom 1

u

» internal fiber has 100 times large Lamé constants than the surround
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stress concentration

708,947 vertexes, 2,076,809 DOF with P1 element
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