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Linear equation sparse matrix for partial differential eqs.

linear equation with sparse matrix A € RV*~ and RHS b € RV

tofind # € RN A& =10

obtained from discretization of PDE by finite element/finite volume/finite

difference methods

Laplace equation

u  0%u .
square region 2 = (0,1) x (0,1) and its boundary
9Q ={(2,0); 0<z <1}U{(1,9); 0 <y < 1}U
{(z,1);0<2<1}U{(0,y); 0<y <1}

discretization with uniform mesh Az = Ay = hwith (n+ 1)h =1

TUim1g 2y~ Wiy U1 F 2y — Uigi1 fis
= fi
Ax? Ay? J

for unknown value u; ; ~ u(z,y) at (z,y) = (1Az, jAy).
numbering of two dimensional grid by
A{l - nk < {1,--- ,n} = {1, n?} with A\(4,5) =i +nj



sparse matrix with five stencil
2 —1 -1
-14 -1 -1
-14 -1 -1

14 -1 1
12 1
1 2 —1
1 14 -1
1 14 -1

T 141
-1 -1 2
penta-diagonal matrix with
N =n?nnz = (3n—2)n+2n(n — 1) = 5n? — 4n
> exploiting five stencil pattern
» storing by general sparse matrix for unstructured pattern



Linear equation and variational problem
A € RN - sparse matrix, b € RY
find z e RY AZ=binRY
variational problem with test vector 7 € R
findzZ e RY (AZ—0b,7) =0 VjeR"Y
inner product (Z, %) = >, <, 5 [@i[7]: = 777
. e Lo 1/2
¢-norm 17| = /(7. 7) = {C1cicn 12}
> AZ—b=0 = (AZ—b,7) =0
> (AZ—b, ) =0V§ = putting 7=¢& 1 <Vi< N[AT—b; =0=> AT —b=10
subspace V ¢ RY
findZeV (AZ—b,7)=0 VjeV

F=b—AZ LV < residualis orthogonal to V/
questions
> Aisinvertiblein V' ? < A : coercive
> how to generate V' ? <« Krylov subspace method with preconditioner
A € RV*N is coercive in subspace V < 3a > 0VZ € V (AZ, T) > of|Z]|?



Linear equation and variational problem
Theorem
A e RV*N s coercive in V Ja > 0VZ € V (AZ, %) > of|Z])?
= 3I7 satisfying (AZ—b,7) =0VjeV

injectivity and surjectivity of A in V' are obtained as follows

> injectivity
(AZ,§) =0V¥g e V = & =0, putting 7 = 7,
0=(AZ,7) > a||Z|?>0 = F=0

» surjectivity
P: orthogonal projection fromR™ onto V, Z € V = Pz = P
(AZ—b, ) =0VieV < (PAPT)Z=Pbwith PAPT :V -V
direct sum in V holds as Im(PAP™) @ Ker(PAPT)T =V
assuming z # 0 satisfying z € Ker(PAPT)" = Ker(PA™ PT)
then (PATPTZ, ) =0VyeV = (ATZ,9) =0
putting 7 = Z, 0 = (47 2,2) = (£,AZ) = Z =0 by coercivity

Linear equation with coercive coefficient matrix A is solved by
» iterative method by incrementally generated subspace V; C --- C V,,

» direct solver without pivoting (by assuming without rounding-off i.e.,
theoretical computation)



LU factorization without pivoting for coercive matrix
iterative process of factorization of A as LU

_Jan a] _fann 0] [1 ajjtare
T a2 Aze| T |a21  Sa22| |0 I
Sz = Agz — as1a7 a1 : Schur complement generated by rank-1 update
> a;; # 0thanks to A is invertible in Vi = span[é’]

> Sas is coercive on V,,_1 = span(éz, €3, - , €m)]
by putting Z1 = —a;;' @127

—1 - —1 -
o<(A —‘111}112172 —a11#a12562
- T2 ’ T2
—1 N
a11(—ayy a1225)
T2

( >

= ((A22 — az1aiy a12)%2, T2) = (ST2, 72)

—1
az1(—aiy a1z



coercivity and other property of matrix

> coercive : 3a > 0 VT (AZ, &) > af|Z||>.
» indefinite matrix does not satisfy coercivity

(ERIIHRH)RL

> diagonal dominant : |ais| > >_,_; |ai|
» M-matrix : Z-matrix AReX; > 01 < i< N, A : i-th eigenvalue
> Z-matrix a;; <0i#j

M -matrix property is obtained from the maximum principle of the Laplace
operator. Convergence of Gauss-Seidel method is proven by this property.



overview of Krylov subspace methods

A : symmetric
> positive definite : CG (conjugate gradient)

> indefinite : SYMMLQ, MINRES
A unsymmetric
> coercive : FOM (full orthogonization method)
> general : GMRES (generalized minimum residual),
Orthmin, GCR
BiCG(bi conjugate gradient), CGS , BiCGstab
QMR, TFQMR

7o = b — Ao : initial residual from initial guess xo
subspaces V and W
find € Zo+V (AZ—-0,2)=0 VyeV:CG,FOM

find Ze @ +V (AZ—b,A§) =0 VijeV :Orthmin, GCR
find Ze Zo+V ||AZ—b|| <||[A7—b|| Vi€ Fo+V : MINRES, GMRES
find ZeZo+V (AZ—b,7) =0 Vije W :BiCG

Krylov subspaces
V = K,.(A, 7o) := span[fy, A7y, A%Fo, - -+ , A7)
W = K, (A", 7) := span[iy, AT7, (AT)?7, - (AT 7



Krylov subspace and solution of the linear system : 1/2
> AcRV*N invertible, b € RV,
> 7 : initial guess,
> 7 :=b— AZ, : initial residual.
Krylov subspace
Kn(A,7) := span[f, Afy, A%, -, A" 7]

Lemma
APy € Kn(A, 7)) = A™F € Ku(A, 7)) Ym >0
proof by induction, suppose that A"t™#, € K, (A,7%) m >0
AnJﬁm_‘ :Zk OakA 7'0
AL = SRR AMTNR 4 a1 AT
=32 AR 4+ a1 SR B AR € K (A, 7).

dimension of the largest Krylov subspace created by A and 7.
> Nno = min{K,,L(A, ’Fo) = Kn+1 (A ’Fo)}

Kl(A,F()) C Kz(A,’I?o) c---C Kno (AJ?()) = Kn0+1(A777()) = Kn0+2(A777()) =

dImKl(A777()) =1 1 < l < no



Krylov subspace and solution of the linear system : 2/2

Theorem .

Z : solution of linear system AZ = b = & € Zo + Kn,(A,70).
proof

recalling that 7, A7, A%7, - - A"0 L7 : linearly independent.

ap # 0 such that A™07 = Zk ° OékA 0.

ao =0 = A7 =30 ap AR,
by applying A~
Ano la z:o 1105kAk71'F0

= T, ARy, A%, -+, A™ TR, : linearly dependent =<
no—1 ng—1 1
aoTo + ARy — A™7 =0 & 7+ Lk pFm — A =
070 kzl k 0 0 0 Z o o 0
& (5 As0) + Z%Akﬁ) —( o A <f;0 - Z’ykAkFO) =7
k=1 k=1

no

@0 — > A Ty € Fo + Kn, (A, ) + uniqueness of the solution : Az = b.
k=1



Krylov subspace and variational solution of the linear system
Theorem .
problem (V) to find 7 € @y + K, (A, 7)) (AT —b,9) =0 Vi€ Kno (A7)
has a unique solution and is equivalent to the problem Az = b.
proof

> T, € Zo + Kny(A, 7o) : solution of (V).
> 7 : solution of (AZ —b,7) =0 V§eRY = i1 € To+ Kny(A,
(AZ1 —b,7) =0 V§€ Kny(A,7) C RY = & : solution of (

)

Hi \/ﬁl

to verify uniqueness (A(Zo — Z+),¥) =0 Vg € K, (A, 7o) -
A:1tolon Kyu,(A, ) is verified as

Z € Ky, (A, 7o) satisfying (AZ,9) =0 Vye€ Kyny(A, 7o)
=AZ € (Kny(A, 7))V Z€ker A
7€ Kny (A7) = AZ€ Kny(A, o)
JATY = ker A= {0}

successive computation of variational problems
dom=1,2,--- ,no
find & € Zo + Km(A,70) (AZ—0b,9) =0 Vy§e K.n(A, 1)

» Conjugate Gradient (CG) method < A : symmetric positive definite
» Full Orthogonization Method (FOM) < A : coercive



Arnoldi process

[ou]l = 1,

{th, Avy, A%y, --- , A"t} — orthonormal basis {#, %2, - -+ , Tm }

Algorithm (Arnoldi process)
doj=1,2---,m
hij = (A7;,T;) 1<i<j

J
— —
’LZJ}' = A’U]' — E hi,j’l}i
=1

by Gram-Schmidt

from the last line, ;
hjt1,50501 = AT; — Y hi i,
=1

Jj+1

2 ~
hjt1,; = HEUJH At = E hi i
i = —% i=1
Uj+1 = Mot
J+1,5
hi1  hig hi,m—1 hi,m
ha,1  hapo ho m—1 h2.m
h3,2 e h»3,m—1 h»3,m
[ATy, - Ay = [U1, -+, U,y Umt1] )
hm,mfl h'm,m
hm+1,m

AVm - m+1ﬁm
Von AVpy = Hp,

H,, € R™TX™ . Hessenberg matrix,

<=V,,£Vm=[m @(53,51)25” 1<4,5<m



Full Orthogonizatien Method
> AcRY*YN invertible, b ¢ RV,
» o :initial guess,
> iy = —b— AZy : initial residual.

K. (A, 7)) := span[fy, Afy, A%, - -, A"~'#] : Krylov subspace

construction of basis of Krylov subspace by Arnoldi process
starting from @, = 7 /8, 8 = |70l
A‘/"L = 7n+1ﬁm
V,L AV, = H,,
VI =VEgn =pel), [eWV)i=611<i<m

flnd Jj/’m € JT/’O + K77L(A7 FO) (Af'rrL - g-, 17) =0 Vljé Km(A7 FO)
m xO + anm

-

AZm — b = ATo — b+ AViniim

VI (A — b) = —V,I7o + Vik AViniim
—BEN + Hnfim,
T = Hy (BED)

H,, :invertible? A is coercive = yes



Generalized Minimal Residual (GMRES) Method : 1/3

> A eRV*N invertible, b € RY,
> Ty :initial guess,
| —b— AZy : initial residual.
> K, (A, 7o) := span[iy, A7y, A%, - -+, A" 17] : Krylov subspace
construction of basis of Krylov subspace by Arnoldi process
starting from v, = 7/8, 8 = ||70|,
AV = Ving1 Hom,
2 _ e =>(1) >(1) 1 _ s ;
0 =Pt = BVimt1€p41, [Emir]i=011<i<m+1
find Z,,, € Zo + Km (A, 70)
16— Az < [Ib— AF| VG € Zo + Km(A, 7o)

y = Zo + Vinim
b— Ag: b— AZy — AViniim
=70 — AV Tim
= Vmt1 (5€m+1 *7m77m)
16— Agll = 186 = Hmimll 4= ViriaVina = I

. - L sl = = -7
find @ = Zo + Vinllm, m = argmlnHﬂe,"(Lle — Hpm||  works for any H,,
7



Generalized Minimal Residual (GMRES) Method : 2/3

a way to solve minimization problem by QR-factorization with Givens rotation
Givens rotation matrices €2; € R +1x(m+1)

Q) = _6;1 2  hn ha1
L Im—l \/h11+hgl h’%l—’_h’gl
1
e
0 22,2 h2,m71 ZQ,m 8 _gl
QW H ., = o et e el =pu || =8 .
hm,mfl hm,m 0 0
hm+1,m 0 0
Qm = Q-1+ € R(m+1)x(m+1) ,
rp (1 1 1 1 1 T
N T Y
0 h2,2 h?:g h<2§,7)n_1 h%”)ﬂ —C281
0 h3,3 h’S,m—l h‘S,m 35251
Qm—lﬁm: . . ,8 .
) o
m—2 m—2
hsnfl,mfl h’m m )l —s Ym—1
0 hgyvbnml) m—1Ym—1
L 0 hm+1 md - N




Generalized Minimal Residual (GMRES) Method : 3/3

ro (1 1 1 1 1 b
c
1
S R .
0 h3,3 h’3,m—1 h3,m C38281
QumHom= 0 . DL BQmEN =8|
m—1 m—1 Ym-1
hgn—l,'m—l h‘in,m—l Ym
L 0 0
R = QmHm: Lljpper triangular,
Fmt1 1= 5Qm€]€£1 =7, 72, -, Ymt1)" = [Ty Ymsa]”s
min [|B€Y)) — Homill = min ||Qm(m i1 — Bl = [ymi1] = [s152 - 5B

—

T = Ry, attains the minimum.
> 3R, (1 <m < ng) forinvertible matrix A <= hjy1,; >0 (1 < j < no)

» residual |7 || = ||b — A, | decreases monotonically thanks to .

> W =0 = Qum-1H.y : singular, FOM fails
= c¢m = 0,5, = 1, GMERS stagnates at m-th step.

~GMRES 2 —>GMRES 2 —FOM
> 2 = ST A Cry T, Sng =0, tnyg =1 <= hng+1,ne = 0.



conjugate gradient method : 1/3

> A e RV*N symmetric positive definite, b € RY,
» Ty :initial guess,

> 7 = b— AT, 1 initial residual.
> K, (A, 7o) := span[iy, A7y, A%, - -+, A" 1] : Krylov subspace
Algorithm(CG)

Po =To-
dom=0,1,...
an = |7 ||*/ (AP, ),
xm+1 — xm + ampma
r'm+1 - rm - amApms
if ||[Fmt1]| < € exit loop.
B = [T 1 1/ 117m 1%,
pm+1 - Tm+1 + ﬂmpm
Lemma for1 <m < no
> (Fn,2) =0 VZ€ Knm(A, )
> (Apm,Z) =0 VZe Kn(A, 7o)

» span(ro, 71, - ,Tm] = SPAN[P0, P1, -+ Dm] = Km+1(4,70)
successive computation of variational problems
dom=1,2,---,no

find 7 € To + Km(A,70) (AT —b,7) =0 Vi€ Km(A,io)



conjugate gradient method : 2/3

proof of Lemma by induction
form =1

() (o) = (7o — a0 AR, 7o) = (o, 7o) — 2l (Azip, 75) = 0
(Ap07p0)
(2) (Ap1,70) = (71 + Bopo, APo) by symmetry of A
. I 1, . Lo,
= (7”1 + Bopo, OTO(TO — 7“1)) = —OTO(Tl,Tl) + %(po,ro) =0
(3) span[ro, ¥1] = span[po, p1] = K2(A,7) < ap #0

form =k, Z € Ky+1(A, 7o) : decomposed as z = Zy + yipk, 2o € Ki(A, 7o)
(1) (Frt1,20) = (Fx — a0 APk, 20) = (Tk, Z0) — o (Apk, Z0) =0
(Tr+1, D) = (7, Pr) — (AP, Pk)
= (Fa, P + Br—1Pk—1) — I72l|> = Br—1(Fr, Pr—1) = 0
(@) (APit1,20) = (A(Fks1 + Biir), 20) = (Frt1, AZ0) + Br( AP, Z0) = 0
(APrt1,Pk) = (Frs1, APr) + Br(APk, Pr)
N 1 .. Lo
= (Tkt1, oTk(Tk — Tk+1)) + B (APk, Dk)

1 B A,
=~ el + e UEE) g

Q41

(3) span[io, -, 7k, Th+1] = spaN(io, -+ , 7, " — aw Api] = Kit2(A,70)



conjugate gradient method : 3/3

relation with Lanczos process

. [h h ]
A= AT : symmetric Lo 2
ha1  hap
[Al_)‘l,‘“ ,Aﬁm] = [171,"' 717m717m+1} h3,2
hm,mfl
hm,m—l hm,m
hm+1,m_

AV = Ving1Tm T € RUTDX™ - tridiagonal matrix, 7, : symmetric
VEAV,, =T, <VlVy=I, < (0,0)=01<4,j<m
find Zm € Zo + Km(A,70) (AZm —b,5) =0 Vi€ Km(A,0)
T = T0 + VinTjm
0=V,L(AZm — b) = —V,5 7% + VL AV
= —BE + Tfm,

> A : symmetric positive definite = T,,, can be factorized without
permutation

» Conjugate Gradient method computes Z,, without explicit tridiagonal
factorization



bi-conjugate gradient method : 1/3

> A e RV*N :invertible, b € RY,

» Ty :initial guess,

> 7y = b— Ai : initial residual, 7" : shadow residual

Kn(A, 7?0) = Span[f'o, A’I?(), 1427:‘07 cee An_lfo}, Kn,(AT, T_‘g)

Algorithm(Bi-CG)
Do = To, Po = To.
dom=0,1,.

a” - ('I"m7’f'm)/(Apm, )

xm+1 =Zm + ampm,

Frgl = Tm — OmAPm, Tma1 = Ty — amATE,

if |Fm+1]] < € exit loop.

gm = (Tm+1vrm+1)/__(rma Tm) .

Dm+1 = Tmt1 + BmPm,  DPmt1 = Tmt1 + BmDm,
Lemma if without breakdown for 1 < m < ng

> (P, 2) =0 VZ€ K (AT, 7))

> (AP, 2) =0 VZe K (AT, 7))

> Span[T’o, T1,°° T’m] = Span[po,p1, cee ,ﬁm] = Km+1(A, Fo)

> Span[F0*7 Fl*z e 7Tm] - Span[po 7p1 y 7177;2} = Km+1(AT77?O‘()
successive computation of variational problems
dom=1,2,--- ,mo

find & € To + Km(A,70) (AZ—b,7) =0 V§e Kn(AT, 7))



bi-conjugate gradient method : 2/3 - 5 .

i
Lanczos biorthogonalization process
(52 Q2
[Aﬁl,--- ,A’Um]z[ﬁl,--- ,ﬁm,’l?erl} 63
"B,
Om  Qm
L Omt1]
AVm :Vme + 6m+177m+1gr§;,m> T

-(m) T

ATWm :Wng,: + ﬁm+1wm+16m
WE AV, =Tm < W2V, = I,, : bi-orthogonality

two-sided Lanczos algorithm
variational problem with Petrov-Galerkin type

find & € To + Km(A,70) (AZ—b,7) =0 Vi€ Kn(AT, 7))
find Z,, = Zo + Vinijm, by soling 1,77, = Be"
Two possibilities of break down
» (AP, pr) =0 = T, becomes singular
» (¥m,7m) =0 = breakdown of Lanczos biorthogonalization process



bi-conjugate gradient method : 3/3

Composite step biconjugate gradient method Bank-Chan 1993
stable factorization of T,,, with 2 x 2 block pivots

Quasi-Minimal Residual (QMR) method Freund-Nachtigal 1991
V. generated by look-ahead Lanczos process Parlett-Taylor-Liu 1985

b— AZp = 7o — AViifm
= Vin+1(8E5 s = Tnim)-
Vi1 Vi1 # Im+1 in general.
find 7 € R™ 18831 = Tonffin | < 1881, = Tl Vi € R™
to avoid transposed matrix-vector operation
Conjugate Gradient Squared (CGS) method Sonnenveld 1989
in BiCG with polynomial of degree m, 7, = dm (A)70, Tk = dm (AT)7F,
(¢m(A)To, o (AT)7") _ (dm(A)*Fo,70")

m

new residual 7, = ¢, (A)*7 is computed without multiplication of A”.

to stabilize / smooth convergence

Bi-Conjugate Gradient Stabilized (BiCGSTAB) van der Vorst 1992
residual 7, = . (A)pm (A)7o with smoothing polynomial of degree m,

Ym (t) = (1 — wmt)Pm—1(t) : polynomial with variable ¢.



preconditioned conjugate gradient method

> A,Q e RVN*N symmetric positive definite, Q ~ A~! b e RY,
> Ty :initial guess,

> 7y :=b— A, : initial residual.

Kn(QA, Qo) = span[Qro, QAQT0, (QA)*Qo, - - , (QA)" ™' Q7]
Algonthm(precondltloned CG)
= Qro.
dO m=0,1,...

O‘n = (QTW7TW)/(Apm’pm)

xm+1 — xm + ampm,

P41l = Tm — Qm AP,

if ||[Fmt1]| < € exit loop.

@m = (Qrm+l77‘m+1)/(QT’m,’f‘m)

Pm+1 = Qrm+1 + ﬁmpm
Lemma for1 <m < no

> (Fm,2) =0 VZ€ Kn(QA, Qo)

> (Apm,Z) =0 VZe Kn(QA,Qro)

> Span[Q’FO? QFla e aQFm] = Span[ﬁoaﬁh e 7ﬁm] = K’m+1(AaF0)
successive computation of variational problems
dom=1,2,---,no

find ¥ € Zo + Km (QA, Q7o) (AZ—0,9) =0 VyeE Kn(QA, Q)



preconditioned Kyrlov subspace method : 1/2
Q € RY : preconditioner, Q! ~ A.
> left preconditioner (Q A)Z = Qb
> right preconditioner (AQ)Z=b, #=QZ
preconditioned conjugate gradient method can be seen as following
variational problem with A = A7
(VS™)  find & € T + Km(QA, Qo) (AT —b,) =0 Vij € Kn(QA, Q)
assumption : A: 1to 1 on K,,,(QA, Qo)

Theorem
Variational problem (Vé"‘))) in Kp, (QA, Q7o) has a unique solution and is

equivalent to the problem AZ = b.
> A, @ : symmetric positive definite = assumption for CG is OK
> A, Q : coercive = assumption for FOM is OK

left preconditioned GMRES
find Z,, € Zo + K (QA, Q7o)



flexible GMRESS

Flexible GMRES as an extension of right preconditioned GMRES
> AcRY*N sinvertible b€ RY,
> Q. : right preconditioner at m-th step,
» Ty :initial guess,
> 7= b — A, : initial residual, 8 = |||, & = 7o/B.
Arnoldi process with modified Gram-Schmidt is used
Algorithm(flexible GMRES) right preconditioned GMRES

doj=12..m AQ[v1, V2, -, Um] = Vimy1Hm
Zj = Q;7;
W= AzZ; flexible GMRES o
dOZ'::l?"' 7j A[Q11717Q21727"' 7Qm17m] :Vm+1Hm
hij := (W, 7;)
W= 0 — hi;; b— A(&o + Zmif) = Fo — AZmif
Byt = ||| L) =
Z Ujr1 = W/ hjt14 = Vi1 (B0 — Hm )
=7, , 2
ﬁm— argininHﬁng) H, | VontaVinis = Iz then
m — - m ) T - — - (1 T7 = — m
unllP€mn-+1) 16— A(Fo+ Zin )|l < [1BEx01—Homfl| ¥i7 € R

span[Q11, Q27s, - - , @mUm] is NO longer a Krylov subspace except the case
Q;=Qforl <j<m



convergence analysis of CG
> A : symmetric positive definite, 3o > 0 (AZ, &) > o||Z||? VZ € RY.
» A=VAVT A:eigenvalues, V : eigenvectors VIV = Iy
> &, :solutionof AZ =b,  Z. : approximate solution by CG
» P, : polynomial of degree m.
Ym — Tx = o + gm-1(A)To — Tu Qm-1 € Pm—1
= Fo + gm-1(A)(b — AZo) — B = (Fo — T2) + gm-1(A) A(Z. — To)
= (I = gm-1(A)A)(Fo — T+) = rm(A)(To — T+) Tm € Pm,7r(0) = 1.

Galerkin orthogonality (b — AZ, Zm — Gm) =0 Viim € To + Kum (A, 70)
— = 112 — — — — — — — —
AllFm — Zll? < (A = Fn), Ee — F) < AN — Zl1F = G

G — Zoll = llrm (A)(Eo — E)| = [VEm(MVT (Zo — 2 < llrm (M)l Fo — 2. |

min |7 (A)(Zo — )| < min max |7 (M) [|Zo — @ ||
Tm €Pm rm (0)=1 Tm €Prm,mm (0)=1 A€ [Amin,Amax
A Amin \ —
Scm( max+ mln) lHj»O_j»*H
)\max - )\min

Cm (k) = cosh(k cosh™*(t)) |t| > 1 : Chebyshev polynomial of the first kind
= Amax/Amin : cONdition number

- o Al (VE—1\™ .
@m — Zul| < 2= NS [Zo — Z.||



short summary on Krylov subspace method

>

CG, FOM, and GMRES are direct method ? yes and no

if exact arithmetic is possible, CG and FOM for a positive matrix
(symmetric positive definite or coercive) can find the exact solution after
ny iterations

Due to numerical round of error, orthogonality of Lanczos process is
rapidly lost in practice

Since we need approximate solution normally, Krylov subspace method
is useful with termination of iteration by certain criteria before no
iterations

FOM and GMRES require to store Arnoldi basis vector and
computational complexity of Arnoldi process is large, but by short
iterations realized by good preconditioner, these methods are robust and
practical.

residual of GMRES decreases monotonically but there is still no
convergence estimate for indefinite matrices

family of BiCG method has no monotonic decreasing in residual and in
the worst case bi-orthogonal Lanczos process breaks, though
look-ahead technique is employed
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